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PROCEEDINGS 



OV THB 



LONDON MATHEMATICAL SOCIETY. 



VOL. XXI. 



TWENTY-SIXTH SESSION, 1889—1890. 
November Uth, 1889. 

Annual General Meeting, held at 22 Albemarle Street, W. 
Sir JAMES COCKLE, P.R.S., Vice-President, in the Chair. 

Messrs. W. Hoover, M.A., Ph.D., Professor of Mathematics and 
Afitronomj, Ohio University, Athens, Ohio, U.S.A., and C. H. 
Thompson, BA., Lectarer in Mathematics at St. David's College, 
Lampeter, were elected Members of the Society. 

The Treasurer (Mr. A. B. Kempe) read his Report. Its reception 
was moved bj S. Roberts, F.R.S., seconded by Major O'Callagban, 
B.A., and carried. 

At the request of the Chairman, Mr. G. Heppel, M.A., consented 
to act as Auditor. 

From the Report of the Secretaries, it appeared that the total 
number of ordinary members since the General Meeting, held 
November 8th, 1888, had increased from 190 to 198 — of whom 84 are 
compounders. 

The Society had lost three members by death, viz. : Mr. W. J 
Ibbetson, elected Dec. 11th, 1884; Mr. W. H. Mitchell, elected 
Jan. 13th, 1881 ; and Mr. E. Temperley, elected March 11th, 1880. 

The following communications had been made : — 
On Gydotomio Functions — § 1, Groups of Totitives of ft ; § 2, Periods of n"» 
Boots of Unity : Prof. Lloyd Tanner. 

TOL. XXL — NO. 370, B 



Anniud Oeneral Meeting, [Nov. 14, 

On a Theory of Rational Symmetric Functions : Captain P. A. Macmahon, 

RJL. 
The Factors and Summation of 1*" + 2'' + ... +n*' : Rev. J. J. Mihie. 
Raabe'8 Bemoullians : Mr. J. D. H. Dickson. 
Certain Algebraical Resn1t» deduced from the Geometry of the Quadrangle 

and Tetrahedron : Dr. Wolstenholme. 
On a certain Atomic Hypothesis : Prof. K. Pearson. 
On Deep- Water Waves resulting from a Limited Original Disturbance : Prof. 

W. Bumside. 
A Geometrical Note : Mr. H. M. Taylor. 

The Equilibrium of a Thin Elastic Spherical Bowl : Mr. A. E. H. Love. 
A Method of Transformation with the aid of Congruences of a Particular 

Type : Mr. J. Brill. 
Notes and Illustrations on a former Paper, '* On a Method in the Analysis of 

Ternary Forms": Mr. J. J. Walker. 
Results of Ternary Quadric Operators on Products of Forms of any Orders : 

Mr. J. J. Walker. 
On a Theorem in Combinations : Mr. R. W. D. Christie. 
On the Diophantine Equation y' + y^ =» Square : Prof. Cayley. 
Sur la transformation des equations alg^briques : Signer Brioschi. 
On Projective Cyclic Concomitants, or Surface Differential Invariants : Mr. 

E. B. Elliott. 
On Secondary Invariants : Prof. L. J. Rogers. 
Remarks upon Algebraical Symmetry, with particular reference to the 

Theory of Operations, and the Theory of Distributions : Major Mac- 
mahon, R.A. 
Notes on Plane Curves : (iv.) Involution — Condition of a Cubic and its 

Hessian ; (v.) Figure of a certain Cubic and its Hessian : Mr. J. J. Walker. 
On Play d outrance : Major Macmahon, R.A. 

Some Results in the Elementary Theory of Numbers : Mr. C. Leudesdorf. 
The Characteristics of an Asymmetric Optical Instrument : Dr. J. Larmor. 
A new Angnlar and Trigonometrical Notation, with Applications : Mr. H. 

MacColl. 
On the Free Vibrations of an Infinite Plate of Homogeneous Isotropic Blastio 

Matter : Lord Rayleigh. 
Ueber die constanten Factoren der Thetareihen im allgemeinen Falle p » 8 : 

Prof. F. Klein. 
On the Generalised Equations of Elasticity, and their application to the 

Theory of Light : Prof. K. Pearson. 
On the Reduction of a Complex Quadratic Surd to a Periodic Continiied 

Fraction : Prof. G. B. Mathews. 
Construction du Centre de Courbure de la developp^ de la Courbe de Con- 
tour apparent d'une Surface que Ton projette orthogonalement ear un 

Plan : Prof. Mannheim. 
On the Solution in Integers of Equations of the Form 0* + y* + As^ « : Mr. 

S. Roberts. 
On the Concomitants of K-sxj Quantics : Mr. W. J. C. Sharp. 
On the Motion of an Elastic Solid strained by Extraneous Foroea : Signor 

Betti. 
Note on the G'-function in an EUiptic Transformation AnnihUator : Mr. J. 

Qrimtba, 



1889.] Annual Oeneral Meeting. 3 

On Cyclotomic Functions — § iii. The Cyclotomics belonging to the /-nomial 

periods of the p*^ Roots of Unity, where p is a prime nnmber : Prof. 

Lloyd Tanner. 
On the Complete Elliptic Integrals if, EyO,I: Dr. Kleiber. 
The Square of Eoler's Series : Dr. Glaisher. 
A Theorem in the Calculus of Linear Partial Differential Operations : Major 

Macmahon, R.A. 
On Crystalline Reflection and Refraction : Mr. A. B. Basset. 
On some Rings of Circles connected with a Triangle, and the Circles 

(Schoute's system) that cut them at equal angles : Mr. W. W. Taylor. 
The Figures of the Pippian and Quippian of a Class of Plane Cubics : Mr. 

J. J. Walker. 
Greneralization of Buffon's Problem : Dr. Sylvester. 
On the small Wave-motions of a Heterogeneous Fluid under Gravity : Prof. 

W. Bumside. 
On the Uniform Deformation in Two Dimensions of a Cylindrical Shell of 

Finite Thickness, with application to the General Theory of Deformation 

of Thin Shells : Lord Rayleigh. 

The same joamals had been sabscribed for as in the preceding 
Session. 

The first two volnmes of the " OBuvres Completes de Ghristiaan 
Huygens," and the first volume of the " Collected Papers " of Prof. 
Cayley, F.R.S., had been received. 

The following addition had been made to the list of exchanges, 
^., with the editors of the " Prace matematjczno-fizjcne/' 
Warsaw. 

The meeting next proceeded to the election of the new Council. 

The Scrutators (Messrs. Heppel and W. J. Curran Sharp) having 
examined the balloting lists, declared the following gentlemen duly 
elected:— J. J.Walker, F.R.S., President; Sir James Cockle, Knt., 
F.R.S., B. B. Elliott, M.A., A. G. Qreenbill, F.R.S., Vice-Presidents; 
A. B. Kempe, F.R.S., Treasurer ; M. Jenkins, M.A., R. Tucker, M.A., 
Secretaries. Other Members of the Council : — A. B. Basset, F.R.S., 
Professor W. Burnside, M.A., Professor Cayley, Sc.D., F.R.S., 
J.W. L. Glaisher, Sc.D., F.R.S., J. Hammond, M.A., Joseph Larmor, 
D.Sc, C. Leudesdorf, M.A., Major P. A. Macmahon, R.A., Samuel 
Boherts, F.R.S. 

The following communications were made : — 

Isoscelian Hexagrams : Mr. B. Tucker. 

On Euler's ^-function : Mr. H. F. Baker and Major P. A. Mac- 
mahon, R.A. 

On the Extension and Flexure of a Thin Elastic Plane PlatA \ 
Mr. A. B. Basset. 
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Mr. R. Tacker on I$09celian Hexagrams. [No7. 14^ 

The following presents were receired : — 

** Prooeedmgi of the Boyal Sodetj," YoL xlti^ No. 283. 

"^ Proceedings of the Physical Society of London," YoL x.. Part ii. 

** Proceedings of the Cambridge PhBoeophical Society," YoL ti.. Part ti. 

*' Educational Times," for November, 1888. 

'* Annales de T&cole Polytechniqne de Delft," Tome t., 1 and 2 Lirraisons. 
Bulletin des Sciences Mathematiqnes," Tome xiii., Oct. and Nov., 1889. 
Bulletin de la Society Mathematiqae de France," Tome xtii.. No. 4. 
Bollettino delle Pubblicazioni Italiane ricemte per Diritto di Stampa^" Nos. 
91 and 92. 

'* Atti della Beale Accademia dei Lincei — Bendiconti," YoL t., Fasc 1, 2, 3, 4. 

'* Memorias de la Sociedad Cientifica — ' Antonio Alzate,' " Tomo ii.. No. 11. 

"Archives Neerlandaises des Sciences Exactes et Natnrelles," Tome xxiii., 
6"« Livraison. 

" Nienw Archief voor Wisknnde," Deel xvi., Stuk 1. 

" Yierteljahrschrift der Naturforschenden (Jesellschaft in Zurich," Jahr. xxxiv., 
Heft 2. 

" Societa Beale di Napoli — Atti della Beale Accademia delle Scienze Fisiche e 
Mathematiche " YoL iii. 

" Mathematische und Naturwissenchaftliche Berichte aus Ungam," Band v. 
(Juni 188&-Juni 1887.) 

''Yierde Bapport van de Huygens-Commissie," 8vo pamphlet; Amsterdam, 
1889. 

" BeiblAtter zu den Annalen der Physik und Chemie," Band xiii., Stttck 10, 
1889. 



Isoscelian Hexagrams.* By B. Tucker^ M.A. 

[Bead Nov, Uth, 1889.] 

I. Positive Hexa>gra7M,\ 

1. At the point L in BO (Fig. i.), make the Z BLIT^B, Z OLM'^zC; 
then make Z M^NA = ^, Z BNr= B, Z L'MO = 0, and join MIT. 
Now Z M'LN'= A — L M'NA, therefore L, jV, N, M are concyclio ; 
also Z OLM'= = Z OML\ therefore L, L\ M, K are concyclic ; 
and Z AM:N=^ 180° -2^ = z MLN, :. L\ M, M\ N are concyclic ; 



• Cf. Proe,y Vol. xix., p. 163. 

t When A corresponds to the point of departure of a positive isoscelian, I call the 
figure a pontiye hexagram ; ana when to that of a negative isosoelian, a negatiye 
hfizaflpram. 



9.] Mr. R. Tucker on Igoteelian Eexagramg. 5 

X L. L\ M, jr. N, N" are concyclic, and i AMN'= i. ANM'= A. 




2. The lines IfL, L'M, ifN are positive isosceliaiu, and LM", NL 
iOir are negative isosceliana. Since 

NL'+L-l£=a, 
Lir+iFN= b, 

MN'+N'L = c, 

b)1 BQch isoscelian bexi^raiuB are itoperiinetrical, and have their 
peritneters equal to the perimeter of the triangle ABO. 



Wthat 
How 



BL = Xa, CL = X'a, " 

AN = vc, BN = y'c, 

2BL' COB B = SN = y'e, 
20L\cobO = OM = itb; 
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Mr. R. Tucker on Isoscelian Hexagrams. [Nov. 14 



whence 



2a = v'cseCjB-l-M&secO, 
26 = X'a sec 0+ vc sec ^, 
2c = /i«'bsec-4+XasecB; 



1.6., if we write 



p = a cos A, 9 = 6 cos B^ r =^c cos C7, 
fiq = r— 2? + Xp, fc'gr = jj + g— r— Xp, 
yr = r— g + Xp, vV = q —\p. 

4. The trilinear coordinates may be written 



L, 0, Vc, X6 ^ 
Jif, fic, 0, /i'a 
jY, i''6, pa, 



«■ » 



iT, X' COB A, 0, v cos . • 

jY', Xcos^, ^'cosB, J 



5. The equations may be written 

to NL\ vacoB Oa^-vb cos C(i+fib cos By = 0, 
to LUff re cos Ca +X6 cos Afi^-X'c cos -4 y = ; 

these intersect, in A", on cry= hqfi; hence ^J.", B^', (70" cointersec 

in T (paa = qhl3 = cry) ; 

and the triangle ^"J5"(7", 

^"=25-ao 

J5"=2(7-^, 
0"= 2il-.B 

is similar to the negative in-isoscelian triangle. 

6. The equations to LIT, ML' are, respectively, 

fib cos Ba— X6 cos-4/3 +X'c cos Ay = 0, 

fA'acoaBa-^vc cos (7/3 — /ic cos By = 0, 

and these intersect, in A', on 6^/3 = cry ; hence ^ J.', BJ5', G(T oointei 
sect in T, and the triangle A!B*G\ 

A^ 20- B, 

^=2^ -a, 

(r=2B-A, 
is similar to the positive in-isoscelian triangle. 



1889.] Mr. R Tucker on Isoscelian Hexagrams. 7 

The triangles ABO, A'ffCTj A1'K(T are then in perspective, with 
T for their centre of perspective. The point T is the isotomic of the 
circamcentre. 

7. The respective axes of perspective are 
{ABO, A"Sa), /ig.oa + vV.6/3+X'^.cy = 0, 

{ABO, A'Bf'C), vr . oa+Xp . 6/J+/i5 . cy = 0, 

{ABfO', A'ff'ff') (ji'q-yr) aa + (rV-Xj?) 6/J + (X>-M«)cy = 0. 

8. From § 3, we have the relation 

= — 2, /i sec 0, V sec B 

X' sec 0,-2, V sec A 

XsecB, /Li'secil, —2 
whence 

(A/iv+X>V) sec -4 sec^seca+2/4V sec* ^+2v'Xsec'B+2X>sec = 8. 

Now the triangle L'M'N\ which is similar to ABO, 

L 4cos*0 4 cos* J. 4oos*i5j 

= A (X/xi'+X'/iV) sec A sec B sec 0/8. 

But, if p be the hexagram radins, then triangle UArN'= p'A/E*; 

therefore Sp* cos A cos B cos = B^ (Xfty + X'/iV). 

The triangle LM^ZiT = A (1 -/iz-v X-X>} = A (X/iv-|-X>V)» 
and it is similar to the pedal triangle of ABO. 

9. Let the bisectors of angles AM'N, AN'M meet in P ; then, since 
these lines are perpendicular to AB, AO, respectively, 

Z M'FN'^ I A, 
therefore P is a point on the " H." circle. 

The equations to BK, PM* are 

/Lc'acosPa — Xacos -4/J— (/i + l) ccosPy = 0, 

— va cos Oa •\- (y +1)6 cos 0/3 +X'a cos ^ y = ; 

these intersect in 

a cos A 3 

cos B cos cos (P— 0) cos B cos 0-1- X sin sin A 

y 6/3 + cy 

cosPcos(P — 0)— X sin-4sinP a cos P cos O' 



8 Mr. B. Tucker on Itoteelian Hexagrams. [Not. 14, 

therefore |!__ = M±^= . J^. 

co8(£— C) cmA sinSsmC 

i.e., the locus is a straight line £,C„ pftr&llel to BC, and bisecting the 
distaoce between A uid^the orthocentre (H). 




Hence, completing the triangle J|B,Ci, we see that the loci of 
P, iQ, £), are the lines determined by the sides of this tii angle, which 
wo propose to call the Director triangle. 

F, Q, R are, of course, the mid-points of the area MN, NL, LM, and 
ave, further, the orthocentres of the triangles AM'N', BN'L', CL'M'. 

10. The triangle PQE is similar to ABC, and therefore = L'M'N'. 

11. By §9, the circle ANM has P for its centre. If we pnt 

0=a(iy + ... + ..., L=£Ki+.. . + ..., 



1 889.] Mr, R Tucker on Isoscelian Hexagrams, 9 

the circleB AMN, BNL, CLM are given by 

a.Cf = 2/(c//3 + 6/iy) (i.), 

h , C = L(ayy-\-cya) ("•)» 

c.C = L(bfi'a+aXfi) (iii.), 

of which the radical axes are, (i., ii.), (ii., iii.), 

vcoa— v'6c/3+(a*V-6V) y = 0, 

(bV-cV) a+Xofc/3-X'car = 0; 

these intersect in a cos A=^ y cos 0, 

hence the radical centre is H. 

The straight lines PLj QMt ^N' consequently pass through H, nnd 
the sides PQ, QJB, BP of PQB are perpendicular to EN, HL, EM ; 
hence E is the orthocentre of PQB, and the centre of perspective of 
PQB and LMN. 

12. If be the circnmcentre, we have 

tan OL'B = 2B cos A cos C/ (a cos O-^fJih), 

and tan fi^L^ = 212 cos 5 cos C/(\a—h cos 0). 

Now (§ 3) a cos B cos C—fiq = X jj— 6 cos cos -4, 

hence Z OL'B = Z JffXC, 

and L'O meets the " H." circle in the point P*, where it is cut by 
BjC, and so for the points Q\ B\ Hence the triangles P'Q^B* 
UM'N* have for their centre of perspective. 

13. Further, by § 9, Z PLM = Z PLN, therefore E is the in-centre 
of LMN, and it is also readily seen to be the circnmcentre of A^Bfi^. 

14. Since 

/.PL'G = (90°-^) + (180°-2a) = 90°-hi5-a = zFXB, 

B cos (P- C) = PV sin (90°-h JB - C) = PV cos (i?- C), 

t.c, PL'=z B = P'i, and so for the other points Q, Q' ; E, 22'. 

Hence, if we take any point P on a side of the director triangle, 
the " H." circle, through P, can be easily constructed.* 

15. We have B = Pr= 2p sin PFL':= 2p sin OUB, 
therefore 0L'=^ 2p cos A. 

* A variation in the construction is suggested by § 32, infra. 
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Now, since AO makes, with BG, an angle = 90°+^— 0= Z PIr'O, 



therefore 

therefore 

Similarly, 

Hence 

therefore 



PV=^ and is parallel to ^10, 
AP = and is parallel to OV^ 2p cos A. 
BQ = 2pcoB B, OE = 2j9COS 0. 
AP sin APP'=: i2 COS ^ = 2p cos il sin APF, 
sin APP" = B/2p = sin BQQ'= sin OEiT. 

16. The equations to the circles AMIT, BITL', OUM* are 

2 cos^ cos a . (7 = L (X cos (7/3-|-X'cos By) (i.), 

2 cos (7 cos ^ . (7= Xf(fi cos-4y+/Li'cos(7a) (ii.), 

2cos^cosB. ^ L(y QOB Ba-^-y QosAP) (iii*)* 

The radical axes of (i., ii.), (ii., iii.), (iii., i.) are 

/Li' sec Aa — X sec B/3 + (/* —X') sec Oy = 0, 

(*'—/*') sec ^a + y' sec B/9—/i sec Oy = 0, 

— vsQGAa-\-(\—v) secB/3 + X'sec (7y = 0. 
The radical centre of these is the circumcentre 0. 

Now ITL' = 2p sin BNV = 2|t) sin B, 

therefore radius of circle BWL' (and of the others) is p ; i.e., these 
circles are equal to the '* H." circle.* 

17. Assume the equation to circle LMN to be 

We get aXX' = /*, X'c + v, X6, ' 

6/i/= X,/ic + v,/ia, 
cvy' = X, '/6 -|- A«i va ; 



whence 



K 



0, X'c, X6 
fiCy 0, A* 'a 

v'ft, Vflf, 



XX'a, X'c, X6 
/i/i'6, 0, f/a 
vvc. va, 



i.e., 



Xi a6c (X/iv+X'/i'v') = a/iV (-XX'a'+X/ift'+X'v'c*), 
/'i „ » = hv\ (-/i/6«+/i>'c*+X'/ii'aO, 

"i „ „ = cX'/i ( - 1/ v'c* + vXa* + /4'/6') ; 



* If 0] be the centre of the circle, then (/L'O^ is a aqnare. 
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whence ^ CQs ^ == i^i cos jB _ v, cos C 

fxy v\ Xfjt. 

__ c os' jg— 2A cos B sin sin ^ + X* sin' il 
sec A cos 5 cos C (X/xv -|- X'/a V) 

The radical axis of ^B(7 and LMN is 

L'^fjt'y sec A . a4- v'X sec B . /3-|-X'|i sec . y = 0, 

and the eqaation to LMN is 

20 = LL'. 

18. The projection of OL' on ^(7 
= (a cos 0— fi6) / 2 cos = (c cos A cos B—Xp)/2 cos B cos 0, 
therefore 
OL'' = B'cos'ilsec'Bsec'a(co8'B-2XcosBsinCfsinil+X'sinM); 

hence (by § 15) V cos* B cos* = JS* ( ), 

or 12p' cos' A cos' B cos' 



= E' 



L 



cos' -4 cos' ^— 2X sin A cos' A cos 5 sin (7+ X' sin' A cos' -4 
+ cos' B cos' (7 — 2ju sin B cos* ^ cos (7 sin -4 + /i* sin' 5 cos* JB 
-I- cos* cos* A—2y sin (7 cos* (7 cos A sin 5 -f- »'' sin' (7 cos' C 



19. If r,, Ti, T, be the tangents to LMN from ^, ^, C, then 

Ta = /i'6 . re/ 2 cos ^, &c., 

and I^ . !Z?. !Zf = XX'a*./i/x^'. y/c*/8 cos ^ cosBcos (7 

= (JDlf' . MN\ NL') (LN' . ML' . NM') / 8 cos ^ cos B cos (7, 

which can be otherwise expressed, since 

8cos ^cos ^cos (7= (LM,MN. NL)/(L'M. M'N'.NL'), 

20. If 0' be the centre of LMN, then the projection (x say) of BO' 
on 5(7 = i [(X + 1) a-/xb/2 cos (7]. 

Assume a, /5, y to be trilinear coordinates of (/, then 

y+acosB = a;sinB = sin5[gr — X(p— 2a cos5cos (7) 1/4 cos 5 cos (7, 

a sin j5 = [gcos^-l-Xasin^sin (B— (7)]/... , 

whence Jlf =ycosB-|-acos2j5 =Xasin3B/4cosB (i.), 

and N = a cos (7-I-/5 cos 20 = fib sin 3(7/4 cos (7 (ii.), 

L = /3 cos -4 -I- y cos 2-4 = vcsin 3-4/4cosil 0".)- 
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From (ii.), (iii-)> ^^*'^ ^^® **^<^ ^^ §2» we get 
4 cos il cos 5 cos C [JVsin (5— C)/ sin 3(7+ L sin (0-^1) /sin 3^] 

= — Xj9C08 sin (-4—^) ; 
hence, making use of (i.), we have 

Lsin(a-^) sin3Bsin3C-|-3f sin (-4-5) sin30sin3J + ... = 0, 
wherein the coefficient of a = sin3^ [S (cos 2A) —2 (cos 44)], 
therefore locas of (7 is 

a sin 3il+)8sin 3i?+ vsin 30 = 0.* 

« 

This straight line is perpendicular to OH, being the radical axis of 
ABG^ A^BiGif and passes through the centre of the *' N.P." circle, as 
it should do, since that circle is a circle of this system. 

21. Since zFLJB =90^+5-0, 

and Z Q'LB = BLN'- Q'QN'^ 5-90°+ 0, 

therefore Z FB:Q= L T'VQ = 180^-20, 

therefore AP'Q'E' is similar to the pedal triangle and = LLMN ; 

also, z FOG'= z L'Olf = 180°-0, 

therefore is the incentre of P'QB^. 

Now Z M'L'F= z if' PF= 90° - 5, 

therefore is the orthocentre of IjM'N\ 

Fi-om § 13, 

p' (1 - 8 cos il cos B cos 0) = (/(y = 0'£^» = p'— 2/ori, 
if rj is the inradius of LMN (or PQE') ; 
hence r, = 4p cos -4 cos B cos 0. 

Also, Q'U=PM (or FN), 

B'M'=: QN (or QL), 
and FN'=: EL (or EJf). 

22. Referring to §17, we can write the equation to the radical axis 
L'= in the form (multiplying all through by ahc cos A cos 5 cos C), 

aa (j? + g— r— X^) (r— 5+Xp)+6/3Xp (g-Xj?) 

+ cy (l-X)p (r-p+Xp) = 0, 



• Cf. iVoc, XV., p. 129. 



1889.] [Mr. R. Tncker on Isoscelian Hexagrams. 13 



OP ip+q-'r)(r—q) aa-^-p (r—p) cy 



r=3i 



+ \p [ {p+2 (q-r)] aa + 26/3 + (2^-r) cy] j = -2S9Xp 
-Xy (ao -h 6)8 + cy ) = 0, [ = 6^ V- 

Hence, for the envelope, we have 51S = S*. 

Substituting and reducing, we obtain 

|)^aV+gV/3*+r»cV+2oa6/3 [2r (iJ + g-r)-pg] 

-|-26/3cy [2p (g+r-j?) -jr] -f 2cyaa [2g (r+p-g)— rp] = ; 

i^., p'aV+...-h... + 2/?5a/3 (4c' cos a-a6) + ... + ... =0. 

To obtain the envelope of the ellipses, we have merely to subtract 
from the sinister side of the above result 

t.c, 8(a/3y + ... + ...)|>gr. 

Hence the envelope is 

pVa'+... + ...— 2/)graba/3— ... — ... = 0. 



This is the conio y/paxi + y/qbf3 + v^rcy = 0. 

The centre of this conic is the '* N.P.** centre, and it toaches the 
sides of ABC in (say) ^„ <„ f„ so that At^, Bt^^ Ct^ intersect in T. Its 
foci are and H, its (semi-minor axis)* = 2B* cos A cos B cos (7, and 
its major axis is B ; hence the " N.P." circle is its auxiliary circle. 

23. Let X, Xj be values corresponding to centres equidistant from 
the "N.P." centre ; then, §20, 

4co8J5co8a sin B.Bcoa(B—0)= 2q cos B+ (X+Xj) a BmBsiuiB-C), 

I.e., 26cos5[co8(7cos(^— (7) — cosB] = (X + Xi)a8in5sin(B— (7), 
therefore (X + Xj) a = 2c cos B, 

By § 22, the radical axes are given by 

3l-2®Xp + 6xy = 0, 
3l-2»X,p+6Xy = 0, 
whence a^=pQc cos B, 

•«•> (3—*") o«+ (»•— p) 6)9+ (1?— g) cy = 0, 

or the radical axis of any two *' conjugate " circles of the system is 
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Off. Hence locus of radical centre of two "conjugate" circles and 
ABG is the same straight line. 

24. From § 16 we see that N'U envelopes a parabola touching the 
sides BC^ BA, with for its focus. 

If we take, for the moment, a', h\ c to be the mid-points of the 
sides BG, GA^ AB, then Ob' is the direction of the axis of the curve, 
and ca is the tangent at the vertex ; hence the latus rectum 
= 4Ecos(7cos -4, and the directrix is the side GiAi of the director 
triangle. Similar results hold for the envelopes of f/JlT, M'N'. 

25. The equation to the above parabola in trilinear coordinates is 
[(aa-5/3) sin (A-B)-\-cy sin G]^ = 4a6a/3sin 2A sin2j5, 

so that the chord of contact is 

(aa-?>/3) sin (A-B) + cy sin = 0. 
Referred to BG, BA as axes of x and y, the envelope of N'L\ i.e., of 

x/y'c + y/\a = 1/2 cos B, 



is ^/2x cos (7+ v/2t/ cos A = ^b. 

Hence, if K, K are the points of contact, we have 

BK = 5/2 cos C, BK = 5/2 cos A , 
and therefore equation to KK is 

2aj cos + 2y cos J. = 6. 

The equation to GA is 1- iL = i j 

a c 

hence GA meets KK' in a/2, c/2 ; /.e., OJ. is bisected. 

To find direction of axis, we must join B to the mid-point of KK' 
(b/4s cos (7, 6/4 cos A) ; the equation to this line is 

y cos A = X cos C7 ; 

i.e., it passes through If. If it cuts KK' in K", then mid-point of 
^JBT" is on the curve. 

Since the sides of the director triangle are directrices of the 
parabolas, we obtain, from a tangent property, another proof of § 9. 

26. From § 11, we see that the envelope of NL is a parabola 
touching BG, BA, with H as focus. In this case, if AD, BE, GF are 
the perpendiculars on BG, GA, AB, DF is the tangent at the vertex, 
and the latus rectum = SB cos A cos B cos G, 
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In trilinear coordinates, the equation is 

[^aa (g— r) + 6/35— cy (p— 5)]' = 4icyaarp ; 
and, referred to BO, BA, it is 

y/x cos A -h y/y cos C = y/q. 
If ^1, K'lt are the points of contact, then 

BKi = q sec -4, ^Z"! = q sec ; 
hence KiK[ makes the same angle with BO that KK' does with BA, 
The equation to K^ K{ is 

« cos -4 +y cos G =i q. 

The equation to the bisector (from B) of K^Kl is 

y cos C = X cos -4, 

and this is a line passing through ; hence BO is the direction of 
the axis. 

27. The L'N* series of envelopes can be written in the form 

VycosC-f \/a cos A = ^/JB sin B (i.), 

\^acos-4+ v^/3 cosB = ^B sin (7 (ii.), 

^/fi cos jB+ v^y cos = y/BBinA (iii-)> 

these respectively pass through 

(Xi) 4iRa/c^ COB A, 2/3/csin^, 4By/a'cos(7, 
(X,) 4Ba/6*oosil, 4Ei3/a'cosB, 2y/asin5, 
(Z,) 2a/6sina, 4E/3/c*cos5, 4Ey/o'cosJ, 

and -4Xi, 5Z„ OX, cointersect in 

oa tan ^ = 5/3 tan B^ cy tan (7 = 2 A tan a». 

28. The L^ series of envelopes touch the sides in {K„ K^j (L^, I>«), 
(Ifj, Jtf.), say. 

The equations to the chords are 

aa8in^cos-4 + 6/3cosBsin((7— -4)— cycosOsin(-4— 5) = 0...(i.), 

—aa cos A sin (5— (7) + 6/3 sin B cos jB-h cy cos sin (A—B) = 0... (ii.), 
aaco8-48in(jB— 0)— 6/Joos58in(C— -4) + cy sin(7cosC7 = 0...(iii.); 
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Z.AI,: 



rj ^ 2i 

— 1 Kill J sin(S— C} 



.•:., t}jt^ «bordi inunect in points {P„ ^„ £j oa Uues tbrongh 
y1, /;. r fAnllel to the tides : 

PjK (\n fi^nre^ 

= t sin (B-Cj, 
.-.«, J/*, = ■2£Binl;B-0• 

Th'. erjatUion U> the circle P,Q,£( is 
'';+i[4foi5Wvlfio2Jsin'(B-C') + ... + ...}/sin2J«in2Brin2C] =0 

2a. In Fig, iii., 8,V,Waxe the mi-^ -pointa of the an» iT^T, Wi*, 




//JT } i.e., N8, M8 bixeot the angles at N |and M ; then the anglea 
8, V, W are, nmpectiTelj, 

(B+0)/2, (0+J)/-2, M + B)/2, 
1.0., the trianglo ii similar to the intriangle of ABO whose ciroam- 
nirclo is the inoirote of ABO. 



thontoro 



N'W is perpendicular to 8V, 

i^'a „ rw, 

WV / „ ws. 
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Let H' be the orthocentre ; then circle whose centre is S, and 
which passes through JiTN', also passes through H\ and so for the 
allied circles ; whence we see that the sides of 8VW bisect H'L\ WW^ 
ffN*; hence these distances eqaal 

4p sm — sin -— , Ac. 

Farther, -ET is clearly the incentre of L*M'N\ and also the centre of 
perspective of this triangle and SVW, 

We have, if r[ be the inradins of L'M'N^ 

therefore r J = 4) sin -^ sin — - sin -^ . 

^2 2 2 

30. If the circle ITE'K cuts BA in X, then 
because Zfl"' = 90°+4» 

therefore Z NXM* = 90°- 4 » 

and ^X = ^M' = ilir. 

31. Assnme / N'L*B = ^, 

then Bin (^-1-0) ^ ^^' ^ '-'c ^ g-^P ^ 

8in0 l^iV Xa XacosC' 

11^ - ,^ cos5— Xsin^ sin 
therefore cot 6 = — : — ; 

A sm A cos (J 
whence, § 18, cos = cos A (cos ^— X sin -4 sin 0)/JD, 

sin = X sin A cos G cos -4/D, 
where 2> is a symmetrical expression. 

Now a(offf) =:irL'8in(A+^) 

2jB sin — sin — sm — 

= (§ 29) *- 2- ?- (Vco8 B+\ cos C) ; 

cos B cos (7 '^ 

▼OL. xxi. — HO. 371. 
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hence coordinates are given by 



aa 



6/3 cy 



2? (X'coSjB + XcosO) q(fA cos O+fi cos A) r^ycosA^-vcosC)* 
or, using § 3, 



aa 



p cos B—Xp (cos 5— cos 0) 



cos -4 cos J5 (2g -h 6 — 2c cos -4 ) — Xp (cos — cos ^) 

- cy _. 

cos jB(6cos-4-|-r— 5)— Xp (cos -4 — cos B) 

_ gg 4- 6/3 -h cy jPa-hg/3-i-ry ^ 

2(a-|- 6 + c)cos-4cos2^cos C {a + b-^c) cobAcobB cobG' 

therefore locus of H' is 

(a-22?)a + (6-2(7)/3+(c-2r)y = 0, 

a straight line which passes through {b'^c)/a, {c+a)/bf (ji-\-h)lc^* 
and is parallel to 

a sin 24+/3sin2B+y sin 20 = 0. 

32. Since Z J^JV'Q = 90°-.i5 = z FPlf', 
therefore arc -^Q = arc P'W^ 

and therefore P'Q = M'JV, 

and Z QP'Oi = Z Pi2Q = Z C; 

hence P' Qi^PQ' JB is an equal hexagram. 
The negative isoscelians are 

P'Q(=Jtf'i^, Q'B(=:N'L), RP(z=L'M); 
and the positive ones are 

GE'(=ir2i), PQ(=:N'M), BP{=L'N). 

33. With centre jY', the circle C^ P'Q' passes through 0, and the 
radius = 2p cos (7; and ^ is the orthocentre of ^PQO. 



* This point is the mid-point of Tr (see "A Group of Isosfceretns »' Proe,, Vol. 
XIX., p. 219). *^ ' 
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Since ZPHQ = 180^-0, 

therefore circle (7,PQ passes through H. 

34. Bisect the arcs PQ, QE, BP in TT, 6f, T, respectively ; 

then ^S>VW=^SVW, 

because TFP' bisects Z QP'Ci, &c. 

Now Z irrQ = Z WBQ = 0/2, 

therefore VQ is pcrpendicnlar to S'W ; hence if JT" be the orthocentre 
0^ S'VW, the circle, centre iS', through QBj will pass through H" ; 
this point is also the incentre of APQB. 

[The envelopes of PQ, QB, BP, and of P'Q\ Q'B\ B'F, can be 
easily obtained by reference to the foregoing results.] 

35. We collect here some other results of interest. Suppose 

Plf, CN intersect in /, (aafiy = hftyfi' = cy/ni'), 

CN, AL „ in g, (aa\y = hfikv' = cyW), 

illi, Plf „ in hy (aaX'/i'= &/3X/lc = cyX'/n). 
Similarly, let 

BAT, ON' intersect in /, ( ../ . = ,W^ = r"^) ' 

\X\ cos J. X/i cos 5 XvcosC/ 

CJT, 2lL' „ in g', ( — ^ = —/—^ = ^^^^n) • 

\X/iCOS-d fifA COB B fiy COS C/ 

AL\ BW ' „ in h\ ( ~ -" -- = — ^ = -7-*^); 

\yXco8-4 fjiy COS B yy cob 0/ 

then the equations to /f\ gg are 

aa Vvr.\yLy — \ig. A'/nV] + ^/^ [^P • X'/nV— vV . X/ii'] 

+ cy [/ig . >! fly —Tip . X/xy ] = 0, 

aa [ I'r . X'/iy—jiq . X/nv] -f 6/3 [Xp . X/iv — vV . XV'v' J 

-^cy [/ig.X'/iV— X'p.XfivJ = 0; 

whence we find that ff, gg\ lih! cointersect in T, which is therefore 
the centre of perspectiye of the triangles /yfe, //V. 

C 2 
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'^ If irV. Jfjr . meet ia -^. 

TAX. A'X'^ ^ in p*l 

Mad ></^- JBfjf^, CV ooiuveryfxx vn T' : 

*-* - }-7z^ i;^ — : = 3 (...) = T (— ) - 

Z7. Vor the intersections of (iCT. JTV ;/"-), (JTL; -TL; O. 
(LW, UK', K" ). we h^Te equation to Ci*^, 



COS -4 (A^ — XVr) COS B (X^ p— /"▼) ' 
htmf^ CA^ CT, CB, Ch'" form a liarmonic penciL 

/^, The equation to the circle A^B^C^ is 

4 fiin A»mBsinC.G=^L(a sin 3^ +/3 sin 3B+r sin 3a), 
and the equation to B, Cj is 

— oa oos^ + (6/3+cy) ooB (B— C) = 0. 

39, The conic through intersectiona of ABC, A^B^ Ox is 



op cos {(J— A) cos (il— 5) 
2\' 



• • • ^^ • •• 




fee COB (^— 0) [coflil cos 2il— cos (-B— 0)] 

If we call the points of intersection (of the triangles) on BO (1, 2), 
on OA (3, 4), on AD (6, 6), then (14), (25), (36) cointersect in the 
"N.P." centre; and if 

(35, 46) intersect in X, 

(61, 62) „ in ^1 

and (13, 24) „ in v, 

then ilX,, l?/i„ ()y, cointersect in 

g 

8in2i4oo8(B-0) 

which is the point (/3) of Question 9950 of the EduoaHonal Timm. 



•••> 
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40. The centroid of VM*N' is given by 

a/(X'c cos B + A6 cos 0) |> = l^/(j^'<^ cos C+fic cos A) q 

= yl{y*h cos J. + va cos B) r. 
Assume ^4' = 6cosO— ccos^, J5' ^ ccos J.— acos 0, 

(7' = a cos J9— 6 cos A^ 
then the above maj be written 



pccos^+Xp^' ccos^cos-^ (6— 2^')+Ap5' 



/> 



coBB{<M—hO')^kpC 
A'c cos A (6-2B') -B'cp A' (ar-^bO') -C'^c 



/v » 



O'c cos^ (6-25') -^'(a»—- 2>C') 
whence, after reduction, and writing 

^ = a' + 6' + c«, 
we get locos required to be 

aa (3a'-Z) + fc/3 (36'-JS04-cy (36»-E:) = 0. 

41. The centroid of LMN is given by 

aa __ 5 /3 __ cy __ 2A 



I.e., 



gggrr 



gacos (5— C)--2crcos-4 cos^— Aj) (?-"^) 

ftjSr cyj 

~2r— g— X(r— f^) 2cco8-4 cosi^— X(j3— g) 

— fe/ 3r4-c yg _ r (aa-f cy) 
""r+p4-X(g— r) "~ g + r + A(r— jd)* 

After redaction, we get for locus 

ao(|)* + g' + r»-3gr) + ... + ... = 0. 

42. To find the symmedian point of L'M'N\ we must cut M'N' 
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in a point P, so that 

M'P : PN'^zc": b\ 

The coordinates of P will be given hj 

a/(Kr -f X'q) cos A, filiJ^r cos J9, y/rg cos (7, 

and the equation to L'P is 

a sec -4 (fi'y'r^nrq) —fl sec Br (Xr+X'3)-|-y sec Ofi (Ar+X'j) = 0. 

Similarly, the sjmmedian line throngh M* is 

a secilv (/i|)-|-fAV)+/3sec5 (v'X'p— vXr)— y sec OX' (a*1>+A*V) = 0. 

Eliminating y, and removing the factor r (X/nvH-X'/iV), we get coor- 
dinates of sjmmedian point to be 

asec^ _ /3 sec^ __ y sec 
Xr H- X'g /Jip 4- f* V vg -h v'p 

= P = 2A/[2 (|,54.gr-h7y)-(2?'-h3'+r»)] = 2A/(-E), say. 

Hence »** = -P [p {^""^ (3""0} ]> 

hfi = P [2pr-|)'-r*-|-5T— 2)X(r— 2))], 
cy = P [gr (p_gr+r)-Xp (p-gr)] ; 

therefore paa + grftjS 4- rcy = Sp^r P = 3pqr (aa + 5/3 -h cy)/ [ . . . ] i 

/.c, aa ( j^E + 3p^r) + ... + ... =0, the locos required. 

This passes throngh 

aa/(g— r) = ... = ..., 

and is, hence, parallel to paa + qhfi -h rcy = 0. 

43. In like manner, to find the symmedian point of the triangle 
LMNy we cnt MN in P (say), so that 

MP: PN^r^l q\ 
The coordinates of P will be given by 

and the equation to LP is 

aa [XVV-vXr»]+6/3X [vV+^Vj-cyV [vV+g*,!] = 0; 
similarly, the symmedian line through M is 

-an/i' [p»X'+r«v] -h&/3 [/iW-Xai^] -|-cy,i [A'+^^J = 0. 
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Eliminating y, and removing the factor r* (A/ii' + X'/i'/), we have 

aa _ 6/3 _ f cy _ 2A 1 
r»v' + 9 V "" P*>^' + ^»' U V +P*^ !>* + ?* + ^-' * 

These may be written 

aa hfi 



g(2r— j9)+Ap(5— r) j>»-|-r*— grr+Xp(r— j?) 
cy poa-f g&/3+cry 

_ j?aa + g6/3-f cry 
Spgr 

i.c., Spgr (aa + 6/J + cy) = (i>' + g'+0(i?aa+g6/3+rcy) ; 

whence aa [p(jp'H-g''+r*)—3pjr] + ... + ... = 

is the locns of the sjrmmedian point of LMN. This line is also 
parallel to poa +... + ... =0, and is therefore parallel to the line 
in § 42. 

II. Negative Hexagrams.* 
44i. The constmction is made as in I., 1. 
45. Write BL'=: Xa, (7^= Xa 

AN=:vc, BN' 



r=/6 ^ • 

^ = y'c J 



Here X, X' may have the same values as in I. 3, but the /i, y will be 
different. 

Now 2v'c cos B = BL, 

2fib cos G=CL; 

whence a = 2/x6 cos G + 2vc cos B ^ 

h = 2vccos-4.H-2X'a cos (7 }- ; 
c = 2XacosBH-2/Lc'6cos-4 



* The geometrical properties of the two hexagrams are, of course, identical ; but 
the analytical work is very different. Sometimes results come more easily by the 
negatiTe hexagram equations. 
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i.c., 2fi'b cos il = c— 2Xa cos B, 

2ycco8A = 5— 2a cos C+2Xacos<7, 
2r c cos A = 6— 2Aa cos C, 
2fibcoBA =■ 26co8^— c+2Xaco8£. 

46. The trilinear coordinates may be written 



L\ 0, \'c, \6 
JIT, /AC, 0, /i'a 
i^, v'6, ya, 



L, 0, /ACOsC, /cosB 

If, X'cosO, 0, rcos^ 
N, XcosB, ficoBAy 







47. From § 45, we have the identical relation 

= 



-1, 2/iicos(7, 2i''cosB 

2X' cos C, —1, 2y cos -4 

2XcosB, 2/cosil, —1 

whence 8 (X/ur + X'/iV) cos -4 cos B cos 0—1 

+4 {/iV cos'A + yk co8*BH-X>cos» C} = 0. 

The triangles L'M'N', LMN are respectively similar, as in § 8, to 
ABO, and its pedal triangle ; and we find 

where p' is the hexagram radins. Also, 

Ai3f JV = 8 A (X/ii' +X>V') cos il cos B cos C. 

48. We may note here that for the positive hexagram 

LN*. ML'. NM! = Xfivahc/S cos A cos J9 cos G, 
LJir, MW. NV = X'/iV abc/8 cos -4 cos Bcos (7 ; 

whereas for the negative hexagram 

LN'. ML\ NM'= Xyyahc, 
LW. MN\ NL'= Xfiy abc. 

49. We give here some results, referring to the corresponding 
articles for the positive hexagram. 

Xy _ /i^ __ y^ __ 1— 4X sinV4-f-4X^sinV4 

fji'y COS A y'X cos B AV cos 2 cos' A (X/jlv + X'f»V) 



§17: -T 



The equation to the radical axis is 

jiya cos A -f v'X/3 cos B -h X'/iy cos = 0. 
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§ 18: projection = a (2A-l)/2 = Esin^ (2X-1). 

Olr'^ = E* (1 -4X sinM +4\« sin' A) = 4p'» cosM. 
§20: 2acoSil = — {Eoos25 + Aa8m(5-a)], 

2/3co8^= {EcoB(2^-0)-XasiD(a-il)}, 
2ycos^= {EcosE — Xasin (i4 — B)] ; 

mnltipljing these respective! j by sin 3^, sin 3E, sin 30, we get 

a sin 3-4 + ... + ... =0. 
§23: 

2Eco8^co8 {B—0) = -2Eco8 2E-(\ + X,) asin (B-C), 

».«., B (cos 2B+C0S 20-2cos 2B) = (X+X,) asin (B-C) ; 

therefore X + X, = 1 . 

Note. 

[50. Referring to § 9, throngh P draw a parallel to BO, cutting the 
circle in P', and the pei*pendicular (AD) in J, Then 

Z PATL' = ^AM'N-^ L MM'L\ 

and Z MM'U = Z ifJ^Ir' = 0- Z MNM' 

= C-{AM'N-^NPM'), 

therefore Z PiTL' = G-^NPM'-^AM'N 

= 0+ ^ -90°+ J^Pif = ZilPF; 

then PL' = 2(0 sin PKL'^z 2p sin ^PP', 

and ilJ = ^P sin APF = PiST sin APP' 

= 2p cos il sin ^PP'= PL' cos A. 

Again, hj §14, perpendicular from P on P(7 = PL' cos (P—O); 
hence J" is the mid-point of AH, and PL':=^ It. 

51. Let the normal at a point P of an ellipse cut the axes in O, g, 
and parallels to the axes, through P, meet them in N, n ; then, with 
the usual notation, if Pg = r, 

because . PP . P^ = ^(? = a«, 

we have i^^cf = r.gF = Cg.gn (because 0, P, P, n are concjclic) ; 
but since CG = e' . Pn, 

therefore f^—a^ = (Ggy/e^ = eP/e', say. 
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Hence, if from any point on the minor axis as centre, with gF as 
radius, we describe a circle to touch the ellipse, we have the aboTe 
relation. 

Now, if we call the distance between 0' and the " N.P." centre d^ 
and put Q for the angle which the line connecting them makes with 
BG and 2a, e, for the major axis and eccentricity of the ellipse of §22* 
we have 

2icos ^ = BL+5L'-E (2 sin ^ +Bin((7-B)} 

= .^ ^^ ^ (2Xocos5co8 (7+6cosB— Xacos-4)— E(...] 

2cos5co8(7^ i I 3 

= z;^ (2 COS ^ COS (7— cos J.| (Xsinil— cosBsinO] ; 

cos^cosO^ ^^ ^ 

but OH coa 6 = 2 cos B cos (7— cos A, 

therefore d cos B cos (7 = (X sin ^ — cos B sin G) ae, 

t.e., cP cos* B cos* G = aV . ^X' sin' A — 2X sin A cos B sin (7 

+ cos' B - cos' B cos" 0} 

= a'€» .{ V/-R'-l} cos' 5 cos' (7, by § 18, 

hence, if we take p = r, we see that the " H." circles toach the in- 
ellipse of § 22. 

From the above resnlt we at once get 

p'c' = d' + a'c' = GO'' (or (7fl'),* 

therefore OC = O'H = pe ; 

and 2p cos (XOH = 2a = E, cf. § 15. 

52. If we suppose the points L, L' to coincidet so that BO ia 
a tangent to the H. circle, then, if p„ be the radius of the circle, we 

have LN'z= 2p„ sin J9, LM = 2p, sin 2(7 ; 

hence a = 2pa [sin 2J9 + sin 2C] , 

i.e., 2B sin -4 = 4p„ sin ^1 cos (B— (7), 



* This result follows also from §§ 21, 22. 
t The reader is requested to draw the figure. 
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or E = 2p.co8(J9-a), 

= 2f),C08(^-5), 

^ Phi Pc ara the radii when the circle touches CA, AB respectiyelj. 

The points L, Jf, -AT (when If, 3f ' ; N, N' coalesce) are readily seen 
to be the points of contact of the sides with the in-ellipse, so that AL^ 
BM, CN (in this case) cointersect in T, 



53. Since 
and 



BN . BN'= BV = 4p; sin« 2J5, 
BN'=LN'^2p^B\nB, 



therefore BN = S^b. sin B . 4 cos' B ; 

hence NN'=: 2p, sin SB and JOf '= 2p. sin 3C. 



Now the angle 

0'2r^= (T-2C) + (»-2i4)-(|^-5) 



= 3B- ^ 



2"' 



3ir 



Z O'lLl = ^ -30 ; 



and 

hence coordinates of 0' are 

P«» — f>« cos 30, — p« cos SB, 

54. The equation to the circle, which passes through 

N' [b sin B, a sin (20-5), 0} , L (0, c« cos 0, 6' cos -B), 

Jf' {csinO, 0, a8in(2B-0)}, 



18 



a^y + . .. + ... = 



(an H- ••• H" ... ) 



4c sin 2I sin B cos' (1? — 0) 
X [2ao cos il sin (2G-B) sin (2J9- 0) +i36 sin' 25+yc sin' 20]. 

55. If we project O'O on 50, and on a perpendicular thereto, we 
get 

((/Oy = pI [sin 2B^ sin 20)'+ (1 -fcos 25+co8 20)'] 

= p][ [3 + 2(co8 2iH-co8 2B+co8 20)] 
= p' [ 1 — 8 cos A cos 5 cos 0] ; 
therefore O'O = ep„, cf. § 51. 
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Again, 

OL^ = [2p^ cos^ sin (J5^ 0)]»+ [2f).co8^ cos (B« 0)]' 

= 4^][ cos' il, 
therefore OL : 00' : L0'= 2 cos^ : e : 1 ; 

and ^OLO'^B^G, therefore /.OLE = 2(B ^ 0). 

From the above, we have 

ccos OO'L = H-co8 2J5+cos2(7 ; 
and sin HLC = sin OL B=B cos ^1 / 2f»a cos il = cos (BmO)^ 

therefore Z HLC = ~ - (0 -. 5) = ^. 

56. If p, is the radins of curvature of the ellipse at Ly we have 

(ai3/>.)Isin»0 = /3«; 
therefore 

p. = /3' cosec*0/a = 4B cos -4 cos 5 cos 0/cos' (B— C) ] . 

57. Let A' be the area of the triangle t^t^t^ (§ 22), and put 

S) = cos {A -B) cos {B-O) cos (0-^) ; 

then A-A' = E»[sin«2^sinilcos(J5— 0) + ...H-...]/22) 

= E« [sin 2A sin 2B (sin 2^ + sin 2B) + ... + ...] /4a) 

= B^ sin ^ sin B sin 
x[[H-cos2^+cos2J9+cos2(i4-.J9)}-|-... + ...]/23) 

= E'sin^sinBsinO [H-cos2^ + cos2^-|-cos2C 

+ 2cos(^-B) co8(B-a) cos(C— ^)]/S) 

= A — i2' sin il sin 2? sin C (4 cos A cos ^ cos 0) /S, 
I.e., A' = 2A cos il cos B cos 0/S). 

58. From the Geometry of the Ellipse, the joins of A (J5, 0) and of 
the " N.P." centre bisect t^t^ (/j^,, t^t^), 

59. If t[^ ^, ^s are the mid-points of ^,^3, ^^, ^j^,, then equations of 
*\ ^ii ^t 2 are 

aa sin 2ilp, + 6/3 sin 2Bp^—cy sin 2(7p, = 0, 

-^(UL sin 2^1^,+ 6/3 sin 2Bqi-\-cy sin 20^] = 0, 
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where pi = c sin 20 cos (A —B)—h sin 2B cos (0— -4), 

and similar expressions for 9, r ; hence we get the coordinates of the 
oentroid of iit^t^io he 

a/p^coB (B—C) = /3/gr,co8 (0—^1) = y/r,cos (-4— B). 
We may put p^ into the form 

E[jE7+sin2Bsin20], 
where ^ = sin2i4 sin 2B + . .. + ... . 

60. The circle t^t^t^ has for its equation 

c sin 20 h sin 25 

c sin 20 a sin 2A 

b sin 2B a sin 2^1 



where X = 



E8in»2^ 



sin 2g sin 20 
cos (5-0) 

si n 20 
cos(0-^) 

sin2g 
cos(il~5) 



c sin 20 & sin 25 







a 



a 







hence equation is 



2abc^,0=^L [a'acosil (sin^sin 0+2cos J. cos25cos20)1, 



[a'a c 
+ ... 



+ ... 



] 



61. If we suppose our "H." circle to touch the sides CA, AB in 
JIf, Ny then the hexagram is NLMNL'MN, i.e., MN is a doubled line. 
From a consideration of the figure, we see that 

i.e., AMN must be an equilateral triangle, and we can further readily 
prove that M, N are the points ^„ /,. 

The radius of the '* H." circle in this case is 

( y3 + 2 sin 25)/c = 1/p = ( %/3 + 2 sin 20)/6. 

January y 1890.] 
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On Euhr's <f>'Fiinction* By H. P. Baeeb. 

l£ead Nov, Uth, 1889.] 

It is perhaps worth noticing that the theorem on combinations 
given bj Mr. R. W. D. Christie (Proceedings, Jan. 10th, 1889) is a 
particular case of a theorem in the inversion of finite series, of which 
another case was given by Dedekind (Grelle, Ed. 54, p. 25). 

Let /(apa„...ai) be any quantity, or aggregate of quantities, 
uniquely determinate from the arguments a„ a,, ... a^ (which may be 
of any number), and independent of the order of these. Consider the 
f auction F (a^ ... a») defined for all values of k by the equation 

Fioij C4> ••• ^) = ^(<^i> ^» ••• «*)+^/(ai> ^» ••• a*) 

4-2/K, a*, ...a*)+ + S /(aO+/(0), 

where S indicates a summation extending to all selections of n—r of 

the arguments 0^ a^ ... a^. 

Then the function 

F(a^, a,, ... an)—^F(a^, ... a„) + S^(a„ a^, ... a,) — ... 

1 8 

... + (-l)-> S JPK) + (-l)-F(0) 
is, in fact, ""* 

/(oi, a,, ... Oj). 

For, suppose each J^ herein replaced, according to its definition, by 
functions/. Then the function / (oj, a,, ... a*) (provided k ^n) will 
occur once from F (a, ... a,), 

and so on, and will thus occur, on the whole, 

i-M+(V)--=(i-i)"'**''»«'' 

that is, not at all. So that the theorem is obvious. 

* Euler tues ir (n) not ^ {n), (Opera Arithmetical Fu88, Petropoli, 1849, u., p. 128.) 
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OoroUary I. — By taking 

/(oi, Of, ... Ok) = 2 7-^^ — — a"^ a^ ... a] 



i « I :, — u ®> ®« - ®* ' 



where a„ ... a^ can haye all positive integer valnes subject to 

exdudtng zero values, and pntting / (0) = 0, we obtain 

(a, + o,+ ...+aH)'"~S (a, + Og+. .. 4- aJ-4-2(a8+a4+. ..+«,)"•— ... 

1 3 

...H-( — 1)"*'* S o" = InaiO, ... a« or 0, 

according as m = n or is less than ?^. It is this theorem, when m is 
less than n, which is given by Mr. Christie. A well-known theorem 
is obtained when o^ = a, = ... = a„ = 1. 

GoroUary IL — Let a^, a,, ... a„ denote different positive prime 
Dtunbers, and [1] = -4, 5, (7, ...iC be any aggregate of positive 
integers. Also, let F {oi, a,, ... a^) denote the aggregate of all the 
numbers in [1] which are divisible by every one of the primes ak+\, 
«»♦!, ... €bny 80 ^^^^ F (0) will consist of the numbers in [1] which are 
divisible by each of Oj, a„ ... a^, and F (d^, a,, ... a„) will be those as to 
which nothing is conditioned, that is, will be [1]. Then the numbers 
F(a^, o^ ... ait) may be divided further into groups. 1st, those which 
are divisible by a^^^i, ak^^j ... an, bnt by no other of the primes a„ a,, ... a^. 
These we denote by / (oj, a,, ... ajk). 2nd, those which are divisible by 
^^41, ajk^2» ... (^m And also by one other prime, say Oi, but by none other 
of the primes. These we denote by /(a,, a^, ...04). So we have 
groups /(oj, a„ ... a^), &c. 3rd, and in general, let /(a^, ar., ... a,) 
denote the aggregate of numbers in [1] which are not divisible by any 
of the primes a,,, a^^, . . . o^^, but are divisible by each of the others, so 

that/ (0) will be the numbers divisible by every one of Gi, a„ . . . a„=F(0), 
and /(a,, a„ ... a„) will be those which are prime to aja^ ... a„; then, 
dividing into groups in the way indicated, we have 

Fiou^ ... a») =/(ai, a„...at)+S/(a„...ajk)4-2/(a„... ai) + ... 

1 2 

, „ , „ ...+ 2/(a,)+/(0) (I.) 

for all values 01 Jc, "'^ 

Thus, by the theorem given, we have 

/ («i» «»i ...a,) = J'(ai, ... a„)— SF(a„ ... aj4-2^(a„ a^, ... aj-... 

I 3 

... + (-!)"-• 2 F(o,) + (-l)"J'(0)...(II.). 
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And in the particalar case when the set [1] consists of 

1-734 V 

and A' = ar' a!«...a*-, 

the equation (II.) shows that (as is well known) the nnmbers in [1] 
which are prime to N can be written down as 

[l]-2[a,]+2[a,a,]-... + (-l)-'S[a,a,...a.] + (-l)-[a,a,...a.], 
[(Ira, ...] denoting the numbers of [1] which are divisible by Ora^ ... 

fin particular, that A(iV) = iV- 2- -fS —-...) ; 
\ a, 0,0, / 

while equation (I.) gives that decomposition (due to Granss, Dm. ArUh,^ 
§ 39) of the numbers [1] = 1, 2, ... .^T into sets [rf], where d denotes in 

turn all the divisors of N, and [rf] denotes all the numbers of [1] which 
have d for the greatest divisor common to them and -AT (for the divisors 
of N can be divided into sets accoi-ding to the number of prime factors 
O], a„ ... a^ which they contain) ; namely, in this notation the equation 
(I.) is 

and proves the relation 

^' = 0(l) + 2:^((O-h^(n), 

from which equation, therefore, the value of ^ (N) can be deduced, — 
and this, in fact, it is, which Dedekind notices in the article 
referred to. 

Note. — It should be noticed that equation (I.) is satisfied by putting 
F equal to any explicit rational integral symmetric function of Oj ... a». 
Equation (II.) g^ves then many theorems in symmetric functions 
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On the Ejstension a/nd Flexwre of a Thin Elastic Plane Plate.* 

By A. B. Basset, M.A., F.B.S. 

* 

[i2MM{ N999mb4r 14M, 1889.] 

1. The objeot of every theory of thin elastic plates and shells is 
to express all the quantities involved, in terms of the displacements 
of a point on the middle surface of the plate or shell, and their 
diiSerential coefficients with respect to the coordinates of the undis- 
placed position of this point ; and, in order to do this, it has been 
usual to assume that the three stresses R, 8f and T may be treated as 
serpy where R is the traction perpendicular to the middle surface of 
the plate or shell, and 8 and T are the two shearing stresses which 
tend to produce rotation about two lines of curvature of the middle 
surface. 

A very slight consideration of the subject is sufficient to show that 
Bj jS, T cannot be rigorously zero. The assumption that 8 and T are 
lero would involve the absence of any normal shearing stress across 
a section of the plate, whereas it must be obvious to everybody that 
a thin plate of metal, such as a worn half-sovereign, is capable of 
sustaining a very considerable normal shearing stress. The assump- 
tion that R is zero is also immediately seen to be incorrect, if the 
plate is under the action of external pressure ; for, if the pressures on 
the two surfaces be denoted by IIj, II,, the value of JB, as we pass 
through the plate from one surface to the other, must vary from — IIi 
to — n,. Even if there were no external pressures, it is most improb- 
able that R could be zero throughout the substance of the plate or 
shell. For, suppose the shell to be cylindrical, and to be divided by an 
imaginary surface parallel to its middle surface ; then, if R were zero, 
the two portions on either side of the imaginary snrfBce would be 
incapable of exerting any action in the nature of a pressure or tension 
upon one another. If, therefore, the imaginary surface were a real 
surface of separation dividing the shell into two separate portions, 
the two portions would, on the assumption that i2=0, always remain 

* [In the paper as read, certain remarks were made concerning the theory of 
cylindrical and spherical shells ; these are now withdrawn, as I have since dealt 
with this subject in a paper, an Ahstract of which is puhlii^ed in the Froe, Eoyal 
Soeutf, Vol. XLvn., p. 46.— Feh. 19th, 1890.] 

VOL. XXI. — HO. 373. D 
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m contact, whether the other were in eqailihriam or in motion. Bnt 
f the shell were bent in Fnch a manner that its cnrvatnre were 
liminished, the most probable sopposition wonld be that the two 
ivided portions wonld separate ; whilst, if the bending increased the 
riirvatnre, we shoo Id anticipate that each portion wonld exert a 
•ressnre npon the other. It can, however, be rigoronsly proved that, 
i r 'E is of the order of the sqnare of the thickness, then 8 and T are 
)P the same order ; and that, whenever this is the case, these stresses 
aay be treated as zero, in calculating the expression for the potential 
energy, inasmnch as they give rise to terms of a higher order than 
the cube of the thickness. The first point, therefore, to ascertain is, 
in what way does B depend npon the thickness ? 

For a plane plate of infinite extent, this question has been dealt 
with by Lord Rajleigh ;* for, by means of equation (33) of the paper 
eferred to below, it can easily be shown that, in this case, B is of 
the order of the square of the thickness, provided the surfaces of the 
"late are not subjected to external pressure or tangential stress. Lord 
Elayleigh*s investigation, of course, does not rigorously apply to a 
plate of finite dimensions, but it seems most improbable that a similar 
result would not hold good in the ca>e of a finite plate, and this will 
be assumed to he the ease. It will, moreover, appear that this assump- 
tion is justified by the results to which it leads. 

We have now all the materials we require for solving the problem 
of the equilibrium and motion of a thin plane plate of finite dimen- 
sions, which we shall proceed to discuss. It will be found that the 
equation of motion and the boundary conditions for the flexural 
vibrations are the same as those obtained by other writers, but that 
the corresponding equations for the extensional vibrations contain 
certain additional terms depending upon the sqnare of the thickness. 

2. For stresses and elastic constants, the notation of Thomson and 
Tait will be employed ; but Mr. Love'sf notation will be employed 
tor strains and directions. The values of the various quantities 
involved, snch as displacements, strains, and the like, at a point P on 
the middle surface of a plate, will be denoted by unaccented letters, 
ind the values of the same quantities at a point K on the normal at 
P whose distance from P is h\ by accented letters. We shall also 
denote the thickness of the plate by 2/i. 

The values of all the quantities with which we are concerned are 



* Froe, Lend, Math. Soe,^ Vol. xx., p. 226. 
t Phil, Tram,, 1888. 
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functions of the position of P', and are therefore of the form 
F(h',Xj y). It therefore follows that, if <Q' denote the value of any 
snch qaantitj at P\ we shall have 

^' = F(h\x,y) 

=-+'-{f )-**'(")- «. 

where the brackets denote the values of the differential coefficients at 
the middle surface, where z = 0. 

Objections have been raised by Saint- Ycnant, and endorsed hj 
Mr. Love, to the sopposition that the displacemepts, strains, &o, can 
be expanded in powers of h' bj Taylor's theorem. If, however, this 
objection were valid, it would follow that some of the differential 
coefficients, and therefore some of the quantities involved, would 
become infinite at some point of the middle suiface, which would 
involve a rupture of the material, and this state of things is entirely 
outside the conditions of the problem. 

We may therefore put 

R' = A-^A,h'+iA,h'' + (2), 

where B^ is the value of i2 at P' ; A and A^ are at most of the orders 
h\ hj respectively ; and A^ does not contain any negative powers of h. 

3. We shall now consider the resultant stresses which act upon an 
element of a plane plate. 

Let OADB be a rectangle, whose sides 
OA^ OB are parallel to the' axes of x and 
y« described on the middle surface of the 
plate ; and let OG be the normal at 0. 

The resultant stresses per unit of 
length, due to the action of contiguous 
portions of the plate, are completely 
specified by the following quantities; 
vis., on the edge AB, 

Tj = a tension across AD parallel to OA^ 

If, = a tangential shearing stress along AB^ 

^1 = a normal shearing stress parallel to 0(7, 

67, = a flexural couple from C U> A, whose axis is parallel to AB^ 

^1 = a torsional couple from JB to C, whose axis is parallel to OA, 

D 2 
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Similarly, the resnltant stresses per unit of length, which act on 
the edge BD, are 

T, = a tension across BD parallel to OJB, 

Jf I = a tangential shearing stress along BDy 

^1 = a normal shearing stress parallel to 00, 

^1 = a fleznral coaple from B to 0, whose axis is parallel to BD, 

JJ, = a torsional coaple from to A, whose axis is parallel to OB, 

If the edges AD or BD were of finite length, there wonld also be a 
conple about an axis parallel to 00 ; bnt, since this conple is propor- 
tional to the cnbe of the edge, it vanishes in comparison with the 
other stresses when the rectangle OADB is indefinitely diminished. 

4. The six equations connecting the strains and displacements are 

/ du , dv # dw' 

^ " . , ,\ (3). 

/ dv^ dw f dw' du , du^ , dv^ 

dz dy ' dx dz ^ dy dx 

Also, B' = (m-^-n) <rj-|-(m — n)(cri + o-J) 

= (m-|-n)cr,-|-(w — n)(o',-|-o',) 

+ J(m + n)(^)+(m-n)(X+/i)JA'+..., 

where X, fx are written for (dc^/dz), (da-^/dz), respectively. Com- 
paring this with (2), we see that 

(m+n) <r,+ (wi— n)(cri + cr,) = A (4), 

(mH.n)(^)+(m-n)(X+/i) = J, ^^^' 

We can now calculate the values of the couples. We have 

(?. = _ P Q'h'dh' = - 5A» ( ^ ) , 

and (f)=(^+„)^ + (._,0{x+(f)}; 



m — 71 






whence, putting j&=— (6), 

we obtain Gi = -fn7i» [fi-^E (\-\-m)+^A/^^] (6a). 
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Similarly, 0^ = inJi* {X+^ (X+/ii)+^^/2n] (6b). 

Bnt, since A^ is at most of the order h, it follows that this qnantitj 
may be neglected when multiplied by h* ; we thas obtain 

a, = -inh*{,A + E(\+,i)] (7). 

Gt = inh^{k+E(\+^l)} ....(8). 

AlBO, H, = -H, = -inh'[^) (9), 



Ni = [* zr[dh\ N^ = r w'. 



dk' 



(10). 



5. We most now obtain the equations of motion. 

Let X, Y, Z be the bodily forces per unit of mass, which act on the 
plate; then, taking moments about OC, it follows at once that 
if] = ifi ; also, resolving parallel to OA, OB, 00, and taking moments 
about OAf OBf we obtain the following five equations, viz. : 

dT. 



dx dy J .» 

— -^ + — — = p I V dh -'2phT 
dy dx J .A 

dy J -* 



dN, 
dx 



(11). 



dy dx J .A 

dOm , dH. XT f* "'L'7r/ 

Expanding in powers of //, and using the fourth of (3), we obtain 

Now, in whatever manner w, may depend upon h, it evidently 
cannot contain any negative powers of hy otherwise w^ would increase 
indefinitely as the thickness of the shell diminished indefinitely ; we 
therefore see that the right-hand side of the fourth of (11) is of the 
order A*, and, since Gj, H^ are of the order h\ it follows that N^ is also 
of the order h* ; a similar argument applies to ^„ whence, by (10), 
v[, Wi must each be of the order of the square of the thickness, and 
therefore produce terms of the order h^ in the expression for the 
potential energy, which are to be omitted. 
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We can now calculate the right-hand sides of (11) ; for, putting 



we 



h.v. £/'*-=fJ.v*-(|)+i»-(g)}i»' 



= ^Uin.{§). 



Bat, from equations (3), 

dz^ dz dx 

dm\ 1 dE^^j^dK 

^-dz''^;;^n-d^'^^d^' 

Sinoo the first two terms on the right-hand side are of the order V, 
they may bo neglected when multiplied by A* ; whence 



u'dh'-2hu-^ih^E^^ 



dx 



Similarly, f* v'dh' =2hi-hih^E^, 

J.* dy 

[* w'dh'=:2hw'^^h^EV'w, 
and oar equations become 

^» + ^^=:SV>^(;-Z) + ipA»2?^ (12), 

dx dy dx 

%* + ^ = ^* (i-D+ipv^^; (13), 

^j + i^« = ^(i._z)+jpA»£r*i (U), 

t*'^'*-''"*^'i <">• 

*A+f'«._.v, = _i^W' (16). 
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Again, x = ^ = -^=-l^ 

dz dzdx dx* 

d*w fdwA ft d*w 



(17) 



__^ (dwA _ 



(18), 



dy^ \ dz 1 dxdy 

whence G^ = ink* (—^-{-EV^w) 

We can now obtain the ordinary equation for determining the 
fleznral vibrations of the plate. Eliminating^ ^i, N, from (14), by 
means of (15) and (16), and then sabstitating the valnes of Gi, Gp H 
from (18), we obtain 

■ln^«(l + ^) W+2p(i-Z) + Jp/i'(J5?-2)V*ti; = (19). 

If Z = 0, the last term must be omitted, since it gives rise to a 
term /t* in the period, whence (19) becomes 

ith^-'^'^-' <""'■ 

6. Eqnation (20) and the valnes of the couples have been obtained 
without having made any use of the expression for the potential 
energy, or having employed the Calculus of Variations. We shall 
now complete the solution for the fleznral vibrations by obtaining the 
boundary conditions. It will be hereafter proved, as is almost obvions, 
that T|, T„ and M depend solely upon the extension of the middle 
surface, and are therefore zero when the vibrations are purely flexural. 
We are not, therefore, now concerned with those quantities. Now one 
of the boundary conditions at a free edge requires that the flexural 
couple about the edge Bhonld vanish ; hence, if the free edge is parallel 
to the axis of y, 6?, = 0, and therefore, by the second of (18), one 
boundary condition is 



daj* 



-fJS7V«u7 = (21). 



This is the interpretation of the second of equations (6) given by 
Lord Rayleigh (" Theory of Sonnd," Vol. i., p. 299). 
With regard to the other boundary conditions, it was supposed by 
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Poisson.that it was necessary that tbe normal shearing stress and tbe 
torsional coaple at a free edge should vanish, and thus there wonld 
be two more equations of condition. KirchhofE has, however, shown 
that only one additional equation is necessary, and the reason of this 
is that it is possible to apply a certain distribution of stress to the 
edge of a plate without producing any alteration in the potential 
energy. 

A proof of this proposition, founded on general reasoning, is given 
in Thomson and Tait, § 646 ; but the theorem may be established 
analytically as follows. 

By Stokes' theorem, 

the integration extending once round the rectangle OADB, 
If we apply to the side AD the stresses 

dy 
to the side DB the stresses 

and to the sides BO, OA corresponding and opposite stresses, the 
preceding integral becomes 

which shows that the work done by this system of stresses is zero. 
Such a system of stresses may therefore be applied or removed with- 
out interfering with the equilibrium or motion of the plate. 

If, therefore, we suppose that the rectangle OADB, instead of being 

under the action of the remainder of the plate, is isolated, and that 

constrainiog stresses are applied to its edges, then it follows that if, 

instead of the torsional couples JBTi, — JETj (since fl", = — ^0, due to 

the action of contiguous portions of the plate, we apply torsional 

couples C^i, Hf, where 

», = JBr,+H' (22), 

», = -JEr,-£r (23), 
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the energy and state of strain will be unaltered, provided we apply, 
in addition, the stresses 

*. = -^'+'f (24). 

^. = -n;+^ (^*)- 

Whenoe, eliminatiiig H" between (22) and (24), and between (23) 
and (25), lespectively, we obtain 



fi,- ^ = N,- ^^ 



dH, 
dy ' dy 



^ ,„. (26). 

In these equations the Roman letters denote the values of the 
stresses due to the action of contiguous portions of the plate, whilst 
the Old English letters denote the values of the actual stresses applied 
to the boundary; whence the conditions to be satisfied at a free edge are 

^.-^ = (27) 

along an edge parallel to the axis of y, and 

W,-^>=0 (28) 

dx 

along an edge parallel to the axis of x. 

Since the period of the flezural vibrations depends upon the square 
of the thickness, the terms on the rigbt-hand sides of (15) and (16) 
may be omitted ; these equations, combined with (18), thus determine 
Ni^ Nf, and (27) becomes 

dxlda^'^ 2m dtf") ^ ^' 

which is the first of equations (6) of Lord Rayleigh's " Theory of 
Sound," above referred to. 

fO*. It has been suggested to me that it would be desirable to 
apply the foregoing method to obtain the general boundary conditions 
when the free edge is any car^e. In order to do this, let PQ be an 
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element of the enrved bonndary, and 
let $ be the angle which the normal to 
the element makes with the axis of x ; 
let OP = Bx, OQ = ^y, PQ = ^s, and let 
the stresses across PQ be denoted by 
acceDted letters. 

Resolving parallel and perpendicu- 
larly to PQ, and along the normal, we 
at once obtain the following equations, 
viz. : 

r = T, cos' a -f T, sin* d+lf sin 26, 

jr=: i (Tj-Ti) sin2e+lf cos26, 

^=^'isin6-|-iV,cos6, 

G' = G, cos' a- (?i sin* 6 - JBTi sin 26, 

H'= 1 ((?j + 6?,) sin 2a+ Hi cos 2^, 




.. (30). 



Substituting the values of (?„ G,, H^, from (18), in the fourth of 
(30), we obtain 

Cr^^inh* jf-^cos'6+ ?^sin'e + J5?V'«^+^8in26] ... (31). 
Ldar oat axdy ) 



At a free edge O' = 0, and therefore the right hand of (31) must 
vanish. This is the interpretation of the second boundary condition 
given by Lord Rayleigh — ** Theory of Sound,*' Vol. i., p. 297, equations 
(9). 

From (18) and the last of (30), we obtain 

Now, if £ be any single valued function, 

the integration extending once round the curved boundary. 

The work done by the stresses N' and H*, due to the action of 
contigaous portions of the plate, is 



jc 




K 



at I 
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If, therefore, we apply to the curved boundary the stresses fi\ Jft', 
where ft' = fi'-f^, 

the energy and state of strain will be unaltered ; whence, eliminating 
I, we obtain 

;P'_^'=^'-^' (32). 

ds ds 

At a free edge 0\ ft' are zero, and therefore the other boundary 
condition is that the right-band side of (28c) should vanish. 

When there are no impressed forces, w cc h*, and therefore the rigbt- 
hand sides of (15) and (16) may be omitted ; whence, by (15), (16), 
and the third of (30), 

,7. fdG. , dHA . fl , fdO^ dHA >, 

\ay ax / \ ax ay / 

= — *sin(^-|- --^cos^ r-^. 

ay ax as 

But (?,= |mA»J(1 + -E7)V«u;-^|, 



G, = -infe»J(H.JEOV«u;-^J, 



dy' 

whence, if dn be an element of the normal to the bounding curve drawn 
outwards, 

C an dudxdy ) ds 

an 
The second boundary condition at a free edge, therefore, becomes 

which is the first of equations (9) given on p. 297 of Lord Bayleigh's 
•* Theory of Sound.'* Added Feb, 19M, 1890. ] 

7. Having discussed the flexural vibrations of a plane plate, we shall 
now investigate the expression for the potential energy. 
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By the ordinaiy formnla, the potential energy of the element 2hd8 
is 

Tr= [ [(m+n)A'» + n{w? + w? + w?-4(o-,VJ+cr;cr;+cr;crO}]^A' 
''-* (33> 

where A' is the dilatation. 

Expanding in powers of h\ by Taylor's theorem, we haye 

whence 



1 

a 



(m+n) r A'«ciV=(m+n)J^A«-hiA»(^)Vi^»(^)A + ...|, 



from which it is easily seen that W is expressible in a series of odd 
powers of A. 

Let ns now write X, /i, p ; X', /i', p' for the valaes of the first and 
second differential coefficients of o-i, o-,, w„ with respect to z^ at the 
middle surface of the shell ; so that X = (cUrJdz), &c. 

In whatever way B' may depend npon h, we have shown that it may 
be expressed in the form 

where the A* a are quantities which depend npon the thickness, and also 

npon quantities which define the state of strain of the middle surface 

But 

E'= (m+n) cri +(m-n) (<ri + €rO 

= (m+w) cri+ (m—n) (o-i+o-,) 



whence 



•^ 



(m+n) <r, + (m— n) (<r, +<r,) = ^, 
(m+n) (^) + (m-«)(\+^) =^, 
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From these equations, we obtain 

A=(l-^)(<r, + cr,)+ "^ 



m-|-»' 



(^)=(i-B)(x+M)+-4-. 

\az/ m+» 



(^)=(l-^')(V+M')+^,. 
and therefore the portion of W depending on A' is 

+ i/i' (cr, + cr,+^/2n)(V+/+^,/2n)} ...(34). 



m 



Again, 

whence 

2n I o-JcrJc^A' = 4nA<r,o-, + in/i'A/i + |nA»(\V,+/i«Vi) (35). 

Also, 

(aJ+<rO<r;=(<r. + <r.)<r. + A''(X+^) (^'j 

+ iA^CX'+Z) <r, + iA" K+<r,) (^•) ; 
whence 

2» f* (crl +(rO <r;iA'= Uh (<r, +<r,) <r, +4»7t' (X +/11) (^) 

= 4«A(<r, + <r,) }-^ J7(<r, + <r,)| 

(. m-f-Ti J 

+^K» \MK+]n±Ax(Zi±£sl-2E(^,+a,)(\'+/)\ (36). 

Finally, 
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and therefore the value of W, so far as it depends upon cti, crj 0-3, •'J, is 

(38). 

Since v,, v, are quantities of the order of the square of the thick- 
ness, the portion of the potential energy which depends upon them is 
of the order h\ and must therefore be omitted ; also, since B' is of 
the order h^. the portion of W which depends upon A, A^, A^ is of 
a higher order than ^', and must also be omitted. The correct ex- 
pression for the potential energy to the order h* is therefore obtained 
by putting A^ A^j A^ zero in (38). From (3) and (17), we see that 
the first line depends solely upon the extension of the middle surface, 
and therefore upon u and v, and not upon w ; the second line depends 
solely upon to, and not upon u and v, and is the ordinary expression 
for the potential energy due to bending. As regards the third line, 
we have 



\dz*) \dxdz*J \dx*dz)' 



If, therefore, we pot ^ = <r,+o-„ 

weobtain X's^ff, /'' = ^— , p' = 2E^ (39), 

dx dy^ dxdy 

from which it follows that the last line of (38) depends solely upon 
u and t;. 

9. In order to obtain the correct values of T„ T„ M as far as ^•, 
and the equations which the u and v vibrations satisfy, we shall 
proceed to form the variational equation ; but in so doing we may 
omit all the terms in to, since by retaining them we should merely 
reproduce the results which we have already obtained and discussed. 
On this understanding, let us apply the Principle of Virtual Work 
to a rectangle bounded by four lines parallel to the axes ; then, ]1 hW 
denote the variation of IF, and ^C the portion of the variational 
equation due to the accelerations, hV the work done by the bodily 
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forces, and SI the work done npon the rectangle by the stresses 
arising from the action of contiguous portions of the plate ; the varia- 
tional equation is 

BW+B€ = aF+» (40). 

We must now calculate ^C 

.^B> III ** ** •• 

^C = p 1 1 (uhu + vBv -f w'ho') dh'dx dy^ 

and f* u'iu'dh' = 2fc«a«+ JA'^ ^ +ih*E(u ^ + ^Su\ 
J^ ax cLx \ ax ax J 

}-h dy dy \ dy dy J 

whence, omitting terms in w, 

aC = 2^^ [[ {ulu VvSv) dxdy+iph*E* \\kiKdxdy 

To find BVf we have 

3F = p [[[* (Zatt'+ Y^'-^-ZSw') dKdxdy 

= 2hp I j (Xlu^Ylv-^-Zlw) dxdy 

■^' (g)=^f- (g)=^". m-^' 

whence the portion ot iV Tvhich depends npon u and v is 

ir=2h(>{{iXiu+Yiv)dgdy + ipEh*iUx^ + T^\d»dy 

(42). 
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In order to find 21, let 

« = €ri + ^(cri+<r,), » = <r,+^ (o-j + cr,) (43); 

then, writing v for v,, we have 

P = 2n«, e = 2n», I7 = nw (44), 

and 

f_^«.w = }.»P..v(f)|a..,».(f)(t)+»»-p(^) 

ox ax 



J -» dy dy 



J -* «y »y 

J _A (*iB dx 

whence, omitting terms in w^ 

+ [(lfSi* + r>+M'JS7»^+inA»^tr^)daj (45). 

By means of (34), (39), (43), the values of the first and third 
lines of W maj be written in the form 

which we shall denote by TFi, IF, ; whence 

.^ TTi = 4»A I {«bu + ^tir^t;) rfy + 4nA i (JSa© + |w5t*) do; 

^ince 3Tr, depends upon A', we obtain, from (40), (41), (43), (45), 
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and (47), the approximate equations 

Ti = 4nA«, T, = 4n^», M = 2nAir, 
from which we see that 

(49). 

In these equations the terms in V are omitted. Again, 

By a single integration by parts, the value of the last three 
terms of (50) is 

(51). 

Since the right-hand side of (50) is multiplied by h\ we may sub- 
stitute for the coefficients of dlKjdx^ &c., their approximate values 
from (48). Doing this, and substituting the value of ^ IF,, and also the 
values of 2C, W, c%, from (41), (42), and (45), in (40), it will be 
found that several of the terms cancel one another, and (40) becomes 

-^2ph j I (uiuVvhv) dxdy-hipVE* UkdKdxdy 

= 2(»A j f (ZS«+ Tiv) dxdy+UTySu+MSv) dy+\ {lHu+Tjiv) dx 

^^'i.^. 

TOl. XXI. — NO. 373. E 



|«A*1?J(« ^ +i-r^ dj,+M'J5 f (« ^ +i«'^^ )d« 
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Integrating hj parts, and sabstitnting the approximate value of 

* * * * 

K from (49), which we may do, since the terms in K are all mnlti- 
I lied by V, and pntting, for brevity, 



52) becomes 



n = dX/dx-^-dY/dy, 



^W.-inh'fP (l+E){\ (^^*t*+ ^j^^v) dxdy 



\'WE{\-2E) I [ l^lu-\'^lv\ dxdy+2ph [[ (uiu+v^v) dxdy 



h 



= 2ph I j (Z^+ YH)dxdy-\- \(,T^lu^Mhv)dy'{-[(M^u-\'T^^v)dx, 



Substituting the value of ZW^ from (47), and equating coefficients 
^, ^t; in the single and double integrals, we obtain the equations 
1* motion, viz. : 



p(;-Z) = 2„(f + 4 



(2«\ 



2 dyl 
dV*K 



+inh?Bl*(l+E) 



d» 



dx 



H:-D=.,(f.ig) 



+f»VJS^(l+^) 



dy 



dy J 



.(58) J 



nd the values of Tj, T„ If , viz. : 



T, = 4n« + }nA»^|^+^(3+2^)V"ir| -hipVE^ 



3f =2nA«+JnA»^ 



d^K 
dxdy 



(54). 
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The accuracy of these results can be tested by means of (12) and 
(13) ; for, if in these equations we substitute the values Tj, T„ If from 

(64), and the value of K from (49), we shall reproduce (53). 

The boundary conditions at a free edge require that T„ T„ M 
should vanish there ; and therefore the conditions to be satisfied at a 
free edge are, that the right-hand sides of equation (54) should 
vanish at every point of the free boundary. 

If we suppose that the plate is infinite, and that v = 0, and u is a 
function of x alone, and that there are no bodily forces, the first of (53) 
becomes 

pu = 2n(l-H^)(g+im'g)-. 

whence, putting u oc e'****^*, 

we obtain pp* = 2fn (1 + HJ) (1 - if*IPh% 

which is Lord Rayleigh's result.* 

The method employed has the advantage of furnishing a test of the 
accaracy of our work, and also of the fundamental hypothesis upon 
which it is based, viz., that if the surfaces of the plate are not subjected 
to any pressures or tangential stresses, the three stresses jRy 8, T are of the 
order of the square of the thickness.f We have, first of all, obtained the 
equations of motion in terms of the resultant edge stresses ; we have, 
in the next place, obtained an expression for the potential energy due 
to strain, and by means of it have deduced the equations of motion, 
and the values of the edge stresses in terms of the displacements ; we 
have, finally, substituted the values of the edge stresses in terms of the 
displacements in our original equations (12), <&c., and we find that 
the equations of motion which we have obtained in terms of the dis- 
placements by the variational method are thereby reproduced, as 
ought to be the case. 



* Froe, Zand. Math. Soc., Vol. xx., equation (46), p. 231. 

t [The meaning of this hvpotheslB may perhaps be made clearer by stating that 
it supposes that the values of these stresses at any point of the substance of the 
plate, so far as they depend upon A, h\ are of the form 

where Mr is a homogeneous n-tic function of h and h\ April ITthf 1890.] 
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Thursday, December 12ih^ 1889. 
J. J. WALKER, Esq., P.R.S., President, in the Chair. 

Messrs. Bhnban Mohan Banner] i, B.A., F.B. Hist. Soc, Professor 
of Mathematics, Christian College, Lncknow, India ; Ralph Allen 
Sampson, B.A., St. John's College, Cambridge, Senior Mathematical 
Lectnrer, King's College, London ; James MacMahon, B.A., T.C.D., 
Professor of Mathematics, Cornell University, Ithaca, New York ; 
and A. L. Selby, M.A., Fellow of Merton College, Oxford, were elected 
members. Professor W. Bnmside was admitted into the Socieiy. 

The Auditor (Mr. Heppel) made his report ; on the motion of Sir 
James Cockle, F.R.S., V.-P., seconded by Mr. W. J. C. Sharp, he was 
thanked for the trouble he had taken. On the motion of Mr. Basset, 
F.R.S., seconded by Dr. Morrice, the Treasurer's Report was then 
adopted. 

The following communications were made : — 

On the Radial Vibrations of a Cylindrical Elastic Shell : Mr. 

Basset. 
Note on the 51840 Group : Dr. Morrice. 

Mr. Elliott, V.-P., having taken the Chair, the following further 
papers were read : — 

Complex Multiplication Moduli of Elliptic Functions for the 

Determinants —53 and —61 : Prof. G. B. Mathews ; 
On the Flexure of an Elastic Plate : Prof. H. Lamb ; and 
Notes on a Plane Cubic and a Conic : Mr. B. A. Roberts. 
Dr. Larmor and Mr. Sharp made short communications. 

The following presents were received : — 

"Educational Times," for December. 

** Transactions of the Cambridge Philosophical Society," VoL xiv., Part nr. 

<* Mathematics from the * Educational Times,' " Vol. li. 

*< Jahrbuch iiber die Fortschritte der Mathematik," Bandxix., Heft 1 ; Jahrgang 
1887, Heft 1. 

*< Bollettino delle Pubblicazioni Italiane rioevute per Diritto di Stampa,'* Nos. 
93 and 94. 

" Jomal de Sciencias Mathematicas e Astronomicas," Vol. ix., No. 3. 

*' Journal fiir die reine und angewandte Mathematik," Band 106, Heft nr. 

« Memorio dolla Reg^a Accademia di Scienze, Lettere, ed Arti in Modena," 
Serie ii. —Vol. vi. ; 188a. 
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*< Extndt d'nne Lettre adress^e k M. Gaccia," par M. H. - G. Zeuthen. 
(" Bendiconti del Circolo Matematico di Palermo.") 

** Note snr les Huits Points d'Intersection de Trois Surfaces da Second Ordre,*' 
par H.-G. Zeuthen. ("Acta Mathematica.") 

" American Journal of Mathematics," Vol. xn., No. 2 ; Baltimore. 



On the Radial Vibrations of a Cylindrical Elastic Shell, 

By A. B. Basset, M.A., F.RS. 

[Bead Dee. 12M, 1889.] 

The asnal theory of thin plates and shells assumes that the three 
stresses R, 8, T may be treated as zero ; and in a previous paper* I 
pointed ont, that this supposition is legitimate, only in the case in 
which these quantities are at least of the order of the square of the 
thickness of the plate or shell. I also showed that, by means of cer- 
tain results given in a paper by Lord Rayleigh, it could be easily 
proved that this supposition is true in the case of a plane plate, 
which is not under the influence of forces applied to its surface. 

The question whether E, 8, T may be treated as zero (for they 
cannot actually be zero except in certain very special cases) is of the 
ntmost importance in the theory of the free vibrations of thin curved 
shells. If these stresses may be treated as zero, it is possible 
to obtain the correct expression for the potential energy, and the 
correct equations of motion, as far as the terms involving the cube of 
the thickness ; but, if they may not be treated as such, a satisfactory 
theory of thin shells seems almost hopeless. For, although the results 
obtained by considering (as Mr. Love has done) that part of the 
potential energy which is solely due to the extension of the middle 
surface, are correct as far as the terms involving the thickness are 
concerned ; yet, inasmuch as there are reasons for thinking that the 
graver tones of a bell depend principally upon flexure rather than 
extension, it is essential to take the term in h* into consideration. 

A perfectly rigorous solution of any question relating to the vibra- 
tions of cylindrical or spherical shells, might be obtained by means 
of the general equations of motion of an elastic solid, since these 

• Ante, p. 33. 
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equations contain within themselveR the complete solntion of everj 
conceivable problem ; bat the mathematical difficulties of integrating 
these equations, except in special cases, are so great, that an investi- 
gation conducted by means of them would be very laborious and 
complicated. The radial vibrations of an infinitely long cylindrical 
shell can, however, be investigated by means of these equations without 
much difficulty as far as the term in the period which involves h^, where 
2h is the thickness of the shell; and, by comparing the result obtained 
by this method with the one furnished by the theory of thin plates, 
we shall obtain evidence respecting the legitimacy of the assumption 
on which the latter theory is based. 

The vibrations which we are about to consider are exclusively 
normal, and the displacement w is & function of r alone, and satisfies 
the differential equation 

im+n)i— + - ^—^)=PU, (1). 

as can easily be seen by putting tt = v = in the general equations of 
motion of an elastic solid. 

Putting w= We"^, 2'V/(w+n) = a« (2), 

(1) becomes ^^ + 1 ^ + (a._^)Tr = (3). 

the solntion of which is 

W= AJ, (ar)-hBr, (ar) (4), 

where / and T are the two kinds of Bessel's functions. Since the 
tangential stress parallel to the middle surface r = a is obviously 
zero in this species of motion, the only surface condition is JB = 0, or 

f+^=o (»). 

where E = "" ; 

whence, putting x = ar, (5) becomes 

A{xr,(x)-{-EJ,(x)] +B {xr^(x)-{-ET,(x)} ^ (6), 

when r^a:kh. 

This equation enables us to determine the frequency, and we shall 
proceed to evaluate it as far as the term involving h*. 

Denoting the coefficients of A and B in (6) by f {x) and x (^)t 
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where x is now written for oa, the equation for the frequency is 

whence, neglecting powers of h higher than /i', we have 

♦x'-xf +KA' {9'x-xY+i (^x^-xn) = (7). 

In evaluating this equation the following properties of Bessel's 
functions will he useful, which can easily be proved by means of the 
fundamental equation which these quantities satisfy. 



Let 



J3, = J[ Y,— Y^J, , 



then it can be proved that 

r:Y.-r:j. = 
r/r.-r/r. = 

T."Y.-T."J.^ 

J'."T,-T,"J'.=:^ 



-B./X, 



jrr.-Tr/.=-?f(?^-^-i). 
jrr:-Y;v;=-H,(^-^+i). 



(8), 



to which may be joined 



j:"t.'- T'/'T; = JT. ( 1 - =^ + ^^) 



(9). 



It is also known that xH, is independent of x. 

Dropping the suffix 1, which is no longer necessary, we have 

f =:jbJ^+(1+JS7)7, 



whence 



^x'-xf = -ff(i-^-«^) 



(10), 
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From this equation we see that, to a first approximation, 

aj» = l-^ (11); 

whence, restoring the valnes of x and J^, we obtain 

^-n^^) (12)' 

which is a known result. 
Again, 

f-K - XY = <^ ('T'T'- T"r) +« (1 +E){rT- T"r) 

= -fi-(3-iB')+ff(l+^(-i-l)+H(l+i;)(2+^(l--i) 



= T[a!*-3»* + l-^+(l+^)'a>'] (13). 



Also, 
*x"'-xf " = «* iT'r-J*'T)+xE (T'J-r'Y) 

+xiS+E)iT"r-r"T)+I!(3+E)iT"J-r"T) 

= ? {»*+;^iEP+2JEl-2)+3 0—SI*)] (U). 

Sabstitating from (10), (13), (14), in (7), we obtain 

aJ(l_jEf»)-aj»+aW (j«*-2a!'+| (l+^V+l-lP) = 0. 

Now a) = oa ; we maj also, in the t«rm involving &', substitnte the 
approximate value of as.from (11) ; we thus obtain 

a»(l-B»)-oV+Jfc'(l-JS')0+4^ = 0; 

whence ^. = __*!?n^h+il (1+4B)| (15), 

^ pa^ (m-i-n) C oar j 

from which it appears that the pitch rises as the thickness increases. 

We shall now prove that the same resolt is given by the theory of 
thin plates, in which B is treated as zero. 

Let dQ = dzdf ; 
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then, if T and W be tlie kinetic and potential energies, 

T=^p{{{' w''{a-\-V)dh'dQ, 

where a+^', ^ are the coordinates of any point of the shell. 

„- = .+v(f)+j»-(^), 

where the brackets denote the yalaes of the differential coefficients- 
when r = a. Also, if we suppose that JB is at most of the order of the- 
sqnare of the thickness, and neglect higher powers than A', in the 
expressions for T and W, we may write 

^ = <r. = - Eic/r. 
^ = Eil+E)v>/r>; 
accordingly w' = i 1-— +iE (l+E)^]tB; 

whence T=zph{{h-{-^(2E-l)^w'ad(l (16). 

Again, 1^= fff* {J (wi+n) A'«-2n<r,<r,} rdV(iO 

= n(l+^)f[[* ^dh'dQ 

= 2nh (l+I!)^\ [ 1+ ^(l+^)(l+2i7) I ^a(iO..(17)j 
whence 

P«V { 1+ 0(2J5-1) J = 2» (l+E) i 1 + ^(1+B)(1+2S) j , 

o^- ^= .f"! J l+.f. (1+^^)1 (1S>' 

which agrees with our former result. 

Although the agreement of the results obtained by the two theories 
in this particular case does not, of course, prove that B may be treated 
as zero in every conceivable case that may arise, yet the inference is 
that it may be treated as such, provided the surfaces of the shell are 
free from external pressures and tangential stresses, and provided 
also that the solution is not carried to a higher degree of approxima- 
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tion than terms in h* in the expressions for the kinetic and potential 
energies, and terms in h^ in the period. 

A similar method might be employed to investigate the radial 
vibrations of a complete spherical shell, for the equation of motion is 

the solution of which is 

w = r-* [AJi (ar) +JBr| (ar)}, 
And evaluating by means of (8). 



Note on a Quaternary Oroup o/ 51840 Linear Substitutions. 

By Dr. Mobbice. 

[R&ad December 12M, 1889.] 

Part I. 
I give in Part I. a few fundamental data concerning the transforma- 
tion of the double functions which will be useful to those who have 
not followed the development of the subject by Witting* andMaschkef 
in the Mathemaiische Annalen. 

We have the periods c^i,, afj„ of, 



'1»» ■'14* 



«21, «t|, ««, «f4f 



of the hyper-elliptic integrals 

and we transform by means of the relations 

Pit Pit 

where p^jt stands for w^i df^ — *fin ia^ . 

The new periods are 

1, 0, r„ = eil, r„ = £il, 

Pit Pit 

Air — fill r — &* 

Pit PlM 



^ Witting, Inaugural Diasertation, Dresden, 1887, and Math, Am., Band 29. 
t HaMihke, }fath. Ann., Band 33, Heft 3. 
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and the relation, Pit = ?4Sf 

which exists between the old periods, becomes 



''ij — ''n • 



The double ^-function of the first order is 



-« 



where f (n^, n,) = r^in\'\-2rj^n^n^+r^n\. 

We have now to consider the group of linear transformations of the 
periods which leave the characteristic 

0, 
0, 

unaltered. Witting gives five from which any others may be 
generated by iteration and combination : 

M N P Q B 





«o 


«rt 


«a-h«a 


«a 


—«.!+«« 


*»« = 


«a 


— «a— «<4 


«a 


«i4 


«< 


/ 

*»« = 


— «fl 


«<i + «<a+«o+«<4 


— «fl-«a 


«a 


— «a 


*»«* = 


«•# 


— «a + «a 


«<i— «a— «a— ««* 


— «a 


«a + «<4 



t = 1, 2. 

In connexion with the theory of transformation of order k^ there 
liave recently been established functions analogous to the sigma- 
fanctions for elliptic integrals ; i.e., we have a set of functions 

•^.» (Vi, v, ; r,„ r,„ r„) 



+ CB 



^ "oTI — I — T"^ ^ ^ » 



^ (''llJ ^u» ^Jf)* - 



where 



(a,/3 = 0, 1, ... A!-l), 
♦ (vi, V,) = i!u»t+2il„t;it;,+il„t;J, 

9log^ 



1 ^^ 

5 1 3t 



11 



10 7 ar„ • 



Br, 



SI 
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For a transformation of the periods which leaves the characteristic 

0, 
0, 

unaltered, these X^ functions are transformed into linear functions 
of themselves, with merely numerical coefficients. The particular 
case under consideration is that where A; = 3. 

We choose the four functions 

and establish the transformations which they undergo when the 
*»-periods undergo the transformations if, N^ P, Q, JB, 



If 



«1 = 


^3 («! + «» «4)» 




• 

•3 (•*— ^ *•' 


«; = 


• 



«• = 






S 



«I = -tI (« — €*) Z„ 



>v/3 






p. 



»I 



^4 






«; 






Q 






-1 

^3 
-1 



«8= -T6(*J + «'«a+«^4)T 



«4= -7^(«J + ««»+C*«4)» 



^3 



^^l' 



E. 









(6 = e«^0. 



«4 = ~ «. 



4f 
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Paet II. 

It appears natnral to inqaire what transformations are oommon to 
the periods, on the one hand, and the fonr Jacobian functions Zi^ is,, 
z^ z^j on the other. Is it possible to find a snb-gronp of transforma- 
tions common to the two gronps, saoh that to the transformations of 
the w's correspond the same transformations taken in a different 
order? 

I know of no general method for answering these questions, and 
after searching through some hundreds of the matrices, I only found 
three common to the two groups ; but these three have a simple 
property which appears worthy of observation. 

To the matrix (which occurs in both groups) 



S(«) 


1 







0- 


-1 




-10 







10 





in the w-group, corresponds the matrix 




8(») 


-1 -1 


I 




oil 


1 




-11 • 


-1 




11-1 





in the 2;-group. 




To the matrix (which occurs in both 


gro 


TW 





1 




1 







0-10 







-10 





in the ai-group, corresponds the matrix 




T(z) 


oil 


1 




10 1- 


-1 




1 1 -1 







1 -1 


1 
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in the 2;-group ; for the sake of simplicity certain numerical factors of 
the matrices are disregarded. 

Now when the of's are subjected to the matrix 



8.T{u,) 



0-10 
10 
0-1 
10 



the 2;'s are transformed bj the sam6 matrix, i.e., are covariant for 
this matrix. 



{T.S(«)}«, 



Moreover, we find by actual composition 

S(«) T(2) = T(«)S(ij)= (T.S («)}» = 
8{z) T(ai) = T(2) S(o>) = {i8f.T(«)}»=: 

S («) 8 {z) 8-' (o>) =: T (z). 

In terms of Witting*s matrices, 

flf=G*3f(«), 

T = if (QlfJBlf*)' («). 

Herr Burkhardt's r^m^ of Klein's lectures in MathemiiHsche Annalen, 
Band xxy., Heft 2, suggests that there may be some geometrical 
explanation of the curious simplicity of the sub-group in question. 



Notes on ths Plane Ouhic cmd a Oonic. By B. A. Bobsrts. 

ISeadDw. 12M, 1889.] 

I commence by showing that a plane oubio and a conic can be 
reduced to the forms 

I7=aaj»+i3y' + y*»+au»=:0 (1), 

V =^ aaf+by^+cz* i-du* = (2), 

in a single way, where a;, 2^, z, u aro four lines in the plane, and a, /3, 
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y, ^, a, by r, d are constants. These maj thus be considered as 
canonical forms for a cubic and a conic. 

To prove this, I introduce tbe consideration of another conic 2 
touching the lines x, y, z, u. This conic possesses the property that 
if we substitute differential symbols in its tangential equation for 
X, fly V, respectively, and operate on both the equations of the cubic 
and conic, the results will vanish. For, if we operate in this way on 
the power of any line, L" say, the result will be proportional to L*"* 
multiplied by the condition that L and X should touch. Consequently, 
since the cubic and conic only involve powers of x, y, z, t*, and the 
conic X touches these lines, the result just stated must have place. 
Now, if a conic be such that the result of substituting differential 
symbols in its tangential equation and operating on a cubic vanishes, 
it must satisfy three invariant relations with the cubic ; for such a 
result must be linear in x, y, z, Ax-^By-^Czy say ; and, in order that 
this should vanish identically, we should have 

A=: B=C = 0. 

Hence the conic S satisfies three invariant relations with the cubic CT, 
and one with the conic F. But these four conditions are geometrically 
expressed in the fact that it touches the four lines a;, y, z, u, when Z7 
and V are written in the forms (1), (2). Thus, if IT and V are written 
in any other forms, and we express that S satisfies certain three con- 
ditions with Uy and one condition with F, and find then that these 
four conditions, taken together, are equivalent to expressing that S 
touches four fixed lines, we infer that these four lines are the lines 
^9 Vi ^i ^9 when U and F are written in the forms (1), (2) ; and that 
this is so I proceed to prove. 

If the cubic be written in one of its own canonical forms, namely, 

[7=aj»+y»+»»+6»Mjy« = (3), 

and the conic F is then at the same time 

F= (a, 6, c,/, g, h)(x, y, «)« = 0. (4), 

the results of substituting difEerential symbols in the tangential equa- 
tion of a conic S (-4, 5, 0, F, (?, ET) (X, fc, y)* and operating on the^ 
cubic U and the conic F are, respectively, 

(^+2mF)aj-h(5-h2m(?) y + (0+2w^«, 
ilo + J56 + Cc -h 2iy -h 2(?gr + 2flA ; 
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and, in order that these should identicallj vanish, we mast have 
A^2mF^0, B+2mG = 0, C+2??ifl'=0, 
^a + B6 + (7c + 2 J^+ 2G^ -h 2Jff^ = 0, 
showing that 2 mnst be of the form 

^(mX*-|iv) + B(mfi'-vX) + (7(mi''-X|i) =0 (5), 

where ^1 (ma-/)+B (m6-flf) + C(mc- A) = (6). 

Now, subject to these conditions, 2 evidently touches the four lines 
determined bj the equations 

ma^j " mb-g "" mc-/^ ^^^' 

and these must therefore be the four lines involved in the canonical 
forms (1), (2). Their equation maj be obtained by taking the equa- 
tion of 2 in X, y^ z coordinates, which may be written 

A^ (4myz—a^) -\-ff (4m2a;-y') + C' (4mxy-'Z^), 

and 25C(y«-h4mV) + 2(7^ (zX'\'4mY)-\-2AB (aj2/+4mV) = 0...(8), 

and forming its envelope subject to the condition 

A (ma-f) +^ (w6--flf) + (mc—h) = 0. 
This gives 

-|-(m6— ^)' my (3wM5y«— «•—«•— my) 

-f {mc —hymz (SnuByz ^a^—y*— m V) 

-|-(m6-y)(mc-A) (2 (m^-^m) yV-|-aj'y«(l-4m")-|-m'« (»'+y»+«') j 

-|-(mc-A)(ma-/) {2 (m*-m) «V-|-y*«B(l-.4rm")-|-mV(«*+y'-f «■)} 

+ (ma-/)(m6-gf) {2(m*-m) afy^-^-z^xy (l-4m»)-|-m*;8 (aj»-|.y»+««)] 

= (9). 

This equation, it may be observed, is of the second degree in the 
coefficients of the conic, and of the sixth in those of the cubic. 

We may notice that, if polar conies of CTbe described to have double 
contact with F, the chords of contact correspondiug to the four solu- 
tions are the lines «, y, z, u in the forms (1), (2). For a polar conic 

of UlB 

and this will have double contact with V at points lying on u = 0, 
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if we take 

a«i = a, %, = 6, yz^ = c, 

and similarly in the case of the other lines x, y, «. 

The coefficients a, /3, y, ^ can be foand as the roots of a biquadratic 
equation as follows. The diagonals of the quadrilateral x, y, z, u can, 
it is easy to see, be written in the form 

jr = a:» + y» + 2» + u» = (10), 

on the supposition a;+y-|-5f+t* = 0, 

so that IT— X/is 

(a-X)aj»+(/3-X)2/» + (y-X)/+(^~X)u» = 0, 
and the invariant 8 of this cubic is proportional to 

(a_X)(/3-\)(y-X)(a-X) 

(see Salmon's Higher Plane Curves, Art. 239, 3rd ed.), which thus 
being equated to zero will give the required biquadratic. In order t6 
find the equation of / when the cubic and conic are written in the 
forms (3), (4), we observe that the diagonals are the common self- 
con jngate triangle of all the conies inscribed in the quadrilateral. 
Hence, according to the theory of conies, their equation will be the 
Jacobian of three conies of the system ; for instance, if we take the 
three conies to be those whose tangential equations are 

(ma—/) (wift* — yX) — (mb — g) (mX' — /tiv) = 0, ^ 

(w6-5f)(mv'-X/i)-.(mc-;0(w/i'->'X) = 0, [ (11), 

(mc— fe)(mX'— ^v) — (wa— /)(mv' — X/i) = 0, J 

/ will be the Jacobian of 

[ (mb — ^) x+ (ma—f) y } * + 4m' (ma—f) (mb — g) z'^ 

— 4»i2; [(??ia— f)*a; + (w?; -z?)'?/] = 0, , 

I 
[(mc—h)y-h(mb—g)zy'\-4m%^(mb—g){mc''h)x- ,' 

— 4maj {(m6— 5')'y + (m^— 70'^} =0, 
[ (ma—f) z + (mc — ^) » ] ' -H 4 w' (ma—f) (mc — h) y* 

— 4mt/ { (ma-'fy x-\- (m^—hy z} = 0, 

When a conic is written in the form (2) it is easily seen that the 
extremities of each of the three diagonals of the quadrilateral aj, y, z, u 
are conj agate with respect to the curve, so that, if it breaks up into 

VOL. XXI. — NO. 374. F 
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right lines, one line can be assumed arbitrarily, and then the other 
will be completely determined, namely, will pass through the three 
fourth harmonics on each of the diagonals. Hence, if one line is the 
line at infinity, the other will pass through the middle points of the 
diagonals. Now, when a cubic is written in the form (1), its 
Hessian is 

fiylyzu + ylaz vm -f ^afiuxy -f afiyxyz = 0, 

that is, passes through the six points of intersection of the lines x^ y, 
j7, u. Hence we see that the problem, to describe a quadrilateral to 
have its six intersections of sides on a cubic so that the middle points 
of the diagonals should lie on a given line, admits of three solutions ; 
for there are three cubics which have a given cubic for a Hessian. 

When a cubic and a conic are written in the forms (1), (2), a 
certain covariant conic is also expressible linearly in terms of the 
squares of x, y, z, u. This covariant may be found as follows. 
Writing a line in the form 

its polar conic with regard to the cubic, namely, the envelope of the 
polars with regard to the cubic of the points on the line, is found to be 

I,ydzu(X-fMy=:0 (13). 

Now the tangential equation of F is 

5c(Z(X-/it)« = (14). 

/7 /7 /7 /7 
Hence, if we substitute differential symbols ^-, -7-, --, — - for aj, y, 

dK dfA dv dp 

z, u in the former equation, and operate on the latter, we get 

2a6ya(X-/i)» = (15), 

which is therefore a contravariant conic. 

But this latter is the tangential equation of 

abcdx^+ficday^-^ydahsf + Babcu^ = (16). 

If this conic be written 

we have aa' : hh' : cc' : dd^ = a : (i : y : B, 

which shows that V and the covariant (16) are reciprocally related 
with regard to the cubic. This will be readily seen when the cubic 
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and conic are written in the forms (3), (4). If the tangential 
equation of V is then 

(A, B, C, F, G, H)(A, /i, yy = 0, 

the tangential equation of the contravariant is 

(m^A-F, m^B-Q, wfO-H, mA'-m'F,mB-m^O,mO-m^H)(\yfi, v)« 

= (17). 

From these equations it is readily seen that the conic V and the 
oontrayariant will coincide if either is of the form 

A (X«-h2d/iv)-fB (^«+2di/X) + (v»-f2dXfi) = 0, 
where 6*— 2m'^-fm = 0, 

that is, is a derived conic of either of the curves of the third class 

X»+^»+v»+6^Vv = (18). 

If one of the coefficients of V in (2) vanish, d say, the contravariant 
becomes, from (15), after dividing by B, 

hca (jA-yy+ca(i (v-X)»-fa6y (X-|i)* = 0, 

that is, it breaks up into factors, the two points corresponding to 
which lie on the line u = 0, Now x^y^z form a triangle inscribed 
in the Hessian, so that the points where the sides meet the curve 
again b'e on a line ; hence, if it is possible that such a triangle should 
be sel£-conjugate with regard to a conic, the invariant relation con- 
necting the cubic and the conic is found by taking the discriminant 
of (17). This relation is therefore of the sixth degree in the 
coefficients of the cubic, and the third degree in the tangential 
coefficients of the conic. 

We now proceed to show how to obtain the conditions that a conic 
should be circumscribed about or inscribed in a triangle which is in- 
scribed in the Hessian, so that the points where the sides meet the 
curve again are collinear. Suppose that the cubic is 

and if a conic circumscribes the triangle xyz, we may write it 

fyz-^-gzx+hxy =0. 

J J J 
Substituting the differential symbols ~, — , -=- for x, y, z, respec- 

dA, Cbfi> CbV 

F 2 
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tively, in the latter equation, and operating on tlie tangential equation 
of the polar conic of a point, namely, 

2yaztt(X-/i)«=0, 

we get a covariant conic which is fonnd to be 

that is, it breaks np into factors in the case nnder consideration. 
When the cabic and conic are written in the forms (3), (4), the co- 
variant is 

a {yz—trfx^) + h (zx—m^y^) + c (xy^m^s^) -|- 2/ {m^yz—ma?) 

. -f2^(m'«B-my')-f2A(m*jjy— wm;*) = (19). 

It is thos linear in the coefficients of the conic, and of the second 
degree in those of the cubic, so that its discriminant, or the condition 
required, is of the third degree in the coefficients of the conic and of 
the sixth degree in those of the cubic. 

For example, if the circumscribing conic is a circle which cuts a 
given circle orthogonally, the foregoing relation shows that its centre 
lies on a given curve of the third degree. The conic and the co- 
variant (19), it is easy to see, are reciprocally related with regard to 
the cubic ; in fact, one passes through the points on the Hessian 
corresponding to those in which the other intersects it. This follows 
from the fact that, for points on the Hessian, the polar conies break 
up into pairs of lines intersecting at the corresponding points. Hence 
we see that the result given above follows at once ; for, when three 
points on the Hessian are coUinear, the corresponding points form a 
triangle whose sides meet the curve again in three points on a line. 

It may be noticed from this that, if a conic touch the Hessian in 
some point, its covariant (19) will touch the Hessian in the corre- 
sponding point. 

We now proceed to find the conditions that a cubic and a conic can 
be reduced to the forms 

TJ = aaJ»+/3t^-|-y«»-|-^» = 0, 

y = Pa? -h w'y' -h n'«* — 2mnyz — 2nlzx-^2lmxy = 0. 

Now, the tangential equation of V being 

Z/iv-l-tnvX-l-nXfi = 0, 
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and the polar conic of any point on the line u being 

ax'a? -f jSy V + y«V = 0, 

the result of operating with one upon the other vanishes. Again, the 
polar conic of u with respect to Via 

ftyyz + yazx-hafixy = 0, 

which circumscribes a triangle circumscribed about V; therefore the 
invariant relation G'=4A8' is satisfied between these two conies (see 
Salmon's Gontcs, Art. 376). 

Now, in the forms (3), (4), let the line u be 

Xx+fiy-^vz = 0; 
then, since the result of operating on the polar conic of «, y, « is 

(A+2mF)x+(B'\'2fnG) y+((7+2mJT) « = 0, 
we must have A+^mF : B+2mQ : (7+2m£r=\ : gA : y. 

We then form the inyariant relation 

e«-4Ae' = o 

between the conic and the polar conic of 

namely, X* (y«— mV) +/i' (zx—mS^) + v' (xy^mV) 

+2/11' (m'y«— wwj*) ■i-2vX. (m'jw— my') + 2A/i (rnfxy—fM?) = 0, 
and find m*(X»+/t»+F»)-|.(l-4wi») Xfiv 

+ 2 (w-m*) {J' (mX'-Aiv)-f G (w/i*-yX) +B-(mi'«-A/i)} = 0, 

or m (X»+/t»-f K»)-f(l— 4m») X/iv 

- (m - m*) {AX* + B/i« -h Ov« + 2 J'/ii' + 2(?i'X + 2flX/i) = ... (20). 
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On the Flexure of an Elastic Plate. By Hobacv La]cb,M.A.^ F JLS. 

[Bead Dee, 12M, 1889.] 

The following paper, whicli was written oat in snbstance more tlian 
a year ago, is an attempt to pnt in as simple and straightforward a 
form as possible the theory of the flexure of a plane elastic plate of 
nnif orm isotropic substance, with comments and illnstrations designed 
to elncidate points of difficnity. I should hardly venture to submit 
it to the Mathematical Society, except for a certain novelty in the 
treatment of the boundary conditions, where attention is drawn to a 
point of some importance not hitherto, I believe, noticed. It is hoped 
that the method here given may help to remove some of the obscurity 
which, if we may judge from some recent writings, is still held to 
attach to this part of the subject. 

In a future paper I hope to discuss the case of a carved plate or 
shell, with special reference to the points in controversy between 
Mr. A. E. H. Love and Lord Rayleigh.* 

■!i 

I. A few remarks on the nature of the problem may be in place at 
the outset. It is one of a large class in mathematical physics, where 
the difficulties of an exact solution are evaded by means of special 
assumptions based either on observation or on a sort of induction 
from the known results in such particular cases as admit of rigorous 
treatment. As instances, we may cite the flexure of a stretched 
membrane, the theory of " long " waves in canals, the conduction of 
electricity in a wire of varying section, and so on. In many of these 
questions, it is true, the auxiliary assumptions required are of so 
obvious a character that no dispute aboat them is possible, and it is 
therefore not always thought necessary to state them expressly. The 
present problem is, however, by far the most difficult of its class, and, 
although it has been the subject of many elaborate investigations, 
there cannot be said to be at present any general agreement as to what 
is the proper foundation for the theory. Without entering into a 
detailed criticism of the investigations referred to, we inay remark that 
many of them,t at least as ordinarily presented, appear to set undue 

* See Fhil. Trana,, 1888 (a), pp. 491-646, and Froe, Itoy. Soe,, Deo. 13, 1888, 
p. 105. 
t More especially those which start from the general equations of elasticity. 
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limits to the scope of the theory by restrictions as to the continuity 
of the distribution of impressed force, and the magnitude of its rate 
of variation from point to point of the substance. For example, it 
can make no sensible difference to the general form assumed by the 
plate whether a given force be applied as a pressure on one face or 
as a tension on the other, or whether it be a bodily force acting on a 
small volume of the substance — whether, again, it be diffused and con- 
tinuous, or concentrated and discontinuous, although the distribution 
of strain in the immediate neighbourhood may be very different in the 
several cases. 

It appears most natural to regard as the object of the theory the 
determination of the general form of the middle surface, ignoring such 
minute features as may arise from the particular mode of application 
of the external forces, in the manner indicated. With this view we 
shall understand by the " deflection" at any point of the middle sur- 
face the mean deflection over an area including this point, wliose 
dimensions are of the same order as the thickness of the plate. By 
an '* element" of the plate, we shall understand the portion cat off by 
a cylindrical surface drawn through the contour of such an area 
normal to the middle surface. In like manner, by an element of a 
normal section we shall understand the portion corresponding to a 
linear element on the middle surface, of length comparable with the 
thickness. 

This being premised, it will appear that a complete theory can be 
based on the following principle : 

If the external forces on each element of the plate are by them- 
selves in equilibrium, the deflection will be everywhere zero, and the 
stresses across any element of a normal section will be in equili- 
brium. 

By the method of superposition of stresses and strains, this is equi- 
valent to the following : 

The external forces on an element of the plate are sufBciently 
represented by their force- and couple-resultants ; i.e., we need not 
attend to the particular way in which the forces are distributed 
within the element. The same applies to the stress across an element 
of a normal section, and to the applied force on an element of the 
boundary. 

2. It is necessary, as various writers have insisted, to distinguish 
between the state of things in the main body of the plate and that 
which obtains near the edges. As regards the former, it is easy to 
show, on the above principle, that the essential features of the defor- 
mation can be represented by the superposition of two particular 
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states of strain, to be described. The plan of the following investi- 
gation is, first, to ascertain the distribution of applied force which 
wonld accurately maintain the resulting strains ; and then to show 
that, if the functions at our disposal are properly chosen, the deflec- 
tion will not sensibly alter when for the distribution in question we 
substitute that which actually holds. 

The first of the two states of strain referred to is that assumed by 
KirchhofE as the basis of his first memoir on the subject, and after- 
wards employed by Thomson and Tait. It is defined by the proper- 
ties (i.) that the middle surface is unextended, (ii.) that the particles 
originally in a line normal to this surface still form a straight line 
normal to it in the strained condition, and (iii.) that there is no 
traction across planes parallel to the middle surface. 

Taking, as usual, the axes of a;, ^ in the middle surface, in the un- 
strained condition, let w denote the deflection at any point (xy y) of 
this surface. In the state of strain above defined, the coordinates of 
any point of the substance are changed from {x, y^ z) to (x\ y\ z)^ 

where 

, dnjD , dw 

80 that the projections of a linear element (dx^ dy, 0) become 

We have here neglected the square of the angle which the normal to 
the middle surface makes with its original direction. Hence, for the 
elongations parallel to a;, j/, we have 

while the shear in the plane xy is 

o ^^ 
^*v ^= — «5 z, 

dxdy 

The elongation e„ parallel to j? is to be found from the condition 
that there is nq traction across any plane parallel to the middle 
surface, that is 

=!>.. = (X+2/i) e..-1-X (e^+O, 
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the notation for the elastic constants being that introduced by Lam6, 
and now generally accepted by continental writers.* Substituting 
the value of e.., hence obtained, in the expressions for the remaining 
component tractions, we find 

where o-, = X/2 (X-fft), is Poisson's ratio. 

The applied forces necessary to maintain this state of strain are, 
per unit volnme, 



\ dx dv dz f 



dy dz 
X + 2/i dx ' 

(y)^ 4(X + A')M ,^^V'tr, 

(^) = 0, 
where V* = d^/d3if+cP/dy\ 

Replacing these by their force- and couple-resultants X^ F, Z and 



* A few words on this difficult question of notation. As regards the elastic con- 
stants, a special symbol for the rigidity is in any case required, whilst it is com- 
parativ^y unimportant in what manner the second elastic constant is defined. So 
many combinations of the two constants are needed — «.^., the cubical compressi- 
bility, Young's modulus, Poisson's ratio, &c. — that it is impossible to deyise a 
notation whidi shall give simple expressions to them all. Lamp's notation is con- 
Tenient, and has found wider acceptance than any other. That of Thomson and 
Tait is in itself very neat, but is open to the objection that the letters m, n are so 
often wanted in other senses. 

With respect to strains and stresses, some form of double suffix notation appears 
to the writer to be for many purposes almost indispensable. Such forms have at all 
events the advantage that they define themselves, and so give no trouble to readers 
who are accustomed to other notations. F. Neumann's symbols for the component 
stresses {Xm, X^, Xg^ &c.) are very expressive, but the corresponding notation 
devised by Eirchhoff for the strains (««, x^, Xt, &c.) seems far less happy. 
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JD, M, N, rockoned per tinit area of the plate, we find 

Z=[* (X)dz=zO, T=0, 2=0, 



dy 



- -I 

"= [\(X)dz=: A ^VV 
J-* dx 



iV=0, 
where 2h is the thickness, and 

3 X+2/1 

Next« for the stresses across normal sections of the plate. The 
stresses across a section perpendicular to x reduce to a couple whose 
components are, per unit length, 

G« = — I p^zdz=^(l~'(r)A—^, about Oaj, 
J -* dxdy 

and 0«r = I 1>«»«<^» = — -4 (vT+cr-r^J, about Oy. 

In like manner the stresses across a section perpendicular to y reduce 
to a couple whose components are 

Gy, = — p„zdz = aI^+o- ^\ about Oaj, 

and Op, = PM„edz = — (l—o-) A -r—y, about Oy.* 

J -A dxdy 

We notice that ^4. ^ = -U, 

dx dy 

dx dy 

as evidently ought to be the case, since the stresses on the boundary 
of any portion of an elastic solid must balance the applied forces on 

* In the notation of Thomson and Tait, 

<?« - - <?w - n, 
(?^--K, (?,,=. A. 
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the interior, tlie portion considered in the present instance being the 
element of the plate corresponding to the rectangular element dxdif 
of the middle snrface. 

We shall require, presently, expressions for the stress-conples across 
any normal section. Let the normal to the plane of the section make 
an angle ^ with the axis of x, and let the component couples about 
this normal and about the line in which the plane of the section meets 
the middle surface be fR and il, respectively. Considering the equili- 
brium of a triangular element of the plate bounded by this section, 
and by sections perpendicular to x and y, respectively, we find, taking 
moments about Ox, Oy, 

G„ cos ^ + (?y, sin = 01 cos 0— 3! sin 0, 

Gg^ cos <p + O^ sin = 9^ sin + ^ cos 9, 
whence 

01 = (1-0-)^ (cos«0-6in*0) /^-h(l-o')-4cos0sin0 ff?^-^), 

dxdy ^ay cur I 

-<r)J (^cos«^+2^-^co808m^+-, 8m'9). 

3. The second state of strain which we shall consider is as follows. 
Keeping the middle surface fixed, let the particles on either side 
undergo displacements relative to it whose components are of the 
forms 

where P, Q are functions of x and y as yet undetermined. We will 
further suppose that the variations of P, Q, when x and y receive in- 
crements of the order 7i, may be neglected in comparison with the 
values of these functions themselves. This is to be regarded merely 
as a provisional assumption which may be justified a posteriori 
in any particular problem. On this supposition we may write, for 
the components of stress, 

1)^ = /iQ(i--^), p„=:/tP(l-. — ), p^ = 0; 
and we find that the stresses across an element of a normal section 
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perpendicnlar to x redace practically to a force parallel to z^ whose 
value per unit length is 

Similarlj, the action across an element of a normal section perpen- 
dicnlar to y reduces to a shearing force 

per unit length. Hence the above formulae for a, P, y maj be written 

By considering a triangular element of the plate as before, and re- 
solyiug parallel to z, we find that the shearing force 3 across a section 
the normal to which makes an angle with Ox is, per nnit length, 

3 =P„cos0 + Py,8in0. 

The shearing forces on the whole contour of an element dxdy 
reduce to a force 

normal to the plate, and to a couple whose components are 

Fy^dx, dy, — P« dy .dXy 0. 

Since the values of a, /3 have been chosen so as to give zero stress on 
the two faces, this force and couple represent the stresses on the whole 
boundary of an element of the plate. Hence, if we reverse the signs, 
we get the force- and couple-resultants of the system of applied forces 
which must act on the interior of the element in order to maintain 
the strain in question. 

4. Combining our results, we learn that the strain resulting from 
the superposition of the two states described in §§ 2 and 3, respec- 
tively, requires for its maintenance a certain distribution of applied 
force which is equivalent, for the element dx dy^ to a force whose 
components are 

^ and a couple (I— P^) dxdy^ (B+ P«) dx dy, 0. 
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In virtiie of onr f andamental assumption, no sensible cbange in the 
general form of the middle surface, or in the resultant stress across 
an element of a normal section, will ensue when for this distribution 
we substitute that which actually obtains, provided 

dP„ dP^ __ 2^ 
dx dy 

L—P^ = Ir, 

M+P„ = If, 

where Z represents the applied force normal to the plate, and L, M 
the components of applied couples about Ox, Oy, per unit area of the 
middle surface, in the sense explained in § 1.* 

The last two equations give 

P„ = ^A^V'w+M, 
dx 

dy 
and, substituting in the former, we obtainf 

ax dy 
the usual differential equation. 

We have also, for the shearing force across any normal section, 
3 = P„ cos ^ + Pyx sin ^ 

= — il i — V*«/? . cos ^ + 3- V'w . sin 6 > + if cos ^— 2y sin 0. 
Ldx dy J 

5. We come now to the boundary conditions. The difficulty here 
is, that in the immediate neighbourhood of the edge the mean state of 
strain is no longer represented, even approximately, by the assump- 

* The most general specification of applied force would consist of forces JT, T, Z 
and couples X, if, ; but the g^up Z, Z, M acts quite independently of the group 
X^ Y, the former producing curvature of the plate without extension of the middle 
surface, the latter extension without curyature. As we are here concerned only 
with the theory of flexure, we suppose JC, F to be zero. A like restriction is made 
as to the applied forces on the boundary. 

t It is here assumed that X, M are continuous functions of x and y ; Z, on the 
other hand, may be discontinuous. It is to be remembered that these functions 
merely express, as it were, the average distribution of applied force in the neighbour- 
hood of the point (x, y). 
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tions of §§ 2, 3. In particular, a line of particles originally normal 
to the middle surface will not, in general, be normal to it after the 
deformation ; it will not, in general, even remain straight. On the 
other hand, this exceptional state of things is practically confined to 
a narrow zone of the plate whose breadth is only a very moderate 
multiple of the thickness; beyond this region the statements in 
question apply, in the sense already explained.* 

Now let PQ be an element ds of the boundary, and draw parallel 
to it, at a sufficient distance to fall outside the zone referred to, a 
line FQ; and let PF, QQ' be at right 
angles to the edge. The boundary con- 
ditions are obtained by considering the 
•equilibrium of the element PQQ'P' of the 
plate. Across P^Q' we have a shearing 
force 2dg, and couples fflds, Xds, whose 
values are given by the formulas of § 2, 
in which ^ now denotes the angle which 
the normal to the edge makes with the 
axis of X. At the edge PQ we have the 
external forces, which may be specified 
by a force 3o^^ parallel to z, and couples ffl^dSf X^^ds whose axes are 
the normal and tangent to the edge respectively. Across PP' (and 
this appears to be the key to the whole matter) we have a shearing 
force i which, unlike the shearing forces in the body of the plate, is 
specified not by its amount per unit length, but by its integral over 
a line extending inwards from the edge. This integral is finite in 
spite of the infinitely short length PP' over which it is taken.f The 

♦ See Thomson and Tait, §§ 727-9. 

t Thia jpoint, which does not appear to have been hitherto expressly noted, is 
illustrated by the problem discussed in Thomson and Tait, loe, eit. It is there 
shown that, if a certain distribution of force, constituting a uniform couple 9lo P^i" 
unit length, be applied to the plane edge (y=0) of an otherwise infinite plate 
bounded by the pknes s » :^ A, the component displacements a, /9, 7 at any point 
{x, y, z) are given by 

%Ah\wl ^(2»+l)» 2A ' 

/3 = 0, 7-0; 

the plate being supposed to lie on the positive side of the plane tx. (The notation 
has Deem mod^od to correspond to that of this paper.) Hence 




^"Cfvt'^'^->-^ 



l_^-(2i» + l)w.,/2* 




(2n + 1)* ' 

II stands for the breadth PP^ in the above figure. Since e"^ « '0000454, we 
that, if ri exceeds three or four times the thickness, the series praotiailly reduces 
+ 1)-*, or »*/96, sothat 

ai^gument in the text, applied to this partLoular case, would indicate. 
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corresponding shearing force across QQ' is (-^dZ/ds. ds. Hence, 
resolving parallel to z, 

3.-3+1 = 0. 

and taking moments about the tangent and normal, respectivelj, 

If we substitute the values of 91, ^, 3» given in §§ 2, 4, in the equa- 
tions which remain after elimination of (, viz., in 



3-^ = 3-^SR, 



9 



ds ^ ds ' 
we obtain Kirchhoff's boundary conditions. 

It was pointed out by Thomson and Tait that, if 3o &^d dffljds be 
increased by equal amounts, the state of things beyond the immediate 
neighbourhood of the edge is unaltered ; and this remark forms the 
basis of their treatment of the boundary conditions.* We now see 
that the effect is on the distribution of the shearing force which we 
have denoted by f ; viz., if ^' (») be the common increment of the 
above functions, then ( is increased by —0 (s). 

The precise character of the boundary conditions laid dpwn by 
Poisson and KirchhofE respectively has often been discussed, and 
there is, perhaps, even yet room for comment on the subject. It is 
certainly remarkable, as a point of mathematical history, that the 
exceptional state of strain near the edge, on which, as we have seen, so 
much depends, should not have been recognized by either writer. 

In the work of Poisson the fundamental assumption is, that when 
the various functions expressing the strain are expanded in powers 
of z, the distance from the middle surface, all terms after the first two 
may be neglected ; and it is shown that, in the absence of stress on the 
two surfaces of the plate, the state of strain will then everywhere 
conform to the description given above in § 2. If this state is to hold 
right up to the edge, the three boundary conditions given by Poisson, 
viz. (in our notation) 

3 = 3« ^ = z^ s« = JR„ 

* lAprilf 1890. The argument is presented in a very clear form by Bonssinesq 
in his book entitled Application des PotentieU d VJ^tude de V£quilibre . . . , des Solides 
£lattique8, §§ 71, 72.] 



% 
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are certainly necessary. It lias been proved, however, by KirchbofF 
that it is, in general, impossible to satisfy three independent boundary 
conditions. We infer that, with arbitrary values of 3o» -^t ^o> 
there will, in general, be the peculiar state of strain near the edge, 
and the accompanying distribution of the shearing force (, above 
described. 'fhat Poisson's assumption may be here violated is 
well shown in the case worked out by Thomson and Tait, to which 
reference has already been made, where the variation of strain 
through the thickness is given by circular functions of irz/2h, 

KirchhofF, in his original investigation, begins by postulating the 
state of strain of § 2, and proceeds to calculate the potential energy 
in terms of the curvature of the middle surface. He then applies 
the energy condition of equilibrium, equating the increment of 
potential energy in any slight change of deformation to the work 
done by the applied forces. In this process the internal forces, in- 
cluding the shearing force f, do not, of course, explicitly appear ; but 
to make the argument accord with our present knowledge it would be 
necessary to recognize the existence of a narrow zone along the edge to 
which the fundamental postulates do not apply, and to assume that 
the potential energy of this zone may be neglected in comparison with 
that of the rest of the plate. 

6. A simple but very instructive illustration of the point to which 
special attention has been directed above is furnished by a problem 
discussed by Thomson and Tait (§ 656) from a somewhat different 
point of view. Taking the case of a rectangular plate whose edges 
are parallel to x and y, let us ascertain what is the simplest* system 
of applied forces which will produce the uniform anticlastic curvature 

w = Gxy, 

It appears at once that we may suppose P„, P^, 3> ^> L, If to be zero. 
Again, at an edge perpendicular to x, we have 

9fl= (l-<r)iia, 3: = o, 
whilst at an edge perpendicular to y 

* The problem, to find a Bystem of forces inrhich will prodaoe a given deformation, 
IB of course indeterminate, the only conditions being that 

dz dy dt 

are to have prescribed values. 
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so that the boandary couditions ate satisfied by Z^siO^ 9}^^0, 
3o = 0, except at the actual corners. These points must be excepted 
on Bcconnt of the term dUfl/ds in the second condition, which is there 
infinite. If we suppose the comers to be rounded off, and integrate 
the condition in question over an infinitely short length of the edge 
including a corner, we find 

- m = \ 3,<fe, 

the square brackets being usQd to indicate that the difference of the 
values of ifl at the two limits is to be taken. For one comer these 
limits will correspond to = 0, ^ = ir/2 ; for a second to ^ = w/2, 
= 3V/2 ; and so on. Hence 



1 



Zod8=±2(l'-a-)AG; 



"-X. 



so that we have the case of a plate bent by two contrary pairs' of 
equal forces at the extremities of 

the two diagonals. If we consider j 

the equilibrium of a portion of the \ 

plate cut off by a line AB drawn \ 

as in the figure, the applied force \ 

at the comer is balanced by the 

shearing forces which we have 

denoted by f [= (1— er) ^0] acting 

at the points A, B, and by the 

flexural couples across the dotted 

line. 

7. The number of problems which have been solved in the present 
subject is so small that I may be allowed to append a discussion of 
one or two very simple questions. 

In the first place, let us take the case of waves propagated along 
an infinitely long band bounded by straight parallel edges y = =t ^> 
there being no external forces. The boundary conditions then 
reduce to 

The general differential equation is, by d^Alenabert's principle, 
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where c^ = A/p, p being the mass per unit area. If we assume 

where Q is a fnncfcion of y only, this gives 

The solution of this, appropriate to our present purpose, is 

Q = Oi cosh m^y + 0, cosh m,y, 
where m^, m^ are determined by 

kv 2 ,« A-t7 



2 7 • , ICU 2 , - 



,1* 



The boundary conditions then give 
0,m, [m,— (2 — a)Aj'] sinh 7?ii6 + (7,m, [m,— (2— c) Aj'} sinhm|& = 0, 

Oi (Wj— c/c') cosh wi, 6 4- Oj (m,— aA;*) cosh m, & = 0, 
whence, remembering that mj + wi, = 2^*, we find 

mi(m, — fffc')'tanhmi6 = m, (mj— o'^*)*tanhtn,6, 
the equation to determine v, the velocity of propagation. 
Jimihjfn^h are small, this reduces to 

mi (m,— o-^*)' = m* (mj— c^*)*, 
whence we easily find v = (1— c')*. fe;*. 

This coincides with the velocity of propagation of waves of length 
2ir/k along a uniform straight bar, as might have been anticipated 
from the fact that we have virtually assumed the wave-length to be 
great in comparison with the width of the band. Continuing the 
approximation a stage further, we find 

vyk'o* = 1-^+1 (1 -a) o*J(?b\ 

If, on the other hand, m^hy m^b are moderately large, we may put 

tanhm|&=:l, tanhm,& = l, 

flo that m| (wi,— trh^y s r», (nii — aVy, 

Bearrangihg, dividing by m^—m,, and putting 

mj4-w?J = 2Aj*, 

we get mJmJ+2 (1— <r) J^m^m^-^a^k* = 0, 
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a qnadratio to determine m|m,. Since we have virtnallj taken 
«i»], m, to be positive, the positive root of this is to be chosen, and the 
wave-velooitj is then given bj 

t;«/ifc»c*=l-mJm|/Aj* 

= (l-(r){3(r-H-2(l-2<r+20*}. 

The following table gives, in the second column, the values of v/1e(? 
— i.e., the ratio of the velocity of propagation to that of waves of the 
same length in an infinite plate — for various values of o*. The fourth 
<x>lumn enables us to estimate the ratio which the breadth of the 



tr 


v/k<^ 


mjk 


mjk 





1000000 


1-4142 


-0000 


•1 


•999984. 


1-4142 


•0040 


•2 


•999697 


1-4141 


•0174 


•3 


•998102 


1-4135 


•0436 


•4 


•992639 


1-4116 


-0858 


•5 


•978318 


1-4065 


•1472 



band must bear to the wave-length in order that the above approxi- 
mation may be valid. Thus, since tanh t falls short of uniiy by 
about 1/150000, we see that for o* = ^ the approximation is ample so 
soon as the breadth exceeds three or four times the wave-length. 
For smaller values of a much higher values of the ratio may be 
required. It is to be noticed that, however short the waves may be 
in comparison with the breadth, the velocity of propagation (except 
in the extreme case o* = 0) falls below its value for an unlimited 
plate by a finite, though not a very great, amount. The circum- 
stances are, in fact, different ; owing to the occurrence of the hyper- 
bolic functions of t7i,y, m,^ in the value ofw, the amplitude increases 
as we pass outwards from the centre of the band towards either 
edge, instead of remaining uniform. Thus the ratio of the ampli- 
tudes at the edge and at the centre is 

0, cosh m, & -f (7, cosh m^ h 

, . , (fill — iw,) cosh m^h , cosh m^h 

(mi — trJf) cosh m^ 6 — (m, — tr]^) cosh m^ b 

This is sensibly equal to unity in the case first considered, where 
mihy m^h were small; but when 171^6, m^h are coTi&idfitii^^<b^ %s(A ta^ 

2 
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large in comparison with m,, it is of the order e"^, and therefore 
large.* It appears that the waves propagated in the form of cylindrical 
corrugations, which are contemplated in the investigation for an 
infinite plate, form an ideal case which cannot be realized in a plate 
of finite dimensions, except in so far as the extensions (neglected in 
the above theory) which are called into play by the increase of 
amplitude towards the edges tend to keep this increase in check. 

8. The vibrations of a rectangular plate have not yet been investi- 
gated in a rigorous manner. Part of the difficulty is in satisfying 
the conditions at the comers. It may be worth while to write down 
these conditions, as one conclusion of some interest can at once be 
drawn. Taking the origin at a corner, and the axes of ar, y along the 
edges which meet there, we have, as before, for all points of the axis 
of aj, 

whilst, along the axis of //, 

(PW , d^W _ r. 

(£«' dy* 

The further condition to be satisfied at the comer has already been 
obtained in § 6, viz., it is 

[9i] = - J a,<i» = 0, 

whence -z — r- = 

dxdy 

at the origin. Since the first pair of boundary conditions may be 
differentiated with respect to », and the second with respect to y, it 
easily follows that the differential coefficients of to of the second and 



* The case, at which we have virtually arrived, of waves travelliDg along the 
straight edge of an otherwise unlimited plate may be treated more directly by taking 
the origin in this edge (y — 0), and asHumJTig 

The xiesults coincide with those found above. 
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tliird orders all yanisli at the origin. Hence near the comer the form 
of the plate will differ from a plane hj small quantities of the fourth 
order. This maj he compared with the state of things at the free 
ond of a har. 



Appendix. 

In the paper as originally drafted, there followed a disenssion of 
one or two problems which can be worked out rigorously from the 
general equations of elasticity, and so serve in some measure as a test 
of the assumptions made in the theory of thin plates. The most 
important of these, viz., the propagation of waves in an infinite 
plate, has been fully treated by Lord Bayleigh in a paper* which has 
in the meantime appeared ; I therefore confine myself to the following 
problem, which may serve as an illustration of the action of applied 
force: 

An infinite plate, bounded by the planes z= :k h, is subject to a 
force cos kx per unit area of the middle surface, parallel to 2; ; to 
find the deformation. 

We assume for the component displacements 

-=S+S^' ''=«' >=I-S W' 

dx cLz ax ax 

where f, ij/ do not contain y. Let us first suppose that the external 
force is applied in the way of a bodily force of amount C/2h.oosJcx 
per unit volume. The equations to be satisfied in the interior of the 
plate then are 

'^ ). (2). 

where ^ = — - + --^, 

ax dz 

4aid V* now stands for €p/da?+ cP/ds?. By differentiation we obtain 

v»a = 0, 

• Zond. Math, Soe. I^oe., April, 1889. 
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or, if we assume that a a sin Aee, y a cos kx, 

^^'^ ' ^ \ (3). 

A particular solution is 

^ = (^sinh 'kz'\- Ohz cosh kz) cos kx^ ) 

f wj 

1^ = — . sin kx + (fl"cos kz-^Kke sinh A») sin fee, \ 

and on substitution we find that the original equations (2) are also 

satisfied, provided 

(\+2fi) a =: fzK (5). 

The boundary conditions are 

1>« = 0, |)« = (6), 

dz dz dx 

for ;s = ± ^. The first of these gives, in conjunction with (5), 

(F-'H)Bmhkh'^(0''K) khooBhkh= (7), 

whilst the second leads to 

(-F-JBO cosh kh+(G-K)(coah kh-j-kh sinh kh)+ j-^ = 0...(8). 
Solving, 

-p^-a _ cosh A:^ 

4iuV ' sinh /f^ cosh /;A~/;V . 

^ . \ (9). 

O'-'K = — ^ sinh kh/kh 

4^ V ' sinh ^A cosh kh — kJC 

After a little reduction the consequent expressions for the displace- 
ments are found to be 

a== -:s^[coshJfcA.sinhJfc«-^-^M/jkgoosh A»+V^BinhJfc2f)^ 
4/iA;<. kh \ X+/1 /) 

-f- {sinh JfcA cosh ife^-ife^ (10), 

+ :~r( cosh fcA. cosh fe - Binh^ (ibsinh kz - .-^ cosh A») |cos kx 

.5-{sinh;kAcosh]kA-ik^ (11). 
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If kh be small — t.e., if the variation of the applied force within a 
space compared with the thickness may be neglected — we find, to a 
first approximation. 



3 X-l-2/1 G . , 



(12). 



The latter formula agrees with the resnlt given by the ordinary 
theory, viz., 

r. 

W = rr-- COS fcc, 

htA 

where A has the value given in § 2. We farther notice that 

dy 
ax 

so that a line of particles originally straight and normal to the middle 
surface retains these properties after the flexnre. This statement 
needs correction when we proceed to a second approximation ; bat, 
since a is an odd function of z, the carve into which snch a line of 
particles is deformed has a point of inflexion where it crosses the 
middle sarface ; moreover, it is orthogonal at its extremities to the 
faces of the plate, since the shear in the plane zx there vanishes. It 
follows that the correction in question is very slight for moderate 
values of kh. 

The formulsB for the component stresses give, on substitution 
from (10), (11), 

= -PT i — v^ — sinhfe^H — — . kz cosh kz— cosh, kh . sinh kz f cos A» 

2 L kh kh J 



-r {sinh M cosh M—M} (13), 



^-="(1^1) 



C sinh khjkh .(cosh kz -f kz sinh kz) — cosh kh cosh kz \\ . » 

2 C hxt^khco^kh—kh khS 

a4i> 
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F« 



= -^r- i cosli kh , siDh kz 7-: — . kz cosh kz > COS kx 



2 ( 



kh 



-5- (sinlifefeooshZfA— A:^} (l^)- 



For small yalues of kh these reduce to 



3 



c? 



c^w 



»^ = — -TT-^.-r- COS Arc = —4 ' , ~ z ^ ,, 

'■■=-ii(-p)-'»'-=-^^"<'--^^. 



(16). 



The Talne of p^g agrees with that obtained on the assumption of 
§ 2; that of j9«, is small in comparison, whilst p„ is of a still higher 
order of smallness. The second forms (in terms of w) are given on 
accoant of their greater generality ; they hold for any distribution of 
bodily force which depends on x only,* since any such distribution 
can be expressed by Fourier's theorem in a series of terms of the 
forms cos kx<t sin kx. 

Let us next suppose that the external forces act on the two faces 
of the plate, and are equally divided between them, so that the surface 
conditions (6) are replaced by 

p., = |Ocos fee, for z = +^, 
= — |(7cos fcu, for j5 = — A, 
1>. =0. 
The equations to be satisfied in the interior now are 



(17). 



(18); 



whence 



(S-^)'*=°' {i-^h='- 



* Provided, of course, that its rate of variation within a space comparable with h 
may be neglected. 
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Assuming _ 



^ = (Fsinh kz-^-Okz cosh kz) cos lex,' 
^jf = {E cosh kz + Kkz sinh kz) sin 



we find, as before, that the equations (18) are satisfied, provided 

(\±2fjL) = fiK, 

Taking account of this, the boundary conditions (17) give 



(F- H) sinh kh'^(0-K)kh cosh kh = -^j, ] 

(FS) cosh kh-j- iO-K) (cosh kh-\'kh sinh kh) = 0, ) 

whence 

^ TT ^ cosh kh + A'A sinh kh 



...(19); 



g-jk:=- 



4/i/c* * sinh /cA cosh kh—kJi 
C cosh Z:A 



4/iAj* * sinh /c/t cosh /cA—A:A' ^ 



(20). 



The values of the displacements are found to be 

•o = 7-r \ coshA:^ ( — ^ ainhkz -^ kzcoshkz] — M sinh M. sinh A:z [ainkx 
4fikL \A+/i / ; 

■4-{8inhik^coshA;A-ikA} (21), 

y = 7-7 J cosh/f^f -- — ^ cosh X:j;—^z sinh /fjrj +A;^8inhA;AcoshA;js ^cos^o; 

-7- {sinh ikA cosh ^A-^fe] (22). 

These may be compared with (10) and (11). When kh is small, the 
values of a and y to a first approximation coincide with those given in 
(12). The stresses pg„ p„ are also found on examination to retain the 
.same approximate values (16) as before, whilst for j7u 1 find 



^-^l^-tl^-^')""'** 



2 (X+«)m ^ (3j,_^j ^ (23). 
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We might also consider the case where the forces on the two faces 
are equal and opposite, so that the boundary conditioDs are 

P*M= -H-cosfcu, p« = (24), 



OS kxy ') 



(2o), 



for z = :hh. We shonld find 

^ = (JFcosh kz + O . kz sinh kz) cos Asc, 
i/' = (Hsinh kz •\' K,kz cosh kz) sin 

where, as before, 

(X + 2/i)G = /i£:; 

and the rest of the solation is obtained bj simply interchanging the 
functions cosh kh^ sinh kh^ in equations (19). Hence 



P__ TT sinh kh-^kh cosh kh 

4iiiV ' sinh kh cosh kh-^kh^ 

ri__jr «. _ C sinh kh 



Aeiil^ ' sinh kh cosh M + kh' 
When kh is small, these lead to 

C k 



(26), 






Sk' (X+iU),! 



.sinfcc, y = (27), 



at the middle surface, as might have been found bj a much more 
elementary process. The effect of the given distribution is to produce 
an extension of the plate, but the displacement a is of the order kVi* 
as compared with the value (12) of y in the former case. 

By superposition we can obtain from this case and the preceding 
the exact solution of the problem when the applied force is divided in 
any constant ratio between the two faces, but the resalting deformation 
is seen to be practically the same as in the case of an equal division. 

The fundamental assumption of § 1 may be examined by taking kh 
large. In the case of a bodily force the formula (11) makes 

nearly, at the middle surface ; t.e., it varies ultimately as the square 
of the wave-length. When the force is applied to the two faces, we 
learn from (22) that y is of the order e'"^ at the middle surface ; in 
fact, the stress is now confined to a thin superficial stratum on each 
aide. 
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On the Correlation of Two Spaces, each of Three Dimensions, 

By Db. T. Aecheb Hiest, F.B.S. 

[Mead Jan, 9th, 1890.] 

Introductory. 

1. On November 12th, 1874, when resigning to my successor the 
Chair of President of the London Mathematical Society, I had occasion 
to exhibit, and to comment upon the following three, now well-known, 
forma l89 for determining the number of ways in which two spaces, 
each of three dimensions, may be correlated, in the most general 
manner, so as to satisfy fifteen* given conditions, or, as we may more 
briefly say, for finding the nurriber of correlations which satisfy any 
fifteen siogle conditions : — 

4a = x+3a» + 2^^, 

4>p = 3ir-f a»-|-2i^, 

2y = ir+ «+2^.t 

2. In these formulad, fiy p, y denote, respectively, the number of 
correlations which, besides satisfying fourteen of the given conditions, 
likewise render a pair of given points, planes, or lines (one in each 
space) COD jugate to one another — ^in other words, so related that the 
plane, point, or line corresponding to either of the two given elements 
shall be incident with the other4 

8. The remaining symbols in the three formulsB have reference to 
the number of exceptional correlations which satisfy the fourteen 
•conditions above referred to. The number of central correlations 
which do so is denoted by ir ; while w and ^ indicate, respectively, the 
number of platmr^ and Uie number of axM ones which possess the 
ttame property. 



* Oomp«urt> CUtlot, ^jMrfu Siihrifm^ 8«oonde Bdition, 1875, p. 766, Art. 293. 

t I V ufH H ikf* ^ tk$ Zom dm MMtk^mmtimi Socifipf Vol. ti., p. 7. 

X A point lUkd pUmo in tho Muno tnace ai« laid to be incidont when the former 
Uwi in the UXtw ; two Un«t are incident, of coorae, when they have a point in 
common, and, therefore, lie in one and the tame plane. 
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4. The terms " central/' " planar,*' and " axial " were, and are here 
again, applied to those exceptional or special forms of correlation 
whose analogues, in the ordinary theory of reciprocal polars relative- 
to a qnadric snrface, present themselves whenever that surface 
degenerates either to a cone, a conic, or a pair of planes, — supple- 
mented, it must be remembered, in the last case, by &pair of points 
situated on the intersection of those planes. 

5. In a central correlation, in fact, there is a fixed singfular point,, 
or centre, in each space whose corresponding plane in the correlated 
space is perfectly arbitrary. Through this centre, moreover, passes 
the plape which corresponds to every non-central point of the other 
space, and this plane remains fixed, no matter how the point in ques* 
tion may be moved along one and the same line passing through the 
centre. 

To the line last mentioned corresponds, strictly speaking, any line- 
whatever situated in the plane corresponding to each of its points. 

6. In a planar correlation, on the other hand, there is a fixed 
singular plane, in each space, whose corresponding point, in the other 
space, is indeterminate. In each such plane, however, every point lies 
which corresponds to a plane not coincident with the singular one of 
the correlated space, and that point remains fixed, no matter how 
the plane may be turned around its intersection with the singular 
one. 

To the intersection just referred to, regarded as a given line, cor- 
responds, in reality, any line whatever passing through the above- 
mentioned point. 

7. In an OrXial correlation, lastly, there is a fixed line (axis) in each 
space through which all planes pass that correspond to points in the 
correlated space not situated on the axis thereof, and in which all 
points lie that correspond to planes not passing through that axis. 

8. Moreover, each plane through an axis, and the plane through any 
point corresponding thereto, as well as through the associated axis, 
are coiTCsponding elements of two projective pencils of planes ; and, 
similarly, each point of an axis, and the intersection with the latter's 
apsociate of any plane corresponding to that point, are corresponding 
elements of two projective rows. 

9. It may be added that, of two corresponding lines, in an axial 
correlation, each is necessarily incident with an axis at a determinate 
point and in a determinate plane — unless, indeed, one of the two lines 
were coincident with an axis, when the other would be perfectly inde- 
terminate. 
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10. That fourteen conditions are necessary and sufficient to deter- 
mine the singular elements of each of the above three special forms 
of correlation may be easily shown, directly, thus : In a planar corre- 
lation, six conditions determine the two associated singular planes, 
and eight the correlation between them.* Similar conclusions ob- 
viously apply to a centraZ correlation ; and, in an axial one, eight 
•conditions determine the two associated axes, so far as position is 
concerned, three the projectivity of the two pencils of planes through 
these axes, and three, finally, that of the rows of points situated upon 
them. 

11. By means of the three formulaB of Art. 1, it became possible, 
•obviously, to reduce all problems concerning correlations which satisfy 
fifteen conditions to simpler ones having reference, solely, to special 
correlations of the three types above described, and satisfying fourteen, 
at most, of the given fifteen conditions. 

12. But, although greMj interested in the solution of this problem, 
my duties connected with the Royal Naval College, Greenwich, pre- 
cluded my undertaking it in 1875, and I felt myself impelled to solicit 
the co-operation of my friend Professor Sturm, then resident at Darm- 
stadt, and now at Miinster ; be having, in fact, already treated the 
closely allied problem of Projectivity in Spacet — ^the problem, in 
short, upon which the determination of axial correlations immediately 
depends. He at once consented to extend his researches to central 
and planar correlations, and, in due time, he published the elaborate 
memoir on these three subjects which appeared in the Mathetnatische 
Annalen (Vol. 12) during the year 1877, under the title, " Ueber Gorre- 
Zative oder reciproke BiindeV* 

13. The continued pressure of other engagements, however, pre- 
vented any prompt application, even, of Professor Sturm's valuable 
results ; and when, at length, 1 was able to resume my studies, I soon 
found that the whole subject was susceptible of still further simplifi- 
cation than the one I had submitted for my friend's consideration. 

This at once resulted from the introduction of still more special 
forms of correlation than those above designated as central, planar, 
and axial, — forms, in short, upon which these latter themselves 
depend, in the same manner that a general correlation, as we have 
«een, depends upon the former. 

14. In consequence of the detection of this farther simplification^ 

* Froeetdingt of ih$ London Mathematical Society, Vol. v., pp. 40-70, 1874. 
t Mathematieche Annalen, 1873, Band vi., p. 518. 
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my original intention of immediately applying Stnrm's resnltn was 
abandoned, and the treatment exhibited in the present paper was 
adopted in its place. 

Except for purposes of verification, therefore, I shall no longer have 
occasion to refer to the intrinsically valuable results of my friend's 
memoir of 1877.* 

Higher^ special forms of Correlation. 

15. Before proceeding further, however, it becomes necessary to 
describe, briefly, the still more special forms of correlation referred to 
in Art. 13. For convenience, they may be referred to as special 
•correlations of the second and third orders, those described in Arts. 
5, 6, and 7 being of the first order. 

16. Their nature will be best understood by once more recurring 
to the familiar theory of reciprocal polars relative to a quadric 
surface. 

First. The cone into which this quadric surface has already been 
supposed to break up (Art. 4) may itself degenerate either into a 
pair of plants or into s^pair of right lines. 

Secondly. The conic into which the quadric surface, in Art. 4, has 
broken up, may further degenerate either to a pair of right lines or to 
^pair of points. 

Thirdly, Of the pair of planes with a pair of points which repre- 
sented the quadric surface in Art. 4, either the former or the latter 
may be coincident. In one case we have, once more, a pair of points^ 
in a definite plane ; in the other a pair of planes, through a definite 
point. 

17. In short, in whichever of the above three ways the quadric 
surface may ultimately degenerate, we arrive at one or other of three 
well-determined special forms of correlation of the second order, — 
correlatioDS, in short, which in the more general theory, having refer- 
«nce to two distinct spaces, may be appropriately defined as (1) 
4sentral'planar, (2) planar-axial, or (3) central-axialy respectively. 

18. In a central-planar correlation there is, in. each space, a fixed 
centre and a fixed plane passing through it. In a planar-axial one, 
on the other hand, there is, in each space, a fixed plane and a fixed 

* In this same year 1877, on my return from £g3rpt, where all the numerical 
xeeolts of the present paper were first ohtained, I appUed a precisely similar simpli- 
fication to the simpler problem of the Corrdation of Two Planes (see Proe. Lond. 
Math. Soe.f Vol. vni., pp. 262-273. 
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line sitaated therein. In a oentral-axial correlation, finally, we 
have, in each space, an axis and a centre situated therein. 

In all three cases the correspondence between the points, planes, 
and lines of the two correlated spaces partakes of the characters 
which distinguish each of the two special forms of correlation of 
which it is a combination, and which have been already sufficiently 
described in Arts. 5 to 9. 

19. A special correlation of the first order, as already observed 
(Art. 10), is determined by fourteen conditions ; one of the second 
order, however, requires thirteen only. 

In a central-planar correlation, for instance, six of these would 
suffice to determine the two centres; four more the two singular 
planes passing through the latter ; and three, finally, to establish the 
projectivity of the pencils situated in these planes, and around those 
centres. 

In a planar-axial correlation, again, six conditions would determine 
the two associated singular planes ; four more the axes in those planes ; 
and three, as before, the projectivity of the points on the latter. 

Lastly, in a central-axial correlation, eight conditions might be 
appropriated to the determination of the positions of the two 
associated axes ; two more to those of their centres ; and three, finally, 
to the establishment of the projectivity of the pencils of planes passing 
through those axes. 

20. It should further be observed that in the twofold system of 
correlations which satisfy thirteen common (single) conditions, there 
will, in general, be a onefold system of special ones of the first 
order, and a finite number of those of the second. 

Of the latter the number of those which are central-planar may bu 
indicated by (ww), the number of planar-axial ones by (w^), and the 
number of central-axial correlations by (jt^^) — which symbols, of 
course, are always to be regarded as undecomposable. 

21. But the process of degeneration described in Arts. 16 to 18 
may, obviously, proceed one step further. A central-planar correlation 
may likewise become axial, a planar-axial one may acquire a centre, 
or a central-axial one a plane. 

In each case we thus arrive at a special correlation of the third 
order, which may be termed central-planar-axial. It is characterised 
by having, in each of the two correlated spaces, a singular point 
(centre), a singular plane passing through that point, and a singular 
axis situated in this plane and likewise passing through that point. 

^^^ Sacb a special correlation is determined, manifestly, by 



1890.] Two Spaces, each of Three Dimensions. 97 

twelve conditions. To determine the two associated centres, for 
instance, six would be required ; four more might then be appropriated 
to the determination of the singular planes passing through those 
centres, and two would remain for the determination of the axes 
situated in these planes, and likewise passing through those centres. 

23. In a threefold system of correlations satisfying twelve 
common (single) conditions (which would include a twofold system 
of degenerate ones of the first order, as well as a onefold system of 
special correlations of the second order), there will be, therefore, in 
general, a finite number, say (?rfai</r), of the above-defined special 
correlations of the third order. 



Fundamental Formulae. 

24. I now proceed to the establishment of the three formulaa of 
Art. 1, or rather of the following three simpler ones, whereof the 
former three are mere algebraical transformations : — 

2/1 = v + ai,* 
2p = y+w, 
2v =fi+p+\l/. 

25. To commence with the first of these, let o^ and hi be any two 
lines in the correlated spaces A ajid B respectively, and let B{ and 
Bi' be any two fixed points in tj. There are, by hypothesis (Art. 2), 
fi correlations of the onefold system under consideration, in which 
any assumed point A{ in ai is conjugate to the fixed one B{ in tj. In 
each of these correlations, moreover, the plane corresponding to the 
second fixed point B'l in bi will cut o^ in a point -4 J' conjugate to Bi ; 
so that in Hi we have /x points Ai corresponding to each point A{ of 
that line. Similarly, any one of these points A{' is conjugate to Bi 
in fi correlations of the system ; and, relative to each of these, B{ has a 
conjugate point A{ situated in c^. Between the pairs of points A{ 
and Ai of this line, therefore, a (ft, ft) correspondence exists, and, 
assuming the latter to be algebraical, there must be 2ft united points, 
— that is to say, points, which in one and the same correlation 



* This first of the three formulad expresses, of coarse, the fact that in a onefold 
^rstem of correlations satisfying fourteen g^ven conditions, double the number of 
tnose in which two g^ven points, one in each space, are conjugate to one another is 
equal to the number in which two g^ven lines have that property, together with the 
nnmber of planar correlations included in the system under consideration. 

VOL. XXI. — NO. 376. H 
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of the system are each, simultaneouslj, conjugate to B! as well 
as to Bi. 

26. Very little coDsideration is necessary, however, in order to 
recognize that there are two, and only two, kinds of correlation in the 
system wherein soch united points present themselves, viz. : (1) the y 
correlations, in which a^ and 6, are themselves conjugate lines, and 

(2) the <ii planar correlations. 

In the first case, the planes corresponding to B{ and B'l intersect in 
the line corresponding to &,. This line is incident with Oi, since, by 
hypothesis, Oj and hi are conjugate to one another (Art. 2) . The above- 
mentioned planes, therefore, cut Oi in points which are not merely 
conjugate to B{ and B{\ respectively ; they do so in points that are 
coincident with one another. 

In the second case, to the perfectly arbitrary points B[ and B[' 
correspond, in each planar correlation of the system, planes which 
are coincident with the singular plane of that system situated in the 
correlated space A, Here too, therefore, the points in aj, conjugate to 
B{ and Bi, are coincident with one another. 

27. The second of the three formulee of Art. 24 follows at once 
from the first by the Principle of Duality. 

28. The third is obtained readily by establishing the relation that 
must necessarily exist between the rays a( and a'l of an arbitrarily 
chosen plane-pencil in the space A which are, respectively, conjugate, 
in one and the same correlation of the system under consideration, 
with any two fixed incident lines h{ and fej' in the space B. This 
correspondence is a (y, r) one ; because, by hypothesis, there are y 
correlations of the system, in which any ray a{ (or a(') is conjugate 
with h[ (or 6('),and in each of these correlations the ray correspondiTirr 
to hi (or h[) must be incident with, and thus determine, a ray a'l 
(or a{). 

29. A little reflection, however, suffices again to convince us that 
there are three, and only three, sources whence the 2v united rays of 
the above correspondence can possibly proceed, viz. : (1) the fj. corre- 
lations of the system in which the centre Ai of the given pencil and 
the intersection 5, of the two fixed lines h[ and 6" are conjugate 
points ; (2) the p correlations of the system in which the plane of the 
pencil in ^ is conjugate to that of the two fixed lines in B; and 

(3) the \p axial correlations which are included in the system. 

In the first of these three cases, in fact, the rays corresponding to 
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the fixed ones b{ and hi mnst lie on a plane passing through the point 
Ai, which is conjugate to their intersection ; consequently, they most 
pierce the plane of the pencil in points collinear with the centre Ai 
thereof. 

In the second case, hy the principle of duality, the lines corre- 
sponding to the fixed ones, in B, will pierce the plane of the pencil in 
A in one and the same point, and consequently again be incident with 
one and the same ray of that pencil. 

In the third case, lastly, the fixed lines in B, being arbitrarily 
situated relative to the singular axis, in that space, of every axial 
correlation of the system, the lines in A, corresponding to them, will 
both coincide, necessarily, with the singular axis, in this space, of the 
correlation in question. The trace of this axis on the plane of the 
pencil around Ai determines a ray of the latter, therefore, which is, 
once more, conjugate, in one and the same correlation of the system, 
to both the fixed lines h{ and hi', 

30. Formulas similar to those of Art. 24, and established in a 
similar manner, connect what may be appropriately termed the 
characteristics and singularities of systems of special correlations of 
the first order satisfying thirteen convnon conditions. 

The six results (three pairs) may be thus denoted :— 

2ir/i = iry -f (ttw) 
2\l/fJL = i/rv -f (w^) 

2wp = wy -f (irai) 
2\l/p = xlfy + iv}!/) 

The first of these formuleD, for instance, expresses the fact that in 
a onefold system of central correlations, satisfying thirteen given 
conditions, double the number in which two given points, one in each 
space, are conjugate to one another, is equal to the number in which 
a given pair of lines are so, together with the number which, besides 
being central, are likewise planar correlations (Art. 18). 

31. We may, indeed, proceed one step further by establishing the 
following three formalse, which have reference to the systems o 

h2 
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Bpecial correlations, of the second order, that satisfy twelve common 

conditions : — 

2 (m/r) fi = (jtrtf/) V -f (irw^') 

2 (irw) V = (^w) ^ -h (irw) p+ (irwi/r).* 

The last of these formulae, it may be observed, expresses the fact 
that in a onefold system of central-planar correlations, satisfying 
twelve given conditions, doable the number in which two given lines, 
one in each space, are conjugate, is equal to the number in which two 
given points are so, together with the number in which two given 
planes have the same relation, and to the number of correlations in the 
system which are not merely central and planar, but likewise axial 
(Art. 21). 

32. In virtue of the three last formulae of the six recorded in 
Art. 30, and of the three previously given in Art. 24, the number of 
ordinary correlations which satisfy any fifteen given elementary 
single conditions may now be gradually deduced from certain 
numerical results which are known d 'priori. 

• 
GentraX-Tlanar- Axial Correlations. 

33. I commence with the direct determination of the number 
(irw\p) of central-planar-axial correlations which satisfy any twelve 
given elementary conditions. 

This is equivalent, in fact, to finding the number of different ways 
in which the singular elements of such a correlation (Art. 21) may be 
determined so as to satisfy, in each of the correlated spaces, six 
conditions of incidence. For it is easy to see that, if two given points, 
planes, or lines, one in each space, are to be conjugate, relative to any 
central-planar-axial correlation, it is necessary, and sufficient, that 
one of the two associated singular planes, centres, or axes of that cor- 
relation should be incident with one of the given pair of conjugate 
elements. Its associate, so far as situation in its own space is con- 
cerned, is perfectly unconditioned by the other element of the given 
pair. 

* A oompuisonofthenine fommlsd of this aod the preceding article with the 
three given in Art. 24 cannot fail to remind the reader of that '* symbolical multi- 
plication" of which Schubert has made so many successful applications in his 
admirable **Kalkul der ahtahhnden Oeometrie^^ (Leipzig: Yerlag von B. G.Teubner, 
1879). I have, in fact, as announced, by anticipation, on p. 196 of the latter work, 
applied the calculus in question to the present problem of correlation in space. In 
this paper, however, a recurrence to older, and more generally familiar, methods 
1^ luu been deemed deniable. 
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34. This fact, indeed, suggests the desirability, for the sake of 
clearness of exposition, of resolving the complete signature of the 
twelve conditions into two partial ones ; indicative, respectively, of 
the nature of the six determining data in each of the two spaces. 

Thus : if (f, wi, n), where Z-hm-fn = 12, be the complete signature, 
indicating, respectively, the total number of given pairs of conjugate 
points, planes, and lines ; and if (Z', m', n) and (Z", m", n"), where 
r+m'-fn' = V'-\'m'' -\'n'^=^ 6, be the partial signatures into which the 
above complete one may be resolved ; then Z', m', n', for the one space, 
and r, m\ m", for the other, will indicate, respectively, the number 
of points, planes, and lines with which, alone, the singular elements 
of that space are supposed to be incident. 

35. With respect to the limits between which the last-named six 
quantities must lie, in order to secure values of (twi//) difPorent 
from zero, it may be observed that, since no plane can be made to pass 
through moi'e than three given points, and since no point can be made 
to lie in more than three given planes, none of the four quantities 
r, r, m', m' can exceed the number 3. 

The fact, moreover, that no line can be made to meet, or be incident 
with, more than four given ones, at once gives 4 for the superior limit 
of each of the quantities n and n". Here, however, the circumstance 
that there are always two lines which are incident with four given 
ones has to be borne in mind. 

36. The inferior limit of each of the six quantities T, >«', n'; 
V\ m\ n" is clearly 1 ; for, if any one of these six quantities vanished, 
not only would one of the three constituents of the singular elements^ 
in one of the two spaces, be insufficiently determined, but the two 
others, therewith incident, would remain subject to six incompatible 
conditions. 

The only five cases indeed, in which, at first sight, any doubt could 
arise on this point, are 

(0, 3, 3), (0, 2, 4), (3, 0, 3), (2, 0, 4), and (3, 3, 0). 

But the insufficiency of these data, on the one hand, and their incon- 
gruity, on the other, are too obvious to require further elucidation. 

37. Thirteen cases alone demand detailed treatment ; all others are 
deducible from them by the law of duality. These thirteen cases are 
collected in the next following table. In the first column of it their 
complete signatures (Z, m, n) are given, arranged according to 
ascending values of n. In the second column the resolution, in all 
possible ways, is shown of each complete signature into t^o ^"axVisa^ 
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ones. In the third colnmn the values of (irai\f^) answering to each 
such resolution is exhibited as a product of six factors. 

38. Taken in order, the^r^^ three of these six factors give, respectively, 
the number of ways in which the points, the planes, and the lines, 
indicated by either of the two associated partial signatures, may be 
selected from the total number of these three elements exhibited in 
the complete signature. The fourth and fifth factors, each equal to 1 
or 2, give, for the spaces to which the two partial signatures respec- 
lively refer, the number of axes which satisfy the given conditions of 
incidence ; each such axis being supplemented, of course, by ita 
appropriate plane and centre. The sixth factor, finally, which is like- 
wise equal, numerically, either to 1 or 2, gives the frequency of the 
solution, above described ; the latter is due, exclusively, to an inter- 
change of the data between the two correlated spaces. 

(i, m, n) (r, m', n') (l\ m\ n") (irw^) 

(6,4,2) (3, 2, 1) (3, 2, 1) 20. 6. 2.1.1.1= 240 

(6,6,2) (3,2, 1) (2, 3, 1) 10.10. 2.1.1.2= 400 

(6, 3, 3) (3, 2, 1) (3, 1, 2) 20 . 3 . 3 . 1 . 1 . 2 = 360 

(3, 2, 1) (2, 2, 2) 10. 6. 3.1.2.2= 720 

(3, 1, 2) (2, 3, 1) 10 . 4 . 3 . 1 . 1 . 2 = 240 

(6,2,4) (3, 1, 2) (3, 1, 2) 20. 2. 6.1.1.1= 240 

(3, 2, 1) (2, 1, 3) 10. 3. 4.1.2.2= 480 

(3, 1, 2) (2, 2, 2) 10. 3. 6.1.2.2= 720 

(3, 2, 1) (1, 2, 3) 

(3, 1, 2) (1, 3, 2) 

(2, 3, 1) (2, 1, 3) 

[ (2, 2, 2) (2, 2, 2) 

(6,2,5) (3, 1, 2) (2, 1, 3) 10. 2.10.1.2.2= 800 

(3, 2, 1) (1, 1, 4) 4. 3. 5.1.2.2= 240 

(3, 1, 2) (1, 2, 3) 

t(2, 2, 2) (2, 1, 3) 

(3, 1, 2) (1, 1, 4) 



(6, 4, 3) 



(6, 3, 4) 



(4, 4, 4) ^ 



4. 6. 4.1.2.2= 384 

4. 4. 6.1.1.2= 192 

6. 4. 4.1.2.2= 384 

6. 6. 6.2.2.1= 864 



(4, 3, 5) 



(4, 2, 6) 



(2, 1, 3) (2, 1, 3) 



4. 3.10.1.2.2= 480 

6. 3.10.2.2.2 = 1440 

4. 2.15.1.2.2= 48a 

6. 2.20.2.2.1= 960 
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(3, 3, 6) 



(2, 2, 2) (1, 1, 4) 3 . 



(3, 2, 7) (2, 1, 3) (1, 1, 4) 
(2, 2, 8) (1. 1, 4) (1, 1, 4) 



3 . 15 . 2 . 2 . 2 = 10^0 
3.20.2.2.2 = 1440 
2 . 35 . 2 . 2 . 2 = 1680 
2.70.2.2.1 = 1120 



39. From the above thirteen cases, nine others, w before observed, 
ftn at once dedncible b; the law of dnality ; for it is in virtue of thia 
law that (twi/<) has the same nnmerical valae for any two complete 
' dgnatnrea, each as (I, m, n) and (m, I, n). 

These, however, as well as the collected resnlts of the preceding 
table, omitting all partial signatures, have been included in the 
Ibllowing oue, where, for eoonom; of space, the expedient has been 
adopted of a doable, snperior and inferior, heading ; — an expedient 
similar, in short, to that with which ordinary tables of logBrithms 
have long familiariied ns. 

It ma; be here added that all valnes of (irwif') vanish whioh 
answer to complete signatures other than those given in the follow- 
ing table: — 



(1, m, ») 


(-+) 


(6. 4, 2) 


240 


<5, S, 2) 


400 


<6, S, 3) 


360 


<5, t 3) 


960 


(6, 2, 1) 


240 


<5,3,4) 


1200 


(4, 4. 4) 


1824 


(S, S. 6) 


800 


(4, 3, 5) 


2160 


(4, 2, 6) 


1440 


<3, 3, 6) 


2520 


(3,2.7) 


1680 


(2, 2, 8) 


1120 


(m, 1, ») 


('-♦) 



40. The values of (»(■»/') here tabulated will now enable us to apply 
the three formnlse of Art. 31 to the calculation of the number of 
Special correlations of the second order which satisfy thirteen given 
elementary conditions. 
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Central-Axial Correlations. 

41. To this end I consider, in the first place, the onefold system 
of central-axial correlations which satisfy the twelve elementary con- 
ditions whose signatni'es appear in the fourth colamn of the following 
table. The characteristics, (vyp) fj. and (ttv//) v, of this system are con- 
nected with its singalarities, (vfoxl/), by means of the first relation of 

Art. 31, viz. : 

2 (fr\l^) fJ^ = (tti/t) v-|-(7ran/r). 

42. To determine the centre of a central-axial correlation, it is 
manifest that at least one plane, in which it is to lie, mnst appear 
amongst the data of each space, as also that not more than three such 
planes can do so. The values of the second element in the following 
signatures, therefore, must range between 2 and 6, and these signa- 
tui'es, accordingly, must constitute five distinct groups. 

43. In each of these groups the initial value of the first element of 
the signature mnst be 2 ; for, although three pairs of points are 
necessary to determine the requisite projectivity of the pencils of 
planes about the two associated axes (Art. 19), one such pair, it must 
be remembered, is already indicated by the symbol at the head of the 
first column. 

44. No such indication, however, attaches to the symbol (ti^) j' at 
the head of the second column ; so that an insufficiency occurs in the 
data of each of the initial cases of the above-mentioned five groups. 
This insufficiency, moreover, being, as usual, accompanied by an 
incompatibility, so far as the remaining conditions are concerned, no 
correlation is possible. Hence the zeros in the second column. 

45. Finally, since of any two conjugate lines one must- be incident 
with the axis of the space in which it lies, and since four lines at most 
can be so incident, it is manifest that the third element of no signature 
can exceed 8. 

46. The circumstance that each number in the second column of 
the table is the same as that in the first column which is situated on 
the preceding line proceeds, of course, from the identity of the thirteen 
conditions which are fulfilled in the two cases. 

47. Finally, it may be observed that here, as elsewhere, all cases 
are omitted which yield zero- values, exclusively, of the several terms 

0/ the £ormu}& under consideration. 
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('«(. 


(-♦)- 


(-« 


SiG. 


560 





1120 


2. 2. 8 


1120 


500 


1680 


3, 2, 7 


1-280 


1120 


1440 


4, 2. 6 


1010 


1280 


800 


5, 2, 5 


640 


1040 


240 


6, 2, 4 


3-20 


640 





7. 2, 3 


160 


320 





8, 2, 2 


80 


160 





tP, 2, 1 


«)• 


80 





10, 2. 


8-10 





1C80 


2, 3. 7 


1680 


840 


2520 


3, 3. 


1920 


1680 


2160 


4, 3, 5 


15U0 


1920 


1200 


5, 3, 4 


960 


1560 


360 


6, 3. 3 


480 


960 





7. 3, 2 


240 


480 





8, 3, 1 


120 


210 





9, 3, 


720 





1440 


2, 4, 6 


1440 


720 


2160 


3, 4, 6 


1032 


1440 


1824 


4, 4, 4 


1296 


16S2 


960 


5, 4, 3 


768 


1296 


240 


6, 4, 2 


384 


708 





7, 4, 1 


192 


384 





8, 4, 


400 





600 


2, 5, 5 


800 


400 


1200 


3, 5, 4 


880 


80O 


960 


4, 6, 3 


640 


880 


400 


5, 5, 2 


320 


640 





6, 5, 1 


160 


320 





7, 5, 


120 





240 


2, 6, 4 


240 


120 


360 


3, 6, 3 


240 


240 


240 


4, 6, 2 


120 


240 





5, 6, 1 


60t 


120 





6, 6, 



■ Seeing that the centre of tUs central-azial coTTelntion nmy, in eacli space, lie 
in either oi two given plimee, ire coaclude. hence, that there are 2D pain of imm- 
■tiatti axn fnm which 11 pair* <i/;joi«(« mow A" prnf>e(«( 4y projMlin pouiliof plftiM*. 
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Planar-Axial Correlations. 

48. Numerically, these do not differ from the correlations tahalated 
in the preceding Art. 47. By the Law of Duality, in fact, we may 
pass from the latter to the former withont invoking the aid of the 
second formula in Art. 31. 

Central-Planar Correlations. 

49. The centratplanar correlations now to be tabnlated, like the 
central-axial ones of Art. 41, form a onefold system satisfying twelve 
elementary conditions. The characteristics (ttw) v, (ttoi) /x, (irw) p, 
and the singularities (Trunj/), of the system are connected by the third 
relation of Art. 31, viz. : 

These characteristerics and singularities, in all cases except thosa 
yielding zero-results exclusively, are given in the first four columns 
of the following table. 

The signatures of the data in the several cases are exhibited in the 
fifth column, where they form eleven gronps, arranged according ta 
ascending values of the third elements in such signatures. 

For obvious reasons, neither the first nor the second element of any 
signature can exceed 6. The third, on the other band, cannot be less 
than 2. For, in the first place, the singular planes have to contain 
projective pencils, whose corresponding rays have to be incident with 
conjugate lines ; and, in the second place, the projectivity of these 
pencils can only be established by means of three pairs of corre- 
sponding elements — that is to say, two, in addition to the pair whose 
existence is indicated by the symbol (vw) v at the head of the first 
column. 

The occurrence of the zei*os which appear in the second and third 
columns, and first five groups, is easily acconnted for directly. Tho 
reappearance in the second and third columns of each gronp, after 
the first, of the numbers in the first column of the immediately pre- 
ceding group, is due, of course, to the identity of the thirteen con- 
ditions fulfilled in the two cases. 

This result agrees with one recorded by Sturm in his Memoir of 1873 on the 
•• Problem of Projectivity in Space" {Math, Ann., Bd. vi., p. 648). 

t Although it would have been easy to verify, in a similar manner, all the resulta 
given by Sturm in the Memoir last referred to, one more will here suffice. Seeing 
that the centre of our central-axial correlation may here have, in each space, any 

(i K A 

one of " 20 different positions, it follows that : through Jixed antres, one in 

1.2.3 

each space, three ( — f^) different pairt of axet past, whence teven given pairt of eo^ju* 
gate pointe eon he projected by planee which form two prqfeetive pencils, (See Math. 
^m$., Bd. I, p. 644, 1869; and Bd. vi., p. 630, 1873.) 
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With a yiew of economizing space, the expedient is again resorted 
to of providing the several oolnmns with double headings, as in Art. 39. 

The numbers of the fourth column are, of course, extracted fron^. 
the Art. 89 last referred to. 



(irw) y 


(TU>)fl 


(ir«)p 




SiG. 
Z, m, n 


120 
200 










240 ' 
400 


4, 6, 2 

5, 5, 2 


240 
640 


120 

200 



120 


360 
960 


3, 6, 3 

4, 5, 3 


240 
1040 
1552 


240 
640 
640 



240 
640 


240 
1200 
1824 


2, 6, 4 

3, 5, 4 

4, 4. 4 


120 
1040 
2376 


240 
1040 
1552 




240 

1040 




800 

2160 


1, 6, 5 

2, 5, 5 

3, 4, 5 


60 

580 

2428 

3636 


120 
1040 
2376 
2376 




120 

1040 

2376 






1440 

2520 


0, 6, 6 

1, 5, 6 

2, 4, 6 

3, 3, 6 


320 
1504 
3872 


580 
2428 
3636 


60 

580 

2428 






1680 


0, 5, 7 

1, 4, 7 

2, 3, 7 


912 
2688 
4432 


1504 
3872 
3872 


320 
1504 
3872 






1120 


0, 4, 8 

1, 3, 8 

2, 2, 8 


1800 
3560 


2688 
4432 


912 
2688 






0, 3, 9 

1, 2, 9 


2680 
3560 


3560 
3560 


1800 
3560 






0, 2,10 

1, 1,10 


3120 


3560 


2680 





0, 1,11 


3120 


3120 


3120 





0, 0,12 


(ttw) V 


(ir«) p 




(ir«)/i 


(irw\^) 


m, I, n 
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50. From the last result the remarkable consequence is deduced 
which was first published by Sturm in his Memoir of 1877,* and 
which may be enunciated, succinctly, thus : — 

Thirteen pairs of right lines being given, there exist 2120 pairs of pro- 
jective plane pencils, whereof, in each case, those rays correspond which 
are incident with the lines of any given pair. 

Half this number, viz. 1560, of pairs of projective plane pencils 
exist, when twelve pairs of lines are givon, as well as a point through 
which the plane of one of the pencils of each pair must pass, or a 
plane in which the centre of one of them must lie (compare Art. 33). 

Central Correlations, 

61. In a onefold system of central correlations, satisfying thirteen 
conditions, we have to consider the three characteristics ir/4, wp, and Try, 
as well as the two singularities (vw) and (ti//) ; between these five 
quantities two relations have been established (first and fifth. Art. 30) 
which are manifestly equivalent to the following : — 

S^ju = wf) -h (^^) + 2 (irw) "^ 
3iry = 2irp -f 2 {mff) + (ttw) ) ' 

52. The values of (m/^) and (toi), in the several cases now to be 
tabulated, are extracted from the tables of Arts. 47 and 49 ; they 
vanish whenever the second element of the signatures, recorded in 
the last column of the subjoined table, exceeds 6 ; as do also, for 
equally obvious reasons, the values of wp, and with them, in virtue of 
the above two formulae, the values of iffx and w. 

Arranged according to decreasing values, from 6 to 0, of the second 
elements of the signatures, therefore, the following table consists of 
seven parts or groups ; wherein, it will be observed, the values in the 
third column of any group have, necessarily, already appeared in the 
second and first columns of the preceding group, since the fourteen 
isonditions, satisfied in both cases, are the same. 



Vfl 


iry 


irp 


(ir^) 


(™) 


SiG. 


40 


20 








60 


0, 6, 7 


80 


40 








120 


1, 6, 6 


160 


80 








240 


2, 6, 6 


200 


160 





120 


240 


3, 6, 4 


160 


200 





240 


120 


4, 6, 3 


80 


160 





240 





5, 6, 2 


40 


80 





120 





6, 6, 1 


20 


40 





60 





7, 6, 



'' Ueber correlative odet reciproke Bandel," Math, Ann.^ Vol. xn., p. 363. 
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»/^ 


irv 


irp 


(TTi/;) 


(irw) 


SiG. 


220 


120 


20 





320 


0, 


5, 8 


400 


220 


40 





580 


1, 


5, 7 


720 


400 


80 





1040 


2, 


5, 6 


880 


720 


160 


400 


1040 


3, 


5, 5 


760 


880 


200 


800 


640 


4, 


5, 4 


480 


760 


160 


880 


200 


5, 


5, 3 


240 


480 


80 


640 





6, 


5, 2 


120 


240 


40 


320 





7, 


5, 1 


60 


120 


20 


160 





8, 


5, 


648 


384 


120 





912 


0, 


4, 9 


1076 


648 


220 





1504 


1, 


4, 8 


1752 


1076 


4C0 





2428 


2, 


4, 7 


2064 


1752 


720 


720 


2376 


3, 


4, 6 


1808 


2064 


880 


1440 


1552 


4, 


4, 5 


1224 


1808 


760 


1632 


640 


5, 


4, 4 


672 


1224 


480 


1296 


120 


6, 


4, 3 


336 


672 


240 


768 





7, 


4, 2 


168 


336 


120 


384 





8, 


4, 1 


84 


168 


60 


192 





9, 


4, 


1328 


856 


384 





1800 


0, 


3,10 


2008 


1328 


648 


. 


2688 


1, 


3, 9 


2940 


2008 


1076 





3872 


2, 


3, 8 


3288 


2940 


1752 


840 


3636 


3, 


3, 7 


2832 


3288 


2064 


1680 


2376 


4, 


3, 6 


1936 


2832 


1808 


1920 


1040 


5, 


3, 5 


1088 


1936 


1224 


1560 


240 


6, 


3, 4 


544 


1088 


672 


960 





7, 


3, 3 


272 


544 


336 


480 





8, 


3, 2 


136 


272 


168 


240 





9, 


3, 1 


68 


136 


84 


120 





10, 


3, 


2072 


1464 


856 





2680 


0, 


2,11 


2816 


2072 


1328 





3560 


1, 


2,10 


3624 


2816 


2008 





4432 


2, 


2, 9 


3748 


3624 


2940 


560 


3872 


3, 


2, 8 


3088 


3748 


3288 


1120 


2428 


4, 


2, 7 


2064 


3088 


2832 


1280 


1040 


5, 


2, 6 


1152 


2064 


1936 


1040 


240 


6, 


2, 5 


576 


1152 


1088 


640 





7, 


2, 4 


288 


576 


544 


320 





8, 


2, 3 


144 


288 


272 


160 





9, 


2, 2 


72 


144 


136 


80 





10, 


2, 1 


36 


72 


68 


40 




- 


11, 

\ 


2, 



\ 



110 
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1 

ITfl 


TV 


no 


(»*) 


(~) 


Sia. 


2568 


2016 


1464 





3120 


0, 1,12 


3064 


2568 


2072 





3560 


1, 1,11 


3312 


3064 


2816 





3560 


2, 1,10 


3000 


3312 


3624 





2688 


3, 1, 9 


2252 


3000 


3748 





1504 


4, 1, 8 


1416 


2252 


3088 





580 


5, 1, 7 


768 


1416 


2064 





120 


6, 1, 6 


384 


768 


1152 








7, 1, 5 


192 


384 


576 








8, 1, 4 


96 


192 


288 








9, 1, 3 


48 


96 


144 








10, 1, 2 


24 


48 


72 








11, 1, 1 


12 


24 


36 








12, 1, 


2752 


2384 


2016 





3120 


0, 0, 13 


2936 


2752 


2568 





3120 


1, 0,12 


2808 


2936 


3064 





2680 


2, 0,11 


2304 


2808 


3312 





1800 


3, 0, 10 


1608 


2304 


3000 





912 


4, 0, 9 


964 


1608 


2252 





320 


5, 0, 8 


512 


964 


1416 





60 


6, 0, 7 


256 


512 


768 








7, 0, 6 


128 


256 


384 








8, 0, 5 


64 


128 


192 








9, 0, 4 


32 


64 


96 








10, 0, 3 


16 


32 


48 








11, 0, 2 


8 


16 


24 








12, 0, 1 


•4 


8 


12 








13, 0, 



* The numbers recorded in the first column of the above Table, though opposite 
in their order of sequence, agree perfectly with those given by Sturm in the 
Memoir, of 1877, last cited. To render this agreement muiifest, however, certain 
factors have to be applied to Sturm's results, as shall now be briefly indicated for 
each of the seven groups which the table includes. 

Group 1. — The numbers here are equi-multiples of those quoted by Sturm, in his 
Art. 40 (p. 291), from my paper of 1874 " On the the Correlation of Two Planes " 

{Proe. of the Math, 8oc,, Vol. v.. Art. 41). The factor applied is ^'^'^ . « 20 ; 

this being the number of different positions which the associated centres of our 
central correlation may assume, when each centre lies in three of the six given 
planes, situated in each of the correlated spaces. 

Group 2. — These numbers are equi-multiples of those recorded in Sturm's Table 1, 
Art. 40 (p. 291). The factor 20 is again applied to the latter; but this factor is 
now due to the circumstance that one centre may lie either in three, or in two, of 
five given planes ; its associate in the correlated space being situated in the planes 
conjugate to the remaining two, or three. 
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Planar Correlations. 

53. By the law of dnalitj, planar correlations are immediately 
•dedncible from the central ones last tabulated. Th^y do not, oon- 
Bequently, require separate treatment. 

Axial Correlations. 

54. In a onefold system of axial correlations satisfying thirteen 
-conditions, we have again to consider three characteristics and two 
singularities. The former are \I/Hy if/pj and xj/v; and the latter (wt/^) 
and («^). These five quantities are connected by the second and 
foarth relations of Art. 30 ; since the two latter, however, are them- 
selves related by the law of duality, it will suffice to apply the one 
last mentioned, viz. : 

2^f> = i/.v+(irif»). 

55. In the following Table the signatures of the thirteen given 
<;onditions are arranged according to descending values of the third 
element thereof, that is to say, of the one which gives the number of 
given pairs of conjugate lines. Moreover, since of any two lines form- 
ing such a pair one must necessarily be incident with an axis of the 

Group 3. — These numbers are obtained by adding to 8 times each of those g^ven 
in Sturm's Table 2 of Art. 55 (p. 309), 6 times each of the numbers in his Table 3, 
of Art. 64 (p. 320). The factor 8 is accounted for by the fact that in each of tht 
two spaces a centre may lie in any one of four given planes, while its associate, in 
the correlated space, is fixed by being, in each of the planes, conjugate to the 
remaining three. The factor 6, on the other hand, is due to the circumstance that 
the centre, in either of the two spaces, may lie in any two of four planes, while its 
associate is situated in both the planes conjugate to tiie remaining two. 

Group 4. — Twice the several numbers given in Sturm's Table 4 of Art. 69 (p. 325), 
added to six times those recorded in his Table 5 of Art. 80 (p. 335), give the numbers 
now in question. The factor 2 presents itself because one of the associated centres 
may be fixed by being situated on all the three g^ven planes of either of the two 
spaces ; the factor 6, on the other hand, because a centre may lie in any one of 
the three planes given in each of the two spaces, while its associate is situated in 
both the planes conjugate to the remaining two. 

Group 5. — The numbers here are obtained by adding to twice those contained in 
Sturm's Table 6, of Art. 90 (p. 345), twice those given in his Table 7 of Art. 97 
(p. 352). The first factor 2 is due to the circumstance that in either of the two 
spaces the centre may be situated on both the planes which that space contains ; the 
second factor 2 is accounted for by the fact that in each space the centre may lie in 
either of two g^ven planes while its associate is situated in the plane conjugate to 
the other. 

Group 6. — These numbers are the doubles of those given by Sturm in his Table 8 
of Art. 103 (p. 358) ; since the centre, either in one or the other of the two spaces, 
must lie in a given plane ; its associate being determined, of course, by the remaining 
twelve conditions. 

Group 7. — These are precisely the numbers given by Sturm in the Table 9 of his 
Art. 108 (p. 365) ; the centres being no longer subject to the condition of lying in 
«ny given planes. 
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correlation, the greatest possible value of the elctnent in qaeation 
18 8 = 2x4. 

On the other hnnd, the least value of the first element of the signa- 
ture is 3, seeing that this nnmber of given pairs of conjugate points 
is necessary to the establisliment of the projectivity of the pencils of 
planes about the two associnted axes. 

The fact, moreover, that three given pairs of conjugate planes 
are necessary for the determination of tbe projectivity of the two 
ranges of points on the axes in question, accounts for the ciroam- 
stance that the valne of ^i/v is 0, which termiaates each of tbe nine 
groups of the following Table. 

After the explanations given in Arts. 49 and 52, the repetition, in 
the second column, of numbers which have already appeared in the 
first, requires no further remark. 

The values of (b^), it will be observed, are extracted from the 
Table of Art. 47. 



*■ 


+. 


(•« 


Sio. 


280 





660 


3, 


2, 8 


5G0 


2S0 


840 


3, 


3, 7 


3(!0 





1120 


4, 


2, 7 


640 


560 


720 


3, 


4, 6 


1120 


660 


1680 


4, 


3, 6 


640 





1280 


5, 


2, 


520 


640 


«0 


3, 


6, 5 


1280 


1120 


1440 


4. 


4, 5 


1280 


640 


1920 


5, 


3. 5 


520 





1040 


6, 


2, 5 


320 


520 


120 


3, 


6, 4 


104O 


1280 


800 


4. 


5, 4 


1456 


1280 


1632 


6, 


4. 4 


1040 


520 


1560 


6, 


3, 4 


320 





640 


7, 


2, 4 


160 


320 





3, 


7, 3 


610 


1040 


240 


4, 


6, 3 


1168 


1456 


880 


6, 


6, 3 


1168 


1040 


1296 


6, 


4, 3 


640 


320 


960 


7, 


3, 3 


160 





320 


8, 


2, 3 
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lis 



\l^p 


\ffV 


W) 


Sio. 


80 


160 





3, 


8, 2 


320 


640 





4, 


7, 2 


704 


1168 


240 


5, 


6, 2 


904 


1168 


640 


6, 


6, 2 


704 


640 


768 


7, 


4, 2. 


320 


160 


480 


8, 


3, 2 


80 





160 


9, 


2, 2 


40 


80 





3, 


9, 1 


160 


320 





4. 


8, 1 


352 


704 





5, 


7, 1 


512 


904 


120 


6, 


6, 1 


512 


704 


320 


7, 


5, 1 


352 


320 


384 


8. 


4, 1 . 


160 


80 


240 


9, 


3, 1 


40 





80 


10. 


2, 1 


20 


40 





3. 


10, 


80 


160 





4, 


9, 


176 


352 





5, 


8, 


256 


512 





6, 


7, 


286 


512 


60 


7, 


6, 


256 


352 


160 


8, 


5, 


176 


160 


192 


9, 


4, 


80 


40 


120 


10, 


3, 


20 





40 


11, 


2, 0* 



Ordinary Correlations, 

56. We are at length in a position to treat the general qnestioii) 
concerning ordinary correlations which satisfy fifteen elementary 
conditions, — the qnestion ref<^rred to at the commencement of the 
present paper. . .' 

This is done by considering, in the first place, the onefold system 
of correlations that satisfy the several sets of fourteen condition s. 
whose signatures are given in the seventh column of the following 
Table. 



• This verifies a theorem given by Sturm in his paper of 1873, " On Projectivity 
in Space" {Math. Ann., Vol. vi., p. 548). According to it, in fact, there exist 20 
pairs of assoeiated axes, whence 1 1 pairs of given points may be projected by means 
of two projective pencils of planes. 

Several other theorems, indeed, given by Sturm in the paper in question, ar» 
confirmed by the preceding results. 

VOL. XXI. — NO. 377. 1 
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These signatures, it will be observed, are arranged according to 
itscending values, to 14, of their i^rd elements, and thej thus form 
fifteen groups or sections. 

The characteristics /x, p, v of the system, and their singularities 
^, ii;, </r, have been already defined (see Arts. 2 and 3). The three 
relations, moreover, between these six quantities have been already 
given in Art. 24 ; the characteristics, indeed, have been actually ex- 
pressed in terms of the singularities in Art. 1. 

The values of w in the fourth column will be found, under their 
appropriate signatures, in the Table of Art. 52. The values of lu, in 
the fifth column, follow from the latter by the law of duality. The 
values of </r, finally, recorded in the sixth column, are extracted from 
the Table of Art. 55. 



57. For economy of space, the method of double entry (see Arts. 39 
-and 49) has, in the following Table, been once more employed. 



/* 


P 


V 


IT 


ii; 


^ 


SiG. 
I, m, n 


•1 

3 

9 

27 

61 

103 

133 

143 

2 

6 

18 

54 

122 

206 

266 


3 

9 

27 

61 

103 

133 

143 

143 

6 
18 
54 
122 
206 
266 
286 


2 
6 

18 

54 

122 

206 

266 

28(; 

4 
12 
36 
108 
244 
412 
532 


4 
12 
36 
68 
84 
60 
20 



8 

24 

72 

136 

168 

120 

40 


























20 

80 

176 

256 

286 







40 

160 

352 

512 


14, 0, (• 
13, 1, 

12, 2, 

11, 3, , 

10, 4, 
9, 5, 

8, 6, . 

7, 7, 

13, 0, 1 ^ 

12, 1, 1 1 

11, 2, 1 
10, 3, 1 ! 

9, 4, 1 

8, 5, 1 

7, 6, 1 ' 

1 


9 


/* 


y 


ii; 


IT 


V 


w, Z, n 



• From thi8 rosult we infer that, whenever fourteen pairs of conjugate points are 
^ven, there is one correlation in which a given fifteenth piir of points arc likewise 
conjugate, three correlations in which two given planes are conjugate to one another, 
und /wo correlations in which a given pair of lines are so. 
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^ 


SiG. 


A* 


P 


V 


.» 


ii; 


7, m, n 


4 


12 


8 


16 








12, 0, 2 


12 


36 


24 


48 








11, 1, 2 


36 


108 


72 


144 








10, 2, 2 


108 


244 


216 


272 





80 


9, 3, 2 


244 


412 


488 


336 





320 


8, 4, 2 


412 


532 


824 


240 





704 


7, 5, 2 


532 


532 


984 


80 


80 


904 


6, 6, 2 


8 


24 


16 


32 








11, 0, 3 


24 


72 


48 


96 








10, 1, 3 


72 


216 


144 


288 








9, 2, 3 


216 


488 


432 


544 





160 


8, 3, 3 


488 


8-24 


976 


672 





640 


7, 4. 3 


824 


984 


1488 


480 


160 


1168 


6, 5, 3 


16 


48 


32 


64 








10, 0, 4 


48 


144 


96 


192 








9, 1, 4 


144 


432 


288 


576 








8, 2, 4 


432 


976 


864 


1088 





320 


7, 3, 4 


976 


1488 


1752 


1224 


200 


1040 


6, 4, 4 


1488 


1488 


2216 


760 


760 


1456 


5, 5, 4 


32 


96 


64 


128 








9, 0, 5 


96 


288 


192 


384 








8, 1, 5 


288 


864 


576 


1152 








7, 2, 5 


864 


1752 


1568 


1936 


160 


520 


6, 3, 5 


1752 


2216 


2624 


1808 


880 


1280 


5, 4, 5 


64 


192 


128 


256 








8, 0, 6 


192 


576 


384 


768 








7, 1, 6 


576 


1508 


1072 


2064 


80 





6, 2, 6 


1568 


2624 


2416 


2832 


720 


640 


5, 3, 6 


2624 


2624 


3184 


2064 


2064 


1120 


4, 4, 6 


128 


384 


256 


512 








7, 0, 7 


384 


1072 


728 


1416 


40 





6, 1, 7 


1072 


2416 


1744 


3088 


400 





5, 2, 7 


2416 


3184 


3080 

y 


3288 


1752 


560 


4, 3, 7 


" 


M 


ii; 


TT 


^ 


m, I, n 



I 2 
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H- 


9 


V 


IT 


ii; 


^ 


SlG. 


256 

728 
1744 
3080 


728 
1744 
3080 
3080 


492 
1236 
2412 
3220 


964 
2252 
3748 
2940 


20 

220 

1076 

2940 








280 


6.0, 8 

5.1, 8 

4.2, 8 

3.3, 8 


492 
1236 
2412 


1236 
2412 
3220 


864 
1824 
2816 


1608 
3000 
3624 


120 

648 
2008 







5.0, 9 

4.1, 9 

3.2, 9 


864 
1824 
2816 


1824 
2816 
2816 


1344 
2320 
2816 


2304 
3312 
2816 


384 
1328 
2816 







4, 0, 10 
3, 1, 10 
2, 2, 10 


1344 
2320 


2320 
2816 


1832 
2568 


2808 
3064 


856 
2072 






3, 0, 11 
2, 1, 11 


1832 
2568 


2568 
2568 


2200 
2568 


2936 
2568 


1464 

2568 






2, 0, 12 
1, 1, 1:^ 


2200 


2568 


2384 


2752 


2016 





1, 0, 13 


2384 


2384 


2384 


2384 


2384 





0, 0, 14 


9 


/* 


V 


a» 


TT 


yp 


m, If n 



58. The greatest number of correlatioDS, satisfying fifteen condi- 
tions, recorded in the above Table, is 3220. It presents itself when 
the data are : three pairs of conjugate points, three pairs of conju- 
gate planes, and nine pairs of conjugate lines. 

Another notable peculiarity is the repetition, in the first five 
columns, of the number 2816, when the signature is (2, 2, 10), and 
of 2384 when the signature reaches its final limit (0, 0, 14). 



Multiple Conditions, 

59. I do not propose to give any direct verification of the above 
results, nor will I extend this paper to greater length by any attempt 
to treat the very numerous cases (>f correlation under mixed, multiple 
8 well as single, conditions. 
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^ It 18 true that, when three, at least, of the latter description are 
involved, the above method requires but little modification. But, 
when less than three single conditions are given, a mode of trans- 
formation of multiple into equivalent single conditions may become 
^ecessary ; — unless, indeed, the problem admits of solution bj a more 
direct and elementary method. 

oO. Bj way of conclusion, in fact, a few words may be here added, 
relative to cases of the latter kind,— cases wherein all the conditions 
are tnple ones, and where the corresponding data consist, exclusively, 
of arbitrarily sitoated points and planes. 

61. There are, obviously, only the following three essentially different 
cases of the above character, viz. : 

JfXTst. Five given points in one space, corresponding to five given 
planes in the other. 

secondly: Four points and one plane, corresponding, respectively, 
to four planes and one point. 

Thirdly. Three points and two planes, in one of the two spaces, 

corresponding, respectively, to three planes and two points in the 
other. 

In each of the first two of these three cases, there is one and only 
one solution. In the third there is, in general, no solution whatever. 

62. Placing, in fact, each of the given points A, B, C, D, E in vertical 
line with its corresponding plane a, /3, y, 5, c, we have to consider 
the following three arraxi|^ements : — 



A, 



A, 



A, 



B, 


G, 


A 


E 


P, 


7, 


i. 


t 


B, 


c. 


D, 


t 


a. 


7, 


B, 


E 


B, 


G, 


S, 


t 


/3, 


r. 


D, 


E 



(1). 



(2), 



(3). 



63. In the^r*^ of these cases, each of the sides of the trilateral ABC 
in (1) may be taken as the axis of a pencil of planes, projective with 
the row of points on the corresponding edge of the trihedral afiy. To 
determine the projectivity,'We have the plane (ABC)^ common to all 
three pencils, corresponding to the point (a/3y), common to all three 
rows ; moreover, the planes in each pencil which pass through D and 
-E? correspond, respectively, to the intersections of ^ and e with the axis 
of the associated row. 
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This projectivity being fixed, to any point P, regarded as the inter- 
section of three planes, of which one belongs to each pencil, will 
correspond the determinate plane ir which passes^ throngh the three 
points corresponding to those planes. 

The correlation, accordingly, is fixed and nniqne. 

64. With respect to the second of the above three arrangements of 
data, it is to be observed that, from what has jnst been proved, we 
may infer that there is one, and only one, correlation in which the 
five planes 

{BOB), (ODA), (DAB), (ABG), e 

correspond, respectively, to the five points 

(/3ya), (y^a), (^afi), («/3y), E. 

Bnt this correlation satisfies the condition (2) of Art. 62, with 
which we are at present concerned; seeing, e.gr., that the point J , 
common to the above second, third, and fonrth planes, necessarily 
corresponds to the plane a which passes throngh the second, third, 
and fonrth of the points jnst indicated. Conversely, any correlation 
which satisfies the conditions (2), of Art. 62, clearly satisfies the five 
last referred to. 

The solution arrived at is, accordingly, nniqne. 

65. I observe, lastly, that if it were possible to satisfy the group (3) 
of five conditions, indicated in Art. 62, by any correlation, we should 
necessarily have a projectivity established between the pencil of planes 

T€ (A, B, 0, a, €), 
and the row of points 

m(a,fl,y,D,E), 

But this projectivity being, manifestly, inconsistent with the pre- 
dicated arbitrariness, in position, of the given points and planes, we 
conclude that, in general, no correlation is possible which satisfies the 
five conditions (3) of Art. 62. 



1890.] 11& 



On the Deformation of an Elastic Shell. 
By Professor Horace Lamb^ M.A.> F.B.S. 

[Head Jan. 9th, 1890.] 

The following paper treats of the deformation of an elastic shell 
whose radii of curvature are everywhere prcat in comparison with the 
thickness, which is supposed uniform. This subject has been investi- 
gated in a very able manner by Mr. A. E. H. Love, in a recent paper,* 
but it appeared desirable on various grounds that the problem should 
be attacked from an independent point of view. The ideas which 
form the basis of the method here followed have been explained with 
some fulness in a previous communication, " On the Flexure of an 
Elastic PJate'*;t I have therefore contented myself on the present 
occasion with very slight indications in this respect. I may, however, 
recall the fundament^il principle that, if the external forces on each 
element of the shell are by themselves in equilibiiam, the deformation 
is insensible, as also the resultant stress across an element of any 
normal section. By an element of the shell is here meant the portion 
cut off by a ruled surface whose generators are normals to the middle 
surface, drawn through the contour of a small area of dimensions 
comparable with the thickness. In the same way, by an element 
of a normal section is meant the section generated by the normals to 
the middle sarface at all points of a linear element of like order of 
magnitude. 

As regards the general theory, my results show a close agreement 
with those arrived at by Mr. Love, and the investigation may be of 
interest as giving a physical meaning to the vai'ious groups of terms 
which enter into his equations. There are, however, some points of 
difference ; these appear to be due to a somewhat different definition 
of the symbols which express the deformation of the middle surface, 
and are practically unimportant. 

One reason of the great complexity of oor present subject, as con- 
trasted with the theory for a plane plate, is that it is not possible to 
draw an absolute line of demarcation between the deformations in 
which the governing feature is the extension of the middle surface, 
and those which involve flexure with little or no extension. To 
illustrate this we may take the case of a spherical bowl, of thickness 
small compared with the radius, whose edge is a small circle. If the 



♦ Fhil. Trans., 1888 (A), p. 491. t Proe. Lond. Math. Soc, Dec. 12, 1889, p. 70- 
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angular radius of the bowl is very small, its behaviour under various 
applications of force, and its vibrations when fi'ee, cannot differ 
materially from those of a plane circular disk. In particular, there 
will be modes of (mainly) flexural vibration whose frequency is pro- 
portional to the thickness. By increasing the angular radius, the 
thickness being constant, we obtain a continuous succession of forms 
leading up to the extreme case of a spherical shell with a vanishing 
-circular aperture. In this extreme, it is known, no deformation is 
possible without extension of the middle surface, and, if the shell be 
sufficiently thin, this extension is the governing element in its 
behaviour. Thus the frequencies of all the modes are now independent 
of the thickness, and, accordingly, great in comparison with those of 
the flexural modes of a plane plate of similar dimensions. Between 
these two extremes we have, of course, all intermediate stages.* 

The main source of this complexity appears to lie in the fact, pointed 
out by Mr. Love, that it is in general impossible to satisfy the 
boundary conditions by a deformation such that the middle surface is 

[* Februari/, 1890. It is evident (as pointed out by one of the referees) that we 
may at any stage restore the flexural character of the vibrations, however small the 
aperture, by sufficiently reducing the thickness ; but in the above argument the 
aperture only is supposed to vary. To examine more closely the transition to an 
infinitely sniiBLll aperture, we may make use of the formula3 given by Lord Rayleigh 
in his inveatig^ion of the deformation of a spherical bowl, on the hypothesis of no 
extension {Proceedingty T. xiii., p. 4). It appears that, when the angular radius 
{a) of the aperture is small, the kinetic energy in the mode expressed by circular 
functions of «w (where w is the longitude, and a is integral and > 1) is 

where J?« is the maximum radial amplitude, and the rest of the notation is as in this 
paper. For the potential energy we find 

Hence^if the time- factor be e^^*^f we have 

^ p a*a* 

which increases continually as a diminishes. In the gravest corresponding mode 
for the complete spherical shell we have 

P:^ - Cfjilpa^, 

where C is a numerical factor {Proeeedinpt, T. xiv., p. 50). The ratio pjp' is of 
the order ha/a'^a*, i.«., it varies as the square of the ratio which the mean proportional 
^/ah bears to the linear radius of the aperture ; so that, if a is sufficiently diminished, 
p^ becomes at length greater than p'^. With a sufficiently small value of h/a this 
may happen while the breadth of the aperture is still a considerable multiple of the 
thickness. It is evident that, boforo this stage is reached, the hypothesis of no 
extension will have ceased to give an adequate representation of the actual vihtation- 



1890.] Deformation of an Elastic Shell. 121 

absolately unextended.* Bat, the existence of extension as a general 
accompaniment of the flexure of a curved shell being admitted, the 
question remains, in any particular problem, as to its order of 
magnitude and its distribution, and more especially whether there are 
any modes of deformation (or of free vibration) in which, after all, it 
plays only a secondary part. Mr. Love, starting from the expression 
for the potential energy per unit area in the formf 

where A and /i are certain elastic constants, h is the half- thickness, 
whilst ^1, ^j, to" define the extension of the middle surface, and 2„ 2,, U 
its change of curvature, argues that, since (as we have seen) the 
quantities o-,, tr^ ts are not zero, the second line will ultimately (when li 
is sufficiently diminished) vanish in comparison with the first, and 
that, accordingly, the extension is the cardinal feature in all questions 
relating to the deformation of very thin curved shells. Without 
stopping to develop the consequences of this position, which appear 
to be in conflict not merely with popular notions on the subject, but 
with established dynamical principles, J it may be observed that, if the 
extensional strains (ci, Cj, xs) are comparable with those (^Sj, ^Sj, ^H) 
due to flexure, the sec«md (or flexural) part of W will be of the same 
order as the first ; moreover, it is conceivable that the extensions may 
be practically confined to so small a region that, when integrated 
over the whole area of the shell, the flexural part greatly prepon- 
derates. 

type. In the view taken by the writer, extensions are called into play (at first in 
the neighbourhood of the edge only, where the flexure is greatest) which ,lead to a 
greater kinetic and a smaller potential energy, for assigned values of Bt and B, 
respectively, than are given by the preceding formulflB, and iu this way the 
vibration -types and the frequencies become continuous with those proper to the 
complete sphere. It is known that in this latter case there are two distinct modes of 
vibration corresponding to any given spherical harmonic, and that one of these has 
a much lower frequency than the other. These appear to be the homologues of 
flexural and extensional modes, respectively, of a plane circular disk.] 

* There is another and more obvious reason, independent of the boundary con- 
ditions, why extensions should, as a rule, bo associated with the flexure of a curved 
shell (or bar). In statical questions the curvature itself may cause a normal force 
applied at one point to be transmitted (in part at least) as a tangential stress to 
another point, as, for example, in the case of a cylindrical shell (or a circular ring) 
bent by two equal and opposite forces applied at the ends of a diameter. In the case 
of free vibrations, a similar effect is produced by inertia : this is illustrated in \ 10, 
below. In most cases of interest, however, the extensional strains hence arising 
appearto be small in comparison with those referred to in the text. 

t The notation is that of this paper, and the meanings of S^, "t^^ n are slightly 
different hx)m those of the corresponding symbols in Mr. Love's formula; the 
argument is, however, not affected. 

t See Lord Riyle^gh, Vroc. Roy. Soe., Dec. 13, 1888. 
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In order to bring the matter to a test, in a definite instance, I have 
takea the case of a cylindrical plate (sach as a boiler plate) bent bj a 
proper application of force over its straight edt^es so that the strained 
form is one of revolution, the circular edges being free. The 
analytical work is very simple, and the physical meaning of the various 
terms which occur is easily recognised ; so that this part of the paper 
may be followed without difficulty by readers who may not care to 
occupy themselves with the somewhat intricate investigations which 
precede. In the interpretation of the results, a good deal turns on the 
ratio which the breadth of the plate (in the direction of the generating 
lines) bears to a mean proportional between the radius and the 
thickness. When this ratio is large, the bending forces may be 
practically replaced by equal and opposite con pies uniformly distri- 
buted over the two straight edges, and having these edges as axes. 
The strained form is almost accurately cylindrical ; near the edge 
we have extensions of the same order as the strains due to change of 
curvature, but they rapidly diminish (at the same time fluctuating in 
sign) as we pass inwards, and their contribution to the total enerery 
is unimportant. In such a case the approximate method employed by 
Lord Rayleigh, in which no account is taken of the conditions at a 
free edge, is fully justified. But if, keeping the radius and the 
thickness constant, we diminish the breadth until it is comparable 
with the mean proportional aforesaid, we get a sort of transitional 
stage between a plate and a bar which cannot ho satisfactorily dealt 
with except by the general equations. Finally, when the breadth is 
small compared with the mean proportional, the plate behaves like a 
curved bar, and an approximate treatment is again applicable. 

I. As in the former paper, we first consider a state of strain such 
that, any arbitrary deformation having been given to the middle 
surface, a line of particles originally normal to this surface remains 
straight and normal to it in the strained condition, whilst the elonga- 
tion in the direction of the normal is adjusted so as to give zero 
traction across any small area parallel to the middle surface. The 
work is, however, now more complicated on account of the more 
general chai'acter of the deformations of the middle surface which we 
have to consider. 

Let us take as temporary coordinate axes the tangents to the two 
lines of curvature, and the normal, at any point P of the middle 
surface in the unstrained condition. For simplicity of conception, 
wo may regai*d these axes as fixed, and imagine that, after the 
deformation, the surface is moved as a whole until the point P is 
brought back to the origin, and the tangent plane into coincidence 
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with the plane xy in such a position that the rotation of an element of 
area on the middle sarface at P is zero. Hence, if (£, i|, () and 
(f , V, C) be the coordinates, before and after the deformation, of any 
the same point Q of the middle snrface near P, we shall have 

where 0*1, 9, are the extensions parallel to Xy y, and «r is the shear in 
the tangent plane. Again, the shape of the middle snrface before 
snd after strain will be given by equations of the forma 

The deformation of the middle sui-face at P is completely specified 
by the six quantities c,, o-j, tar, A' —A, B'-^B, H\ It is evident that 
(to the first order) A'— A, B'—B are the changes in the values of the 
principal curvatures, whilst JET determines the change of direction 
(relative t6 the substance) of the lines of curvature. 

In some subsequent calculations wo shall require the value of C ii^ 
terms of £, 17. We find 

where A^ = ^'+2<r,J, H, = H'+^nr (A-hB), B, = ^+2^,5, 
squares and products of strains being neglected. 

The coordinates of a point of the substance at a distance z along 
the normal at Q were originally 

f di di 

x^l^z^, y = v-z-, z. 

In the state of strain above defined, these become 

where Cj, is the elongation in the direction of the normal. Hence, for 
the component displacements, we find 

P =. J«r| + a,,-s {WE-i- (B'-B) V +B qvri + „,v)] - {' e^dz . Br,, 

Jo 

y = j e^^dz. 

Jo 
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Tbese may be simplified by neglecting zA . or, in comparison with o^i, 
and so on. Since €„ is of the same order as the remaining strains, 
the last term in a and /3 may also be omitted for the same reason. 
Again^ in finding the strains parallel to the plane xy, we have to 
differentiate a, /3 with respect to x and y. Since, however, 

i = x/(l-zA), n = ylO--»B), 

we may, on the same grounds, differentiate with respect to f, ly instead. 
In this way we find, at points on the axis of z^ 

da ^ 

e«, = -^ 4" -— = tir — Hz,* 
" dri di 

where 2, = ^'- J, S, = B'-5, H = 2JBr. 

The approximations made above show that a certain latitude is 
admissible in the definition of the coeflBcients Si, Sj, n ; for example, 
we might with equal propriety write -4,, B,, H^ in place of A\ B", H\ 
This is to be borne in mind when comparing the values found for 
these coefficients in § 7, below, with the corresponding expressions in 
Mr. Love's memoir. 



Finally, we have 



e„ 



«f. 



dz dfi Jo dr\ 



where £ = 0, i| = 0. These strains may be neglected in comparison 
with the former, if (as we shall suppose) the variations of o^,, 9„ &c., 
from point to point of the middle surf ace, within distances comparable 
with A, are only small fractions of these functions themselves.f 

^ , - — 

* It may be noted that a small area parallel to the middle surfkce, at a distance z 
from it, undergoes a relative rotation above the normal, of amount 



1 /rfa_rfa\ 
*W4 d-n) 



\^{A-B)z. 



^ 



t This, with a like assumption in { 3, is merely provisional, and may be tested 
djfOtUriori in any particular application of the theory. 
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2. With a nsnal notafcion for the stresses and elastic constants^ 
we have 

Bj hypothesis, e^ is chosen so as to make p„ = ; substituting in the 
two former eqnations, we obtain 

where o^, = X/2 (X-f/u), is Poisson*s ratio. To these we must join 

We can hence calculate the potential energy W per unit area of the 
middle sarface. The energy per unit volume is 

To find TF we must integrate this with respect to z between the limits 
=fcA,* where h is the half- thickness. Substituting the values of e,„ 
e^, Bf^ from the preceding paragraph, we obtain 

Let us nezt find the resultant stresses across normal sections of the 
plate. Let P^ Pj^ be the components parallel to oj, y of the force- 
resultant of the stress per unit length (measured on the middle 
surface) of a normal section perpendicular to a;, whilst (?«^ 0,^ are 



♦ In strictness, we should multiply by (1 — «-4)(l -zB) before integrating ; but the 
error is unimportant. 
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the componentf of the resultant conple ; and let a similar notation be 
Died for a normal section perpendicnlar to y. We have 



a. 



0,= \\p„.d. = - 8.(X±|l.;,(2.+.2,). 

Moro aoourate expressions wonld be obtained by mnltiplying by 
(1— «2?) or by (1 — «il), before integration, according as the section 
oousidorod is perpendicular to a; or y \ bat the error is of the kind 
already neglected. 

3. The second state of strain which we shall consider is one in 
which, the middle surface being fixed, the displacements are every- 
where pamllel to it, and given (relative to the same axes as before) 
by the formulio 

whoro Pmi ^V ^^^ functions, as yet undetermined, of the position of 
tho |>oint P on the middle surface. We assume, provisionally, that 
thoir variations within distances of the order h are small in com- 
)uu*i(ion with tho values of the functions themselves. It is easily 
siH^n that 

but iht^ MOiUul terms ar« of the orders KA^ kB as compared with the 
t\r«t« and are therefore neglected. Hence 






1890.] Deformation of an Elastic Shell, 12 



17 



80 that tbe stress on each face of the shell vanishes. In virtue of the 
above assumption, the remaining strains are small in comparison with 
^m Cfz' It follows that the stresses on normal sections perpendicular 
to X and y reduce to forces 



I fie„dz and 1 fJie^dz, 



or P„, P^, respectively, per unit length of the sections. 

Although the point is not essential to the present argument, we 
may remark that, in the end, the strains e„, e^ appear to be, in general, 
small compared with those considered in the preceding section, so 
that the corresponding terms in the expression for the potential 
energy of the deformation may be neglected. The importance of 
these strains, in the present synthetic view of the subject, lies in the 
fact that they do not change sign with x, and that, consequently, the 
accompanying stresses, when integrated over the thickness, do not 
vanish as in the former case. 

4. The next step is to calculate the resultant force and couple due 
to the stress on the whole boundary of an element of the shell, in the 
compound strain which results from the superposition of the two 
states above described. This force and couple will balance the system 
of applied forces which, properly distributed throagh the element, 
would accurately maintain the strain in question. The equations of 
equilibrium are then obtained, in accordance with our fundamental 
principle, by expressing that this system is statically equivalent to 
the system of forces actually applied to the element. 

Let us take rectangular axes of x, y, z fixed anywhere in space, and 
let us regard the unstrained form of the middle surface as given by 
equations such as 

« = /i (i» *?)» 2/ = /a (i» »?)» « = /s (i» »y)i 

where £, r\ now denote the parameters of the lines of curvature. If 
we write 

^J Uiy/ \df)) \dfil ' 

the lengths of elements of the two systems of lines of curvature will 
be dljh^^ drj/h^, respectively. It may also be shown that the direction- 
cosines of the two lines of curvature, and of the tvoTTQL»X ^^ ^ -^'cKx^ 
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((-h(2£, Ti + dri) of the surface, relative to the lines of curvature and 
the normal at {t, fj), are 



1. 



-^'I©-*-^!;;©' 



-^W'^im 






1, 






di. 

1; 



l\^l 



respectively/where p„ p, are the principal radii of cnrvatnre, reckoned 
positive when the corresponding centres of cnrvatnre are on the posi- 
tive side of the normal. 

Let ns now consider the element of the plate marked out by 
normals drawn through the contour of the quasi-rectangular area on 
the middle surface bounded by the 
lines of curvature whose para- 
meters are £, i;, i + d{, ly+c??;; and 
let the components of the force 
and couple per unit length of the 
normal sections through the point 
(^, i|) be denoted, in analogy with 
our former notation, by P„, P,„ 
P„, <fec., (?„, G,,, Ac. 

Resolving parallel to the tan- 
gent at P ((, 17) to the line FQ in 
the figure, we obtain for the re- 
sultant stress in this direction 

The first two terms arise exactly as in the case of a rectangular 
element of a plane plate. The third term is found by taking the 
difference of the resolved parts of the stress P^ on the two extremi- 
ties of a strip such as that bounded by the dotted lines in the figure, 
and adding the results for all the strips obtained by varying 17 through 
the range dtj. The fourth term is obtained, in like manner, by dividing 
the quadrilateral into strips bounded by the lines £ = const. The last 
term is dno to the stress P,- on the section represented by QS. The 
components of P^, due to corresponding elements of PQ and BS^ 
cancel. If we denote by J, Y, Z the components of applied force 
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per unit area of the middle surface, parallel to the two lines of 
curvature and the normal, respectively, we obtain 

Similarly, resolving parallel to the tangent line to PE, we find 

i(i^")+i(i''-)-''-i(i)-'-f,(i) 

P Y 

• 

The resolution parallel to the normal gives 

In like manner, taking moments abont the tangents to PQ, PR, we find 

kii'-vux'-vo-m-'-UT;) 

-.ZrL + JL=0, 

where L, M are the impressed couples per unit area. The last two 
equations enable us to eliminate Pi^, P^, and, if we substitute the 
values of the remaining stresses given at the end of § 2, we are left 
with three equations involving the six quantities o-„ o-„ tir, Sj, 5j, n 
which express the deformation at any point P of the middle surface. 
In §§6, 7, we shall investigate the values of these quantities in terms 
of the three component displacements of P and of their differential 
coefficients. 

5. We proceed to the boundary conditions. Let X^, Yq, Z^ be the 
components, parallel to the two lines of curvature and the normal, of 
the applied force per unit length of the edge, and let L^ M^^ be 
the applied couples about the same lines, also reckoned per unitlonoj^V^. 

VOL. XXI. — mo. 378. k 



103 Prof. Horace Lamb on the [Jan. 9, 

Considering the equilibrium of a triangular element of which two 
sides are formed by lines of curvature, whilst the h jpothenuse is an 
element ds of the boundary, we find, resolving parallel to the tangent 
lines at P, 

„ cos ^ + P,j sm r = Xo, v'-^v. 

Pi \ ^ \^^ 

P^ 1 T> * ^ t S COS -cr \ X. 

^cos + P„ sm -h ^ = r \ X 

^* \ \ 
Here denotes the angle which the \ ^^.- \^ 

outwardly directed normal to the edge -''' \ 

makes with PQ, and 8 is the shearing 

force, normal to the middle surface, across any infinitely short line 

drawn inwards (in any direction) from the edge.* The last terms on 

the left-hand side are due to the components of this force at Q and B 

respectively. 

Next, taking moments about PQ, PB, 

(?„cos0-|-C5^,, sin0— iS COS0 = I/q, 

0^ sin + 6?!, cos 0— iS sin = M^. 
Finally, resolving normal to the middle surface, 

Pjc cos + P,r sin 0— — = Z^. 

The elimination of S leads to four boundary conditions similar to 
those of Mr. Lovef (pp. 519, 620). 

6. It remains to express the six quantities o-,, o-,, tor, !S„ S], n, which 
define the strain of the middle surface, in terms of the component 
displacements. With this view we construct a three-dimensional 
system of orthogonal curvilinear coordinates, in the manner explained 
by Mr. Love ; viz., the surfaces £ = const., rj = const, are the 
developables generated by the normals to the middle surface along 
the lines of curvature, and the surfaces ( = const, are the paraUeh to 
the middle surface, ( denoting the distance from the latter, measured 



* For fuller explanation, see § 5 of the former paper. The shearing force in 
question is there denoted by (. 

t Another (but equivalent) form of these conditions is obtained by considering a 
jvctADgulaT element, as in the case of a plaoe plate. 
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along a normal. The expression for the sqaare of a linear element in 
this system is 



where 



\ = (I)'- (IT- {%)'■ 



The curvilinear coordinates of a point P of the middle surface heing 
originallj (f, i;, 0), let this point receive small displacements u, v, w 
in the directions of the two lines of curvature, and of the normal, 
respectively. The coordinates of its new position F' will be (^+^t*, 
rj-^-h^v^ w). In like manner, the coordinates of a point Q on the 
middle surface, near P, will change from (J + f^, rf-^-drj^ 0) to 

Hence, if Q* be the new position of this point, the projections of P'Q' 
on the principal directions at P will bo 

(-i-+a.i-)((«-h(i.;iit*), ^-L + a l)(d^ + d.A,t;), dw, 

where i.h^^ denotes the change in the value of 1/^ as we pass from 
P to P', viz., 

and similarly for h . h^^. Hence, neglecting squares and products of 
14, v, M7, Ac., the above projections become 

A] ai 
dn ^ I d(h.v),r , i, dri\,, dfiy, d/'l\ 



-i'-Th' 



dw J, . dw J 

■di^^di^^"- 



K 2 
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The first two of these mast be eqniyalent to 

(l+<r,)f^+a«r+<-)f5, 

a«-«)^+(l + ,r,)^. 

where ta measures the rotation, relative to the substance, of the direc- 
tions {, i| as we pass from P to P'. Comparing, we find 

d(h,u) . -L f -L d . -, d . d\ 1 
i,du.yj^d(l\^^ w 



,dv,,,(i/l\ to 



hi dri h^ di ^ 

where we have put 

as is evident geometricallj.* 

7. To calculate 2„ Ss, n, we require the projection of P'Q' on the 

normal to the deformed surface at P correct to the second order of 

My drj. The direction-cosines of this normal, relative to the principal 

directions at P', are 

_T dw ^-k dw , 

for we verify at once, on reference to the values given above for the 
projections of P'C, that these are the direction-cosines of a line per- 
pendicular to P'Q', for all values of the ratio dljdfi, small quantities 
of the order of the square of the strain being, as usual, neglected. 

Now the direction-cosines of the principal directions at P, relative 
to the axes of a;, ^, z^ are 

l-i dx -, dy , dz\ I -l dx -l dy , dz\ fdx dy dz\ 

V'Jv 'tv 'dir K'^Tn' ^dir ''dr,r \Tv di' H'- 

* These formuleB agree exactly with those pven by Mr. Love, p. 606, if we take 
account of the different convention as to the sign of pn f>2* 
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respectively. Hence, if 22 be a point near P whose curvilinear coor- 
dinates are (£+i>£, rj-^Dri, JDC)^ the projections of PJB on the principal 
directions of P are, to the second order, 

«,|{|k+*«.|, 

with two similar expressions. In virtue of the various relations 

such as 

^ ^ dx /-. 

(^f dri 

di ae 2 di.\h\i h, (K\h,)' 

^di; di:" "''' 

c« diy« 2 di\h\l K ««V^/' 

^ (^ (Tar _ /s 



^ dx d^x __ 



— = — -- — /A^ = — 



5 ^ ^^ 

di diHi^ ' 



these reduce to 






A. 
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respectively. In order to deduce from these expressions the projec- 
tions of P'Q' on the principal directions at P', we mnst put 

D(, = d{+i(^u)-|-K (^u), 

J9C= dw +|(Pw;, 

and substitate for ^, A, the values ^ + ^^, ^H-^^, where 

Since the first two projections are afterwards to be multiplied by 
— hidw/dij —h^dw/drij respectively, we may omit in them all terms 
depending on «, v, tr, which comes to the same thing as writing c2{, 
dj|, for D{, Di;, DC, We finally obtain, for the required projection 
on the normal to the deformed surface at P', the value 



^ 2 [t^^ didn dn* ) 



+ JL^U 1+2^(1^) de+2^^dldv] 
ko, t \ di / dti ) 






Equating this to 

wbeire Aj, Hi, B^ have the same meanings as in § 2, we find 
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^'" p, "^ ^(if ■^''^ (if (« Ai di, dn 

^^'^^^didn^^'^Ti-di^^-Sd, 

h^p^ dfj h^p^ di 

Bemembering that, as shown in § 2, 

A' = A,'-2<r,A = A,-^~\ 

Pi 

F = B^-2a-^B = P,- ?^, 

Pj 

\ Pi Pj / 



and recalling the values of o-j, o-,, tar, given at the end of §6, we obtain, 
after a little redaction, 

2, = J. —A = A^ --^ +/ii -^ -77 "" 7 -r- T- 



(*'«l+^^|),Vt' 



' * dn* hf di di ^ dti dn 



+ 



(, d , i d \ 1 , io 
'^'^di-^'^'dnJ^-^yj 
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iTT rr r r <^^ i i. dlu dw , , dh» dw 

We have here made use of tbe obvions geometrical relations 

8. As a verification of these geometrical formulae we maj take the 
case of a sphere, writing 

hi = 1/a, ^, = 1/a sin 0, pj = p, = — a, 

where 0, ta are the colatitude and longitude, and the positive direction 
of the normal is ontwards. We find 

\ du . w 

0-1 = — ;^ H , 

a au d 

<r, = — :— - — +cot a 1 , 

asm a dia a a 

_ 1 du , \ . r. d I V \ 

asinOaiii a (i^xsm^/ 

5 1 CpW , 1 .ti^'^i'^ 

a' sm' ^ dw* a' (i^ a* 



in = ::T4 



C?M7 1 CO8 dw 



a* sin dddut a* sin' d dia ' 



* The quantities 2i, 33, n are related to Mr. Love's Xj, iC], iC| as follows : — 

/»i ft \pi ptJ 

The differences are practically unimportant, for the reason given in § 1. (There 
appears to be an error of transcription in the last terms of the expressions for — x^ 
and K] given by Mr. Love on p. 609 of his memoir. These terms should be 

respectively.} 
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We verif J that these quantities all vanish when 

u = G sin 0, v = 0, w =: — G cos 6, 

which represents a displacement of the shell as a whole parallel to 
the polar axis ; and again when 

r 

u = 0, V = G sin 0, i£; = 0, 

which corresponds to a rotation. As a farther test, let ns suppose 
that tt = 0, v = 0, whilst w = Sny a spherical harmonic of order n. 
We find, for the change in the sum of the principal cnrvatures, 

= --i-(«-l)(»+2)S., 
by the differential equation of S„. This is a known result.* 

9. Let us now consider more particularly the case of a cylindrical 
shell. The axis of x being coincident with that of the cylinder, we 
may write 

{ = », ?; = «, ^ = 1, //, = l/a, Pi = QO, p, =— a, 

where u> is the angular coordinate, and the positive direction of the 
normal is outwards. These give 

— ^ __ dv . w __ du .dv 

dx adw a adta dx 

'^ dx"* ' "" a'dw' '^ a'' ^ " adwdx ^ 2a« doi 2a dx'^ 

♦ The fonnulaB given by Mr. Love (p. 612) for the principal cuTvatures do not 

appear to verify in this case. [*' These formuIsB are known to be incorrect. There 

1 — 2<r 1 + 2<r 

are mistakes in the working. On p. 611, for E = 5-^, read E = — —--1, &c. ; and 

fw E^^^ 1±^ Xj, read Ef ^^ (1 +<r^)»(l +ir3) ^j ^^ rjr^^ ^^j^^ ^ right."— 
Note hy Eeferee.^ 

t We verify that these quantities all vanish when 

u ^ —Ca sin », v ^ Cx cos », w ^ Cx sin », 

which corresponds to a rotation of the shell as a whole about the diameter for which 
J? « 0, « « 0. 
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The equations of § 4 then become 

cLx dto 

ax du 

ax do} 

where (if for simplicity we suppose the impi*es8ed couples L, M to 
vanish) the shearing forces P^rj, P^f are given bj 

ar^ = a -3 h —3 — , 

CUE aca 



At a free edge coincident with a circular section we have ^ = or t^ 
60 that the boundary conditions of § 5 reduce to 

P=0 P— ~ = 

a 

G„-i8 = 0, G,. =0, 

10. As an application of these equations, we may investigate the 

two-dimensional vibrations of an infinitely long cylinder. In this case 

we have u = 0, and all differential coefficients with respect to x vanish, 

80 that 

iTi = 0, tir = 0, 2i = 0, n = 0, 

whilst «r, = i i^+w], 

a \au> I 

Hence P.. = 0, Q„ = Q^ = 0, and the equations farther reduce to 



(2<l> 

dP 



•C 



\ia 



-p^+ar= , 



1890.] Beformation of an Elastic Shell. 139 

where P^=-- ^^. 

a db> 

Assuming v ^ B sin sia^ w =^ C cos sta^ 

where a is integral, we find, by § 2, 

P_= 6A- (8B'\-G) cos ««, 
a 

P., = -2^ -! « («>- 1) Osin ««, 
a 

where ^ = 4 ^^"^^^^ 

3 AH-2/U • 

To form the equations of motion, we write 

where f> is the density. Assuming that all our functions vary as e*'*y 
and putting 

p^payA = 0", 

we get 



-.3«J5+ J/3«-3-«» (^'-l)^! 0= 0, 



whence 



(/S'-S*") (/3'-3-«'(«'-l)^| —V (3+(«'-l) ^ J = 0. 

Since h/a is small, the two roots of this quadratic in jS* are 

i3« = 3(^+1), 

and ^^^y-l)>/^ 

approximately. These are both known results. The modes of 
vibration corresponding to the former root belong to the class of 
cases to which special attention has been paid by Mr. Love, where 
the dominant feature is the extension of the middle surface, and the 
frequency is, accordingly, independent of the thickness. They can of 
course be investigated by a much simpler analyaia^ it '^^ t^^w^^DasR^ 
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this peculiarity from tlie outset. The second root belongs to the 
well-known flexural vibrations of a cylinder,* and gives a frequency 
proportional to the thickness. With this value of /3' we find 



G S ^'H-l a«' 



whence o-, = — i- — --^ — . — cos ««, 

3 s*-\-l or a 

where G is the maximum amplitude in the direction of the normal. 
This is of the order h/a as compared with the maximum strain (h^t) 
due to the flexure. 

11. The full discussion (from our present standpoint) of the free 
vibrations of an open cylinder oi finite length would lead to some very 
long equations. The efEect of a free edgef may, however, be sufficiently 
illustrated by the following statical problem, which admits of very 
simple treatment. 

Consider a shell in the form of a portion of a cylinder bounded by 
two generators and two circular arcs (for example, a boiler plate), and 
let us suppose that forces are applied to the straight edges so that the 
strained form shall still be a surface of revolution, the curved edges 
being free. Under these circumstances, u and w will be functions of 
X only, whilst 

V = (7w, 

this being the only form which makes tor = 0, and cr^ independent 
of 01. Hence 

du G-hw ri 

(Ti = 3-» 0-3= , «• = u, 

dx a 



These make 



S -^ S - *^ n -0 



P,- = 0, G„ = 0, G^ = 0, 



and thence p = ??^, P.c = 0. 

dx 



* Rayleigh, Sound, § 233. 

t The roader who is interested in this point, hut is not attracted hy the general 
investigations of §§ 1-7, may easily construct for himself elementary proofs of the 
formulsB for the pisirticular case considered in this section. 
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The general equations of § 9 then reduce to 



ax 
-P^ = 0, 



dPr. 



dx 
and the conditions at the circular edges (a; = db Z) to 

P«=0, GJ,. = 0, P« = 0. 
It appears that P„ = everywhere, and therefore 

OTi-f-oror, = 0. 

Using this to simplify the expression for P^ the second general 
equation becomes 

The solution of this is 

provided m*H-crm' + 3 (l-cr*) ^ = 0. 

h 

Since a/h is large, the roots of this are 

m = ± (l:ki)q, 



approximately, where 



^=^(i-o».f. 



Hence, retaining only even functions of a;, 

w = -(7H-Acosh2^cos 2?-|-l>,8inh^sin25. 

a a a a 

We have still to satisfy the boundary conditions 

da; V (ia;* a* / 

On account of the greatness of q, the second terms in these may be 
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replaced by —a-O/a*, and zero, respectively. We find 

-2D, Binb 2^ sin 2^ 4- 2D, cosh ^ cos 2? = ^, 
a a a a <f 



— Dj f cosh -2- sin 2- -f. sinh -2- cos -2- ) 
\ a a a a I 



+ D, ( sinh 2_cog .2 cosh 2_ sin -2- j = 0, 

\ a a a a I 



whence 



sinh -2 - cos -2 — cosh -2- sin -2- 

Ti (r(7 a a a a 
D =: ___ , — — , 

5 . , 2gZ ^ . 2oZ 

smh -L -^ gin -x. 

a a 

cosh 2_ sin ^ + sinh ^ cos -2- 
j^ ffCf a a a a 

'""?*' . , 2(7Z ^ . 2gZ 

sinh -^ + sm -^ 

a a 

This constitntes the complete solution of our problem.* 

It appears that the deviation of the strained surface from the 
cylindrical form given by ti? = — is, at most, of the order A/a ; but 
that the extension a„ = (m?-|- (7)/a, may in the neighbourhood of the 
edge become of the same oi*der as the maximum strain (ASj, = ~ AO/a', 
approximately), due to the flexure. Something here turns on the 
value of qlja^ i.e., on the ratio which the breadth of the plate bears 
to the mean proportional between the radius and the thickness. Let 
us first suppose this ratio to be large. We then have 

q^ \ a a / 

D, = ?:f e-«'/-(co8 2?+sin2-^). 
g' \ a a / 

These are very small compared with 0, and may be neglected except 
near the edges, where they are (in the values of w, <fcc.) multiplied by 
the large factors cosh qx/a, sinh qx/a. Near the edge a; = Z we have. 



* Exactly the same result follows from Mr. Love's forms of the fondamental 
equations. 
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for example, 

The deviation from the cylindrical form has for its maximum value 



-v/3.(l-0*" a 

and becomes insensible at a distance from the edge comparable with 
the mean proportional aforesaid. Since 

<r, = (C-bw)/a, cTi = — cTff,, 

the preceding formula also gives the amount and the distribution of 
the extensions tr^, er,. Since these are, at the circular edges, of the 
same order as ^2i, /tS,, it becomes of interest to compare the two parts 
of the potential energy which depend on the extension and the flexure, 
respectively. If, as before, we write 

3 \-h2/i ' 
the former part of the energy is, per unit length of the circular section, 

= SAh I _^ (<rj-|-2crcricr, + crj) dx 

= 3ii(i-0 A r (to-hCydx. 

a J -I 
Substituting the above approximate value of w, we obtain 

SAa' (l-o*) ^^. re-^*('-')/-cos» (q ^^^ + ^] dx, 

q*a J \ a 4 / 

where the integration now extends over the short distance from the 
edge x'=l within which the exponential factor differs sensibly from 
zero. The result is 

M.r'(l-<r')g. 
The flezural part of the energy is 

^A'P (2j+2<r5,S,+5;)<i». 

The most important term in this is obtained by putting 

5, = -C/a', S, = 0, 
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and is 2 — r— I. 

a* 

The ratio of the former part of the energy to the latter is of the order 
\/(a/*)/i, which is, by hypothesis, small. This tends, I think, to remove 
the difficulty raised by Mr. Love, by showing that, although the 
presence of a free edge does in fact give rise to extensional strains 
comparable with those due to the flezare, the area to which they are 
practically confined is relatively so small that their contribution to 
the total energy is insignificant. 

The distribution of applied force over the straight edges of the plate 
is somewhat artificial, but it may without sensible eiTor be replaced 
by a much simpler one. It consists of a couple having the edge as 
axis, given by 

a^ = 2Ah* (2, + cr20 = 2^^| (tr + ira« g), 
and of a tension perpendicular to the edge, of amount 

P^ = 6Ah (ff^ + aa,) = 6A (l-cr«) JL(O-hw). 

a 

Making use of the approximate formula for w, we find that near the 
-edge a; = Z, 

0^=2A^^0^ -1+ y2a«e-*<'-)/-sin (^qtz^ + ^^^^ 

P_ =3^/2 Jir(l-cr«) ^ e-'^'-'^^-cos f g ^ + -£ V 

q^a \ a 4/ 

The deviations of 0^ from uniformity, and of P^ from zero, are con- 
fined to a short distance from the comer. The integral of P^ over 
this distance is readily found to be zero, as might have been foreseen 
from the fact that the plate as a whole would not otherwise be in 
equilibrium. The integral of the variable part of O^x is of the order 
*y{aK)ll^ as compared with that of the constant part taken over the 
whole length of the edge. The theory of "local perturbations,"* 
therefore, warrants us in asserting that, if the tension and the non- 
uniform part of the couple be suppressed, no appreciable change will 
take place except in the immediate neighbourhood of the comers. 
Hence, subject to this qualification, we have solved the problem of 
the flexure of a cylindrical plate by a pair of equal and opposite 
couples applied uniformly over the straight edges. 

* The term is adopted from Boussinesq, who has treated this subject very folly. 
See his '* Application des Potentiels k Pfltude de TEquilibre et du Mouvement det 
Solides Elastiques," Paris, 1885. 
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When, on the other hand, v^(aA) is comparable with Z, we must 
have recourse to the more accurate values of Dj, D,. The value of or^ 
at the circular edges is found to be 

a-U a a 



sinh 

a a 



'^i''^ siBh'^^+Bin^^ 



As Hs diminished, this tends ultimately to the value a-CP/Sa\ which 
is of the order P/ah compared with the maximum strain due to flexure. 
The flexural rigidity of the shell — t.e., the ratio of the bending couple 
to the change of curvature — is 



r 0.,dx/(--G/a'):=z4L±hH 



cosh -^ — cos -^ 



or*a a a 



2* sinh 22^+ sin 22^ 
a a J 



When ql/a is small, this reduces to 

which is, in fact, the flexural rigidity of a bar whose section is a rect- 
angle of breadth 21 and depth 2h, since 

il(l-.<r*)=i^. 
where E is Young's modulus. 

[^o^e added Feb. 15, 1890. — The paper as read contained (in the 
form of an Appendix) an investigation, based on the general 
equations of elasticity, of the uniform flexure of an infinitely long 
cylindrical plate of finite thickness. This is now withdrawn, the 
problem in question having been solved in a paper by Lord Rayleigh,* 
which has since appeared. The n^ost important result is the calcula- 
tion of the stress across any element of area parallel to the middle 
surface. When the ratio h/a is small, this was found to be 

^''"" ^ \-\-2fA • a "IT' 
approximately ,t where a-\'Bf^ is the radius of the middle surface in 



* Proeeedingsj Jnne 13, 1889, p. 372. 

t Cf. equationB (63) and (57) of the paper referred to, 

VOL, XXI. — NO. 379. L 
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the siouined state. This formnla may be obtained more simplj, if we 
accept the state of strain described in § 1, above, as a first approxi- 
mation. Using polar coordinates r, B, we have 

Writing r =^ a+z, j?m = Kz/a^ integrating, and expressing that p„ 
vanishes for ii; = d= A, we obtain 

•or, to the second order of h/a, 

wbicb is the result in question, since, on reference to p. 125, above, 
we find 

The first part of Lord Rajleigh's paper* contains, for a particular 
ease, an examination of the effects of difEerent modes of application 
■of the same force (as estimated per unit area of the middle sur&use) 
to an infinitely long cylindrical shell. It appears* that the resulting 
variations in the potential energy are of the order Vjcf as com- 
pared with the total amount. This may be regarded as a confir- 
mation, to a certain extent, of the fundamental assumption of this 
paper.] 



* Equation (40). A somewhat Bimilar investigatioii for the case of a plane plate 
is given in the Proceedings, Dec. 12, 1889, pp. 86~9Q. 
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On the Relation between the Logical Theory of Classes and the 
Oeometrical Theory of Points. By A. B. Kehpb, M.A., F.B.S. 

IRead Jun. 9th, 1890.] 

Introductobt. 
Scope of the Paper. 

1. In mj " Memoir on the Theory of Mathematical Form " (PAtl. 
Trans., Vol. glxxvii., p. 1), and the Note thereon (Proc. Boy. 8oc., 
Vol. XLii., p. 193), I ennnciated the principle that, so far as the pro- 
cesses of exact thought are concerned, the properties of any snbject- 
matter depend solely on the fact that it possesses '' form" — i.e., that it 
consists of a number of entities, certain individuals, pairs, triads, &o. 
of which are exactly like each other in all their relations, and certain 
not ; these like and unlike individuals, pairs, triads, &o. being dis- 
tributed through the whole system of entities in a definite way. In 
the present paper, which is complete in itself, I first consider and 
fully discuss the properties of a special system of entities, here called 
the base system, the form of which is fully determined by laws which 
define the mode of distribution of certain like and unlike triads of its 
component entities — t.e., laws that specify which triads are like and 
which unlike. I then show that this system is precisely that which 
is under consideration by the logician, when discussing classes and 
their mutual relations. I further show that certain entities of the 
base system, selected in accordance with a simple law, compose a 
system which is precisely that which is under consideration by the 
geometrician when discussing points and their mutual relations. I 
have, in addition, inserted some paragraphs showing that the base 
system is also that which is under consideration by the logician when 
dealing with statements and their mutual relations ; and have at the 
end of the paper pointed out that the results obtained suggest an 
important extension of the ordinary geometrical theory of points. 

I should state that, though I have in the Memoir before- 
mentioned defined the form of the system composed by classes, 
that definition is not of so complete and satisfactory a character 
as the one now given, which, like the rest of the paper, is, I 

believe, entirely new. 

L 2 
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The Base STSTEif . 
Definiiion. 

2. I consider a system of an infinite number of entities a, b, c, d, ... 
which are all exactly alike, — are undistinguished from each other, so 
that whatever relation one of them a bears to any collection of them 
p, q, r, 8, ..., that relation is borne by any other of them 6 to some 
collection of them m, v, w, x, ... which is nndistingaished from 

Pi g^ ^9 ^f •" ' 

3. Each entity a is accompanied by an infinite number of equivalent 
entities ; t.e., entities which are snch that, whatever relation one of 
them bears to any collection of entities of the system pt q,r^ s, ..., that 
relation is borne by each of the others to the same collection 
jj, g, r, ^, ... . The equivalent entities may be represented by like 
letters a, a, a, ,., ; or we may represent them by different letters and 
denote their equivalence by an equation, thus : a = &. 

4. Triads of the entities a,h,c, ... are of two sorts, which I shall 
term, respectively, linear and non-Unear. Except in one case to which 
I will presently refer, linear triads are unsymmetrical, each consisting 
of two entities, which I will call the even members of the triad, and 
one whiph I will call the odd member. I shall represent the linear 
triad, of which a and h are the even members and c is the odd member^ 
by the symbol ab'C. I shall also use the expression " we have ah-c " 
as a convenient abbreviation for " a, b, c compose a linear triad in 
which a and b are the even members and c the odd member," and 
similar shortened expressions will be used in other cases which will 
explain themselves. The exception to the general rale that linear 
triads are unsymmetrical occurs in the case in which the two even 
members are equivalent, in which case (see § 5, Law III.) all three 
members of the triad are eqnivalent, and therefore the triad is 
symmetrical. 

5. The distribution of the linear triads through the system is defined 
by the following laws : — 

Law L — If we have ap'h and cp*(f, q exists such that we have ad-q 
and bcq. 

Law IL — If we have <ib'p and cp'd, q exists such that we have 
aj^'d and beg. 
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Law in. — If we have ah-c^ and a = 6, then c=^a=^b. 

Law IV. — If a = 6, then we have ac-b and hca^ whatever entity of 
the system c may be. 

6. To these laws shonld be added, for the complete definition of the 
system, the following law of continuity : — 

Law V, — No entity is absent from the system which can consistently 
be present. 

Thus it is consistent with the laws of § 5 that there should be 
entities making linear triads with any two given entities of the 
system ; that, if a, 5, c are any three entities of the system, there 
shoald be an entity x snch that we have ah'X^ hex, and ca'X ; and so 
on. All these entities are to be supposed to be contained in the 
system, and are not arbitrarily to be supposed to be absent. 

The system is now fully defined. I proceed to consider its pro- 
perties 

Elementary Properties. 

7. If we have ac-b and hca, then a = &. For, since we have ac'h 
and hca, by Law I. q exists snch that we have aa-q and bh'q. And, 
since we have aa>'q and bh-q, by Law III. a = g and 6 = 9, and there- 
fore a = &. 

8. If we have ab'C and bed, we also have ab'd and ad-c. For, since 
we have ab'C and bed, by Law II. q exists such that we have aq'd and 
bb-q. And, since we have bb'q, by Law III. we have b =^q, and there- 
fore we have ab'd. 

Again, since we have db-c and bed, by Law L r exists such that we 
have ad'T and cer. And, since we have cer, by Law HI. we have 
c = r, and therefore we have ad'C. 

9. If we have db'C, ah-d, and cd-e, we have ab-e. For, since we have 
ab'C and cd'e, by Law II. p exists such that we have ap'e and bd'p. 
Also, since we have bdp and ab'd, by § 8 we have ab'p. Thus, since 
we have ap-e and ab'p, by § 8 we have ab'e, 

10. If we have ab-d, ace, and de-b, we have cd'b. For, since we 
have ab'd and aee, v exists such that we have bev and cd'v (Law I.). 
Also, since we have be-v and de'b, we have dvb (§ 8). Therefore, since 
we have dvb and cd-v, we have cd'b (§ 8). 

11. If we have ab'd, aed, and bee, we have ae*d. 'Sorc^ %\s^^^ ^^ 



r^ J)/ ab. C , ttvi^ V>a ,^ 
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have ac'd and bc-e, w exists snch that we have ae*ir and hd-w (Law I.). 
Also, since we have hd-w and ah'd^ we have cwf-d (§8). Therefore, 
since we have awd and oe-ti^, we have ae'd (§8). 



Symmetrical Resultcmts. 
12. If we have the six linear triads /ah'x\ and fah-y\y then as = y. 



(a5-aj\ and /ah-yV, 
hc'X J ( bey J 
oa'x/ \ca-y/ 



For we have /ab-xV, and therefore byx (§ 11), 

\acy/ 
And we have /a5*y\, and therefore 6a;-y (§ 11), 



\ac'x/ 



Thus we have /&y*a;\, and therefore « = y (§ 7). 

\bx^) 

13. It follows from this that x bears an nniqne relation to the triad 
a, &, 6, It may therefore be represented by [abe'], where 

lobe'] =s [acb'\ = [6ca] = [6ac] = [ca5] = [c5a]. 
I shall call [^abc] the fymme^ricaZ resultant of a, 6, c*. 

14. We have {^cuui] = a. For, if a; = [ooe], we have aa'x, and 
therefore a; = a (Law III.). 

15. If [a5c] = a, we have bca ; and if we have bca, we have 
[aba'] = o. For, if [a6c] = a, we have bca by the definition of {abc'\ ; 
and if we have bca, since we also have ab'a and aca (Law IV.), we 
have laho'] = a. 

16. We have [ab [cde] ] = [ [a6c] [a6d] e] . 

Let [cde] = h, [ahh'] = », [a6c] = A?, [ofcdT] = ?, [kle] = y. 
Then we have 

/cd'h\, /ah-x\j /ab'h\^ /ab'l\, /^l'y\ ; 

Ide-hj ( 6A-aj ) ( bck ) ( bd-l ) ( Z^y 

\ec'h/ \ha'X/ \ca'hj \da'l/ Keky, 

And I have to ahow that ;6 = y. 
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We have /ch'k\ and therefore also cx'le (§ 11). 
ca-h 



i» f} «•» ^ >f 



We have /db'l\^ „ „ dx'l 

dal 
ah'x, 

We have /hh'x\, „ „ hJe-x „ 

( ha-x 

We have /hh'x\^ „ „ JU'X „ 

We have /cx'k\ „ „ ^x (§ 10). 

We have /o^b-I \, „ „ elx „ 

We have /cx-h\ „ „ <IAp-» „ 

cd'h 
hk-x, 

Wehave /d^»\, „ „ W-«(§8). 

ydx^i ) 

We have therefore /kl'x\; and we also have /kl'y\. 



(kl-x\ ; and we also have /kl'y\ 
Ux fe-y ) 

ek-x/ \ek*y/ 



Hence x:=zy (§12). 



17. We have 

[ah [cde]] = [[a6c][ati][o6e]]. 
For [ab [cde'] ] = [c [ahe]lahd] ] (§ 16) 

==^\[ca [ahe] ] [ch [a5e] ] d\ 

= [ [ [coal [ca«] & ] [ [cZ>&] [c6e] a] i] 

= [[leas'] ah] [[chelah] i] (§ U) 

= [[[co&][ea5] a] [ [ca6][eo6] 6] d] (§ 16) 
= [[cab][eabiyab'\\ 
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18. We have 

[ab lacd']] = [ad [ahc]] = [ac [ahd]]. 

For [ah [acd] ] = [ [aha] [abc] d] (§ 16) 

= [a [abc-] d] (§ 14) 

^[[aad]lahd]c] (§16) 

= [a [abd] c] (§ 14). 

19. We have [ah [ahc']'] = lahc]. 

For [ah [ahc']] = [[aha']labb] c] (§ 16) 

= [o6c] (§ 14). 

Unsymmetrical Resultants. 

20. If we have /ah"m\ and /ab-n\^ then m = n. 

cm' a j f cn-a 

,cm'h/ \ cn-b, 

Fop we have /mc'a\, and therefore also wic-n (§9). 

( mc'b 
\ab'n 

And we have /nca \, „ „ nc-m 

nc'b 
,db'm^ 

Thus we have /nc'm\^ „ „ m = n (§7). 



/nc'm\ 
\tnc'n) 



21. It follows from this that m bears an nniqae relation to the 
triad a, &, c. It may therefore be represented by {ah, c}, where 
{abf c} = {ha^ c}, I shall call {a5, c} the unsymmetrical resultant of 
a, 6, c. 

22. We have {oa, 5} = a. For, if {oa, &}= m, we have aa'm, and 
thus m = a (Law III.). 

23. We have {a5, a] = 6. For, if {ah, a} = n, we have /nahX 
and thus n = 6 (§ 7). \<^'n) 

24. If we have {ah, c}= a, we have ac'& ; and if we have ach, we 
hBve jab, c} = a. For, if {a&, c} s a, we have ca*&,b7 the definition 
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of {ah, c}. And if we have ac-h, since we also have /ac'a\ (Law 
IV.), we have {ah, c} = a. \ab'aj 

25. If {ah, c} = c, then a = b =^ c. For, if {ab, c} = c, we have 

(cc'a\, and thns c=^a and c =2> (Law III.). 

26. Corresponding theorems to those given in §§16-19 conld be 
proved with regard to nnsjmmetrical resultants, and also with regard 
to expressions saoh as [a&jccZe}] involving both symmetrical and 
nnsjmmetrical resultants. It is not, however, necessary to consider 
these, as it will presently be shown that unsymmetrical resultants can 
be expressed as symmetrical ones, and thus we need only consider 
formulaB relating to the latter. But, in order to arrive at this result, 
it is necessary to prove the formula of the next section. 



^ah'p\, /^wj*3\> fjp<^"i'^\ /9^'**\ 

pz-a \ ( qz'a 1 ( wa'p ) ( n«*g J 

,vz-h J Xqs^'c/ \mz'c/ \nz'h/ 



27. We have {{ab, z} c, z] = [{ac, z} 6, z]. 

For let {ah, z} = p, {ax^, z} c=s q, {pc, z} = m, {qh, z} = n. 

Then we have /ah'p\, /^wj*3\> /P<^"'^\f /9p'*^\ J 

pz-a ] I qz' 

^pzh / \qz' 

and I have to prove that m = n. 

Since we have fpz-b \, we also have mz-h and mb'p (§ 8). 

\mz'p) 

/l'«'o\, n „ ww-a (§8). 

\7nz'p) 



9, }) 



»> '» 



9} f, 



»» »l 



»» » 



»» >f 



/zqa \, „ „ maq (§ 10). 

I zm-c 

\ac'q, 

/mz'a\, „ „ mzq (§ 8). 

Xma-q) 

/ha'p\, „ „ bq-p (§11). 

I bm'p j 

\ma'q/ 

'zm'p\, „ „ pqm (§ 10). 

zq-c 
^pc'm 

(H'P\j .» ,» '^r^ (§8). 

'Xpq'tnl • 
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TbuBf sisee we lmT» /f ^\ *b^ /9^'*^V ^"^ ^^® *^ = * (§ ^)- 



/gHi\ mod /5H»Y 



28. It foUowfl immeduUelj that we hare 

{{oft, t]c»]zs ({«?, «} 6, r} =: ^{fc, r} a, »), 

and tlnui the estitj represented hj each expression is STmmetricaDj 

related to a, h^ and c. We maj therefore r e p r esent it hj the symbol 

{ahCf g] f where the order of the letters a, (, c is immateriaL Further- 

moref we niajr write 

{{abe, g] d, g] = [abed, «}, 

where the order of the foar letters a, 6, c, d is immaterial; and 
generally the expression {abed ... fqrtt^ z] will represent an entity of 
the system which is symmetrically related to a, 6, c, d, ••• p, g, f 1 1, ^ ; 
and we hare 

{{cibcd ... pqti^ g) t^ z} s {a5cd ...pgr#f,«]. 

Obi;er«0«. 

29. If the collection of entities a, 6, e, d, ...p^ g, r, 9, ^ comprises aU 
the entities of the system, then {ahcd ... pqrst^ z] will be an entity of 
the system which I shall denote by the symbol /. 

80. We have gi^'a whatever entity of the system a may be. For, 
let P denote the collection consisting of all the entities of the system 
except a. Then we have 

and therefore we have is^'a, by the definition of an nnsymmetrical 
resultant. 

81. If H be snoh that we have gu-a whatever entity of the system a 
may be, then u a »\ For we have ii'*ii (§ 30) ; and, since we have 
sii*a whatever entity of the system a may be, we have eu-z'. Tbns» 
since we have /if'^uN, we have u as s' (§ 7). 

\saV/ 

92. We have (0')'=: o. 

For we have /mV\ (§80), and therefore a's {is', a} (§ 21). 






A\m^ we have /U'a\ (§ 90)^ and therefore a = {ks\ a]. 



I ea'« I 
\ea'«7 
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Hence (a)'= {mz\ a'} = a. I shall call a' an obverse of a. If a is an* 
obverse of 5, & is an obverse of a. For, if a = &^ then a =s (V)* = b. 

33. We cannot regard an entity a of the system and its obverse a 
as equivalent without regarding all the entities of the system as 
equivalent. For we have aa'X whatever entity of the system x may 
be (§ 30). Hence, if a = a\ we have a = a'= x (Law III.), and thus 
every entity of the system is equivalent to a. If we assume that all 
the entities of the system are not equivalent, as we must if it is to 
have any properties at all, we may say that obverses are such aa 
cannot be regarded as equivalent. 

34. If we have ab'c\ since we also have bV-a (§ 30), 
we have 6V-a, 

and therefore also acb\ 
and afr'-c, 

and bc^a', 

and a'c'b. 



Easpression of Unsymmetrical Resultants as Symmetrical Resultants^ 

35. If as = {a5, c}, we have ZabxX (§§ 20, 21), and therefore we 

( cx'b ) 
Xex-a/ 

have also ^ah'x\ (§ 34), and therefore x = [abif] (§§ 12, 13). 
bc-x I 
,ac''x/ 

Hence {a6, c} = Idbc'"]. It is unnecessary, therefore, to have any 
special symbol for un symmetrical resultants, as they can be expressed 
as symmetrical ones. 



Symmetrical Resultants and Obverses. 

36. We have [aha'] = {ab, a} = 6 (§ 23). 

37. If a? = [a6c]', we have x' = [dbc] (§ 32), and therefore we hava 
'a6a;'\ (§§ 12, 13), and therefore also /a'6'aj\ (§34), and thua 
bc-x'] (by;x] 
ca-x / \ca'X/ 

X = [aVc'}. Hence [abcj = [a6c']. 
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Expression of Symmetrical Besultajits as TJnsymmstrical 

Resultants. 

38. We have ^ahc'l = {ab, c} (§ 35), and thns [a&e] is represented 
as an unsTmmetrical resultant {a&, c} ; bnt we may also represent it 
as an nnsymmetrical resultant without the introduction of obverses. 

For [abc] = [[aha'\lahb'] c] (§ 36) 

= [ah [arc-]] (§16) 

= [ab[abcT] (§37) 

= {ab,{ab,c}], 

a symbol which has no reference to obverses. It will, however, in 
general be more convenient and simple to adopt the reverse process, 
and represent unsjmmetrical resultants as symmetrical ones ; so that 
we have to deal with symmetrical resultants only. 

Algebraical Treatment, 

39. Suppose now that we consider symmetrical resultants of triads 
of entities of the system which are such that one member of each 
triad is always the entity 2, which I shall accordingly call ** the con- 
stant z,*' We may here regard each resultant as a function of the two 
remaining members of the triad of which it is the resultant ; e,g,, we 
may regard the resultant [abz] as a function of the two entities a, b ; 
and thus to every two entities of the system there will correspond a 
definite third entity, and we shall have what I have termed in the 
before-mentioned Memoir (sec. 292) a primitive algebra. 

40. Let, then, the resultant [abz"} be written simply as ab, and be 
•called the product of a and b. Here, since 

Izaby^lzba] (§13), 

we have ab = &a, 

.and the primitive algebra is commutcUive. Also, since 

[[a6«] cz] = [iacz'] bz] = [[bcz] az] (§ 18), 

we have (ah) c = (ac) b = (6c) a, 

Mnd the algebra is cusociative. 
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We have also aa = [aaz] = a (§ 14), 

and az = [a«2f] = z (§ 14). 

41. We may, if we please, use the symbol in lien of z, since z is 
snch that az = z whatever entity of the system a may be ; but it 
mnst be borne in mind that the entity 0, though an exceptional one 
as regards the algebra under consideration, because it is the constant 
of such algebra, does not differ in any respect from the other entities 
of the system, each of which may be taken as the constant of a 
precisely similar primitive algebra. 

42. Taking now z' as the constant in lieu of z, let us write 

[a6/]=a+6, 

and call it the sum of the entities a, b. This second primitive algebra 
is commutative and associative just as the first was, and we have also 

a + a^sia, a+/ = z\ 

43. We may use the symbol oo in lieu of z\ since a+z' =z f 
whatever entity of the system a may be ; but the remarks made in 
§ 41 are, of course, equally applicable here. It will also be shown, in 
§ 46, that the symbol oo is open to objection, and that it is better to 
use (/. 

44. Considering now the compound algebra obtained by combining 
the two primitive algebras, we have 

o (6 + c) = [as [bc^l ] = [ [(w6] [a^w] «'] (§ 16) 

= ah-\-ac\ 

so that here multiplication is distributive as regards addition, as in the- 
case of the ordinary algebra of quantity. We also have 

a+bc=[az [bcz] ] = [ [a/*] [az^c] z] (§ 16) 

= (a+6)(a+c); 

so that here addition is distributive as regards multiplication, whicK 
is, of course, not the case with the ordinary algebra of quantity. 

45. We have a4-« = [azz'] = a (§ 36), 
and az' = [azz'^ = o (§ 36). 
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46. The identity a+z = a is consistent with the employment of 
in lieu of e ; bat the employment of oo in lien of / is not consistent 
with the identity az'= a. It wonld be consistent with a/= a to 
employ the symbol 1 in lieu of / ; but this would not be consistent 
with the identity a+/= /. It would seem better, therefore, if we 
employ in lien of z, to employ the unexceptionable symbol 0' in lieu 
of /, rather than oo or 1. 

47. We have ah+a = [[a6«] a»'] = [[aa«r|[«i«'] h] (§ 16) 

= [a^] (§§ 14, 86) 

= a (§ 14). 

Similarly, we have 

(a+b) a = aa+db = a+ab = a. 

48. We have (oi)' = [o6«]' = [a'6'*'], (§37), =o'+6'; 
and (0+6)'= [o6«7= ia'b'z], (§ 37), = ab'-, 



and generally 


(a6od...)' = a +y+c +(?+...; 


and 


(a+b+c+d ...y =: aVed:.... 


49. We have 


a+a' = laa'z"] = z (§36), 


and 


aa' = [oa'js] = z „ 


Observe here that, if we have 




a+aj= !^ 


And 


ax=:Zf 


then 


z=^a. 


For, since 


aj4-a = /, 


we have 


(x+ay = z (§32), 


i.e.. 


xa' = z (§48). 


Now X = 


««' (§ 45) = a? (a-^a') = aja+jca' = «+aja' 




/ / a / 




= («'+«) a' 




= «V 




= a' (§45). 
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Algebraical Expression of Resultants, 
60. [ofcc] = [ah [z'zc]] (§ 3C) s [lah/]ldbz'] c] (§ 16) 
= \[ah [zz'z'] ] [z/ [abz-] ] c] (§ 36) 

= r[[a6a][a5/] /] [«»'[a6i?]] c] (§ 16) 

= [[aftjs'] c«] \_(ibz'] z „ 

= (a + 6)c4-a6 

= ac+6c+a6 

= (a-h6)(6 + c)(c+o). 

Observe here the perfect symmetry of the resnlt as regards the two 
primitive algebras of addition and multiplication. Also observe that 
the expressions ac-^-hc-Vab and (a + c) ( 6 + c) (a + 6) , though expressed 
by means of the constants z^ z\ are each equal to [a5c], and are there- 
fore entirely independent of z and z\ being f auctions of a, &, and e only. 

51. Since {ah, c} = [aftc'] (§ 35), 
we have {a6, c} = ah+ac-^-hc, 

52. We have seen (§ 25) that, if [ab^c] ^ c, then 

a^::^}) ^ c. 

Thus, if a6-faz'4-6« =«, 

i.e., if a6+a-f6=ip(§ 45), 

.i.e., if a + 6=« (§47), 

then a^ h =i z. 

Hence, generally, if the sum of any number of entities of the system 
= z, each = z. Similarly, it may be shown that, if the product of any 
number of entities of the system = /, each of them = z\ 

To express algebraically that we ha/ve ah-e, 

53. The condition that we have ah-c is 

labc-]=c (§15). 
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If {_abc] = c, then [^ahc] c =icc ^ z (§ 49), 
i.e., (a6 + 6c 4- ca) c =• z. 

I.e., dbc + hce + cca = «, 

t.e., a6c'+&2+a2?= 2 (§49), 

I.e., a&c'+5f+z = ar (§40), 

i.e., ofcc' = z (§ 45). 

But, if we have [a2>c] = c, 

we also have [,ohcJ = c ; 

I.e., we have [a fc'c'] = c' (§37). 

Whence we can prove, in the same way as we proved that ahc = z^ 
that aVc = z. 

Thus, if we have ahc, we have 

ahc' = z and a'&'c s= z, 
Gonverselj, if we have ahc = z and aVe = z, 

we have a6-c. For 

[a6c] = a6 + 2;c+ca = a6 (c'\-c')-¥hc(a+a') -hca (6+6') (§§49, 46) 

= ahc+dbc+ahc+ahc+ah'c+a'bc 

= a6c + ahc + a6'c + aT^c ( § 42) 

= c (ah + ah' + a'6) 4- ahc. 

Thus [a6c] + a'h'c ^ c(ah+ah'+a'h+ ah') + a6c' 

= c(o+a0(6+6')+a6c' 

= c+a6c', (§§49,45) 

».e., [a6c]+« =: c+z, (§45) 

t.e., [a6o] = e, 

I.e., we have a6-c (§15). 

Full Sets. 

54. If we take a finite number of entities a, 6, c, ,„z of the system, 
and add to these the unsymmetrical resultants of each triad of them, 
and then add to the enlarged collection all their unsymmetrical 
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resaltants, and so on, we obtain from the original finite number of 
entities an enlarged collection which may be said to be " derived " 
from the oi*iginal collection. Since 

[a6c]={a6,{aJ,c}}, (§38), 

the derived collection will also contain all the symmetrical resultants 
as well as the unsjinmetrical ones, l^e derived collection will not 
contain an infinite number of entities no two of which are equi- 
valent ; for, after a certain number of resultants are obtained, all 
that follow will be equivalent to one or other of those which have 
already been obtained. That this is so, will be obvious when it is 
remembered that every resultant may be expressed algebraically, and, 
since aa = a and a'\-a = a (§§40, 42), the number of non-equivalent 
algebraical expressions which can be formed with the finite number 
of letters a, &, c, ... Zj is necessarily finite also. Thus to every finite 
collection of entities of the syE^tem there corresponds a collection con- 
sisting of a finite number of sets of equivalent entities, which collec- 
tion is such that every resultant of three of its component entities is 
also a member of the collection. Such a collection 1 call a/ti2Z set. 

65. If z be any entity of a full set, the entity {ahc ... p,z} (§ 28), 
where the collection a, h, c, .,.p comprises all the entities of the full 
set, may be called an obverse of z in the full set, and be denoted by the 

symbol z. The entity z will not, in general, be a true obverse z\ 
though it will be so if any one of the entities a, 6, c, ... j? is a true 
obverse of any other. 

The entity a occupies, as regards the entities of the full set, exactly 
the same position as the entity a occupies as regards the whole 

system. Thus, to take one property only, we have aa-Xy whatever 
entity of the fiill set x may be. The proof is that of § 30, substituting 
"full set "for "system." 

56. Where a is not equivalent to a, the true obverses of the various 
members of a full set compose another full set precisely similar to the 
former ; and the two full sets, when combined together, also constitute 
a full set. As a simple example, let us start with the three entities 
a, b, z. From these we obtain the full set of eight entities, 

a, bf z, ab, 

aby b'a^ a +6, a'6-|-6'a, 

where the obverse in the full set of each of the members of the full set 
is given above or below it. • Taking the true obverses of these^ we 

VOL. XXI. — NO. 380. It 
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get «Ke fan net, 

«. ft^ r, «-^&, 

where, an in the fbrmer case, the ohrerse in the fnK set of each oi the 
mem hem i« fri^en either akoTe«>r helow it. These two full sets, when 
eombrned^ emnpo«e a freah faD set of sixteen members. Each of 
thesM isy howerer. of coarse, aecompanied br an infinite nnmber of 
ecfoiralent entitiea. 

^7. To every pair of entities of a full set, there correspond certain 
entities of the fnll set, each of which is the odd member of a linear 
triad of which the pair of entities are the eren members. In the 
case of certain pairs, each of these corresponding odd members is 
eqairalent to one or other of these eren members. In snch case the 
pair maj be said to be adjacent entities of the fall set. The diiision 
of the pairs of a fall set into adjacent and non-adjacent pairs com- 
pletelj defines the ** form '' of a fall set. It is in this waj that the 
form of a fall set is defined in the before- mentioned Memoir 
(sees. 380-382). 

58. The namber of sets of eqaiTalent entities in a fall set is of the 
form 2* (see the Memoir, sec. 363). 

Linear Triads of which z and z are members. 

59. When we treat the entity 2r as a constant, and represent the 
resnltant [za&] by the symbol ab in which z is snppressed, it is 
natural to take the same coarse in the case of the symbols represent- 
ing linear triads of which 2; is a member. Thus we may represent 
the linear triad az'h by the symbol a>b, and the linear triad ah-z by 
the symbol a ^ &. Here a ^ b and b ^a will represent the'same tnad, 
but a>b and b>a will not do so unless a = &. 

60. If we have az'b and bz'c, it is shown in § 8 that we have also 
az'C and acb. Hence, if we have a>b and 6>c, we have a>c; so 
that the relation expressed by the symbol > is transitive. We have 
also ac'bf a triad not expressible in the same way as the others, be- 
oauBo it does not involve z, 

61 . If we have azb and ac-z, we have also bcz and acb (§ 8) ; thus, 
if wo have a>b and a^c, wo have b^c and acb, 

62. The algebraical condition that we have abz is (§ 53) abz' = Zy 
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and ah'z = z. The second of these equations is an identity (§ 40), 
and the first may be written ah = z (§45), which is therefore the 
algebraical expression of the fact that we have ah-z. The equation 
a-^-h'^:^ z expresses the same thing. 

63. It follows immediately, from §§ 34, 59, and 62, that each of the 
twelve different symbols in each of the four following columns indi- 
cates the existence of the same relation between the three entities 
a, 6, 5? ; so that four different relations only between a, &, z are repre- 
sented by the forty-eight different symbols — 



a¥:h 


a^h 


a^V 


a'^V 


h ¥:a 


h^a 


h'^a 


V^a' 


a>h 


a>h 


a>h' 


a>V 


h'>a 


V>a' 


h>a 


h>a' 


ah'z 


ah'Z 


ah'-z 


aV'Z 


ab-z 


ah'z' 


ft ' 
ah'Z 


ah'z' 


h'z-a 


hz'-a 


hz-a 


6V-a 


hz'a 


hz-a 


oz'a 


hz-a' 


az'h 


az'h 


az''h 


az'h 


* 1' 
az'O 


a'/'h' 


az'b 


az'h' 



ah = z a'h ^= z ah' = z a'h' = z 

a'+6' = / a+h' = z' a' + h=iz' a + h = z', 

64. It is- shown in § 53 that the existence of the linear triad a&'C 
may be expressed by the equations 

ahc = z and a'h'c = z. 

The second of these may be written 

(a+hyc = z (§48), 

and thus we may express the fact that a, h, c compose the linear 
triad a6'c by the symbols 

c>ahf 
o+6>c. 

1(2 
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65. Thqre is no object in employing any fresh symbols to represent 
linear triads in which z is the constant, as it appears from § 63 that 
such triads are represented by the symbols given for the cases in 
which z is the constant. Thus az'-h is represented by &>a, and ah-M* 
by a'^V. 

66. The following relations hold, whatever entity of the system a 
may be: — 

z'>a. 



Algebraical Proof of Laws L — IV. 

67. In the preceding sections I have dedaced the algebraical treat- 
ment of the base system from the laws of §§ 5, 6. I now propose, 
taking a different course, to assame the validity of the algebraical 
treatment and Law Y., and thence to prove the truth of Laws I., II., 
III., and IV. 

. 68. Here the three entities a, 6, c will be said to compose a linear 
triad ah-c, if we have 

abc = z and ab'c = 2 (§ 53). 

69. To prove Law I., I have to show that, if the four equations 
apb' = iS, a'p'b = z, cpc^ = z, cp'd = z 
hold, then q exists such that we also have 

adq' =r z, ad'q = z, bcq' = z, b'oq = z. 

We have ab'cd = ab'c'd (p+l'O = ah'c'd/p-\-a\!cdp 

= (a6p) cd -f {cdjp) ab' 

since ab'p^^z and cdp' =^^. 

We also have abc(^ = abcd'p-\-abcd'p' 

= {cd^p) ab -f (abp') cd' 

since cd'p = z and abp' = z. 
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Consider now the entity q, whicli is such that 

q = (ad+hc) x+{a+d)(b+e) x\ 

where x is anj entity of the system. This entity g is a possible 
member of the system, and therefore, by Law Y., it is a luember. 

We have q = (a'+ cT) (}> + c ) aj + (a'tT + h'c') x. 

Hence q aX = ad'hcx = z, since a'cTftc = », 

q'ad = adh'c'xz=. z, „ ddb'c = «, 

ql/c = adh'cx = z, „ adbV = «, 

56c = aihcx = z, „ a'(f5c = «. 

The law is therefore proved. 

70. To prove Law II., I have to show that, if the four eqxiations 

ahp = z, ah'jp = jj, cpd' = «, cp^ = z 

hold, then g exists such that we have 

aqi = », a^ci = z^ hcq = js, ftVgr = z. 

The method of proof is precisely similar to that of the preceding 
section. 

71. To prove Law III., I have to show that, if we have 

ahc = 2;, and ah'c = z^ and a = &, 
then a == & ^ c. 

Since a = 5, ac' = ooc' = a6c' = z^ 

ac =^ aac =^ aoc =iz. 
Hence a = ac+ac = oc+ijr = ac-^-a'c = c. 

72. To prove Law IV., I have to show that, if we have a = 6, we 
also have 

aVc = z, ab'c = z, ahc = «, a'6c' = z. 

Since a = 5, a6' ^ 66' = jz? and ab = a'a ^ «. 

Thus ab'c =: zc =^ z, 

ah'c = zc = iS, 
a'6c = ^ec = z, 
abc'^= zc = jj. 
The four laws are therefore all proved. 
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Representation of Non-linea/r Triads. 

73. Hitherto nothing has been said as to the representation of non- 
linear triads. No special symbol for these has been required. It 
may, however, on occasion be desirable to denote the fact that a, h^ c 
is not a linear triad ah-c. We may do this by the symbol ab'C. 
Observe, however, that this symbol does not denote the fact that 
a, h, c do not form a linear triad, but only that they do not form a 
linear triad ab-c ; they may, in fact, form the linear triad hca or ac-b. 
To denote the fact that a, &, c is not a linear triad at all, we mast, in 

this method of representation, have ah-Cf acb, and bca. We may, 
however, conveniently employ the symbol a-b-c to indicate merely 
that a, 6, c compose a linear triad without specifying which of the 

three entities is the odd member, and then a-b-o will denote the fact 
that a, &, c do not compose a linear triad. 



74. We may, in the same way, employ the symbols a^ b or a' >b 

to denote the same thing as ab-z. The non-existence of the linear 
triad ab-z will also be indicated by each of the inequalities 

ab^ z and a+b'^ z, 

76. Since, if we have ab-c^ we have 

ahc = z and db'c = js (§ 53), 



if we have ab'c^ then either 

ohc ^ z or aVc ^ z. 

Obverse Triads, Tetrads, 8fc, 

7Q, We have seen (§ 34) that, if we have 

ah'c\ 
we have also aV-c^ 

&nd 

and aV*&, 

and bc'a\ 

and b'c'-a. 

The relation between a, 6, c which is expressed by the fact that we 
have ab'c' is therefore a symmetrical one. I shall represent the triad 
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a, 6, c between which this relation exists by the symbol -oftc, and 
shall term the triad an obverse triad, for the following reason : — 

77. If we regard two of the three entities of the triad -ahc, say a 
and h, as equivalent, then, since we have ab-c\ it follows from Law III. 
that we have a=:h = c, and thus we cannot regard all the three 
entities a, &, c as equivalent (§ 33). The triad is thus analogous to 
an obverse pair a, a', and I accordingly call it an obverse triad. 

78. The condition that a, 6, c may be an obverse triad -ahc- is that 
we have ah-c' (§ 76), that is, that we have 

ahc = z, and ab'c = z (§ 53). 

79. If we have ahcd = z, and ah'cd^ = «, 

we may call a, 6, c, d an obverse tetrad, and represent it by 'abed- ; for 
observe that, if any two of the entities of the tetrad, say a, by are 
equivalent, we have 

acd = z, and a'c'tf = z ; 

60 that a, c, d is an obverse triad, and therefore all the four entities 
of the triad cannot be regarded as equivalent. 

80. Generally, if we have 

ahcd ,,,p =2 z and aVci ... 'p = a?, 

we may call a, &, c, (2 ... p an obverse collection, and represent it by 
'abed ... jp". 

81. It is obvious, from the preceding section, that, if we have 
-abed ... J3*, we have also •ab'cd^.,.p''. 

82. Obverse collections are distributed through the system in 
accordance with the following laws, in which P represents a collec- 
tion of any number of entities of the system : — 

Law A, — If we have -P-, we also have 'Pa\ 

Law J5. — If we have -Pa- and -Pa-, "we also have 'P\ 

Flat Collections, 

83. A collection of entities of the system a, &, c^-d^p^ q, r, «, which 
is such that we have -abcdp'q'rs'-, and therefore ftlso -al/cd^pqrs' 
(§ 81), may be represented by the symbol abcd-pqrs or pqrs-abcd, 
which is precisely analogous to ah-c, as the latter represents a triad 
a, by c which is such that we have -ahc- and 'ab'c . 
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84. The collection ahcd-pqrs is snch that, if a, 6, c, d are all regarded 
as equivalent, and j9, q, r, 8 are also all regarded as equivalent, then 
the whole collection must be regarded as equivalent. 

85. I propose, for reasons which will appear later (§ 150), to call the 
collection ahcd'pqrs 2k flat collection. 

86. If a, &, Cyd IBB, flat collection, it may be any one of the collectiona 

a-hcd 
h'cda 
c'dah 
dahc 
abed 
ac'dh 
ad'hc. 

If we merely wish to denote the fact that it is a flat collection, with> 
out specifying which of the foregoing forms it takes, we may, as in the 
case of a linear triad (§ 78), represent it by 

a'h'C'dy 

and similarly in the case of flat collections of any number of entities. 

87. If we have ahc-def, we have 'dbcd'e'f- (§ 83), and therefore we 
have -ahcpd'ef' and -abc^efp- (§82), and therefore also ahcp-def and 
ahc'defpf whatever entity of the system p may be. 

88. Thus, if we have a-h-cd'e-f, we have a-h-cd-e-f-p, whatever entity 
of the system p may be. 

89. Observe that, if we have a-by then a=&; and if -a^-, then a==b\ 

Restricted Collections, 

90. Every collection of entities of the system is either a^^ collec- 
tion or an obverse collection, or neither. In the latter case I shall say 
that it is unrestricted ; so that a restricted collection is one which ia 
either a flat or an obverse collection. 

91. I shall denote a restricted collection a, b, c, d by the symbol 

'tt'b'C'd', 

92. If we have -ab-, then either o = 6, or o = 6' (§ 89). 
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93. If we have -a-ft-c, then we have either ah-c, 

or ac-6, i.e., ab-c (§ 34), 

or 6c-a, i.e., ab'-c (§34), 

or -abc, ue,, ab'-c (§ 76). 

94. It follows immediatelj, from §§ 82, 87, that, if we have 

'a-b'C'd'B'f'y 
we have 'db-c-d'e'f'p-, 

whatever entity of the system p may be. 

95. It follows, from §§ 81, 83, that, if a collection is restricted, so is- 
every collection which can be formed by taking, in lieu of some or all 
of the members of the collection, the obverses of those members. 
Thus, if we have 

'a-b'C'd'y 
we have -a-b-C'd'y 

and * 'a'-b'-C'd'. 

Unrestricted Collections, 

96. We may employ lines, as in §§ 73, 74, to indicate that collec* 
tions are not obverse, or flat, or restricted. Thus, 



•abcd'y ab'cd, 'a-b-cd-. 

97. I have now completed the discussion of the general properties 
of the base system, and would draw particular attention to the fact 
that those properties have been dedueed by a consideration of the 
" form " of the system only, i.e., of the mode in which the linear triads 
are distributed through the system. I pass on to show that this 
system is precisely that which is under consideration by the logician,, 
when discussing the relations of classes to each other. 



The Logical Theory op Classes. 

The Law of Continuity. 

98. In any particular investigation of class relations, the logician- 
deals, of course, with a finite number of classes only; but in the 
logical theory such classes are conceived of as a selection from an 
infinite number of possible classes, forming a system which contains 
classes that bear every possible class relation to tbe ^q\<&^^^^ ^t^^^. 
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The same' thing occurs in the case of geometrical points, for the 
geometrician regards any finite set of points as forming part of the 
infinite system of points which make up geometrical space. Thus 
Law V. of § 6 applies to the system of entities which we call classes. 

The Algebraical Treatment of Classes. 

99. Let A, B, C, ,.. denote classes, and let A\ ^, C, ... denote the 
complementary classes, viz. : let A' contain nothing which A does, 
and everything which A does not. Let Z be that class which contains 
nothing, and therefore let Z' be the class which contains everything. 

Let AB, say the product of A and B, denote that class which con- 
tains everything that is contained in both A and B, and nothing else. 

Let A+B, say the sum of A and B, denote that class which con- 
tains everything that is contained in either -4 or 5 or both, and 
nothing else. 

Then we have 

AB=:BA, A-{-B = B+A, 

iAB)G=(AG)B=z(BO)A, (A-hB) + G=z(A+G)-^B = (B'^G)+A, 

AA=zA, A+A = A, 

AA'^Z, A-hA'=:Z\ 

AZ=Z, A-{'Z'=Z', 

AZ'=iA, A + Z = A, 

A(B+G)=:AB+AG, 

A+BG = (A+BXA + G), 

(A+BY^AB", 

(ABy = A'+B^. 

We have, therefore, precisely the algebra with which we have been 
dealing in the case of the base system (§§ 39-49). 

The " Form ^^ of a System of Glasses. 

100. It accordingly follows, from §§ 67-72, that, if -4, J5, C, a triad 
of classes such that 

ABC^Z 

A'SG = Z, 
2>a represented by the symbol ABGy and be termed the linear triad 
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AB'C, then linear triads of classes are distributed through tlie whole 
system of classes in accordance with the Laws I.-IV., given in § 5. 

101. Moreover, the algebra is competent to represent aZZ the logical 
relations which exist between classes, and thus no other laws need be 
added to Laws I.-V. All, therefore, that is essential in the logical 
system of classes, so far as the logical theory is concerned, is that it 
is of precisely the same " form" as the base system. 

Linear Triads involving the Non-existent and Universal Ola-sses, 

102. Regarded as members of such a base system, the classes Z and 
Z are undistinguished in their relations and properties from any other 
classes. The reason why they appear to hold exceptional positions 
is merely that they are the two entities of the system which are 
taken as constants, 

103. This being so, it is, as is pointed out in § 59, natural in the 
representation of relation s involving those constants to refrain from 
explicitly referring to them. Accordingly, just as in § 59 the existence 
of the triad az-h is represented by the symbol a > 5, so we find the 
fundamental relation between the three classes A, Z, By which is ex- 
pressed by saying that they compose a linear triad AZ-B^ is usually 
expressed by the statement "^ contains B." 

Linear Triads of Classes in general. 

104. If we adopt this mode of expressing the existence of the rela- 
tion AZ'By we see, by § 64, that we may express the existence of the 
relation AB-G by the statements 

"^ + 5 contains 0," 

" G contains -45," 

or, in other words, G contains all that is contained in both A and P, 
and nothing except what is contained in either A or B. 

105. We may, therefore, graphically represent the existence of the 
fundamental linear relation which is expressed by AB-G^ as in Fig. 1, 




Fig.l. 
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where the areas enclosed by the continnons circles represent the 
classes A and B, and that enclosed by the dotted circle the class 0. 



Relations between two Classes. 

106. It will readily be seen from the figure that, if we take Z, t.e., 
the class which contains nothing, in place of B, so that we have AZ'C 
or A>Oy the class A will contain the class (7. 

107. It will also be seen that, if we take Z in place of (7, so that we 
have AB'Z or A ^ B, the classes A and B will have no common part. 

108. It will now, I think, be clear that the relations of inclusion 
A>B, and mutual exclusion A^ B, which are usually regarded as 
relations between two classes A^ B, are really relations between three 
chusses, viz.. A, B, Z, 

109. I may here refer to the relations dealt with in §§ 60, 61. In 
the case of classes, § 60 shows that, if A contains JB, and B contains 
C, then A contains C. But it also shows that we have AC'B, a con- 
clusion which is usually omitted, because the fundamental character 
of the linear triad has not been recognised. 

110. So § 61 shows that, if A contains B, but excludes (7, then B 
excludes 0, and we also have AGB, 



The Symmetrical Resultant of Three Classes, 

111. The symmetrical resultant [^ABC] of three classes A, jB, C^ 
which are represented by the areas enclosed by the three circles in 




Fig. 2. 
Fig. 2, will be represented by the shaded portion of the area, which is 
AB-hBC+OA::^ (A-k-BKB+OXO-^A) (§60). 
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112. It will readily be seen that, if we take the class Z, in place of 
C, the symmetrical resnltant 

[ABZ^ = AB 

is the class which contains that which both A and B contain, and 
nothing else ; which accords with § 99. 

113. It will also be seen that, if we take the class of Z' in place 

of C, then 

IABZ''] = A+B 

is the class which contains that which either ^ or B or both contain, 
and nothing else ; which accords with § 99. 

114. It is unnecessary to go through the various sections in which 
I have dealt with the properties of the base system, and to point oat 
the particular dress which their contents will assume when the 
entities are classes. It is sufficient for my present purpose to have 
established that all that is esseutial in classes, as dealt with in the 
logical theory, is that they are entities composing a system of which 
the " form " is that defined in §§ 2-6. 



The Logical Theory of Statkments. 
The " Form ** of a System of Statements. 

115. It will be interesting here briefly to point out that statements 
as dealt with in the logical theory also compose a system of precisely 
the same form as the base system. 

Tniisms and Falsisms, 

116. Here our constants z and z' are a falsism and a truism respec- 
tively. Logically speaking, all truisms are equivalent, as also all 
falsisms. 

117. It is to be observed that to regard a statement as true is 
merely to regard it as a tniism, and to regard it as false is to regard 
it as a falsism. 

Contradictory Statements, 

118. Obverse statements a and a are such as are called contradictory. 
Since a and a cannot be regarded as equivalent (§ 33), it is obvious 
that tbey cannot both be regarded as equivalent to a truism z\qv «» 
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falsism z. That is (§ 117), they cannot both be regarded as tme, or 
both as false. 

Implication and Inconsistency, 

119. If we have az-h, i.e., a>b, the statement h is said- to imply the 
statement a. Here, if a = 2, i.e., if a be false, it follows, from Law III., 
that h mnst also be false. 

120. If we have ah-z, i,e.j a ^h, the statements a and b are said to 
be inconsistent. They can only be regarded as equivalent by being also 
regarded as equivalent to z, i.e., by being both regarded as false. 

''And'' and ''Or.'' 

121. The product ah of the two statements a, b is the statement 
" a and 6." 

122. The sum a + b of the two statements a, b is the statement 
" a or 6," where, however, the " or " would more properly be written 

as in mercantile documents, so that we may replace the statement 

or 

"a or 6 " by the equivalent statement "either a or & or both." 

Linea/r Triads of Statements, 

123. The existence of the linear triad ab'c may be expressed by the 

symbols a+ h>c and oab (^ 64). 

If, therefore, the statements a, b, c compose the linear triad ab-c, the 
statement " c '* implies the statement " a or &," and the statement 
" a and b " implies the statement "c" We know by Law III. that, 
if we regard a and b as equivalent, we must regard c as equivalent to 
them. 

The Symmetrical Resultant of Three Statements. 

124. The symmetrical resultant of the three statements a, b, c is 
the statement " a and &, or b and c, or c and a," which is equivalent 
to the statement " a or 5, and b or c, and c or a." 

Relations, ^c, involving Two Statements. 

125. It is important to note that the relations of implication a >h, 
and of inconsistency a^b, and the statements **a and 6" and "a or &," 
each of which would usually be regarded as involving two statements 
only, have reference to the constant statement z, and thus really 
involve three statements. 
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The ''Absolute^* in Logic. 

126. The constants in the logical theories of classes and statements 
occupy the same position as the ** absolute *' does in geometry ; and 
when we treat relations such as those of "inclusion" and ** exclusion '* 
of "implication" and "inconsistency," as relations between ^ti7o classes 
or two statements, and not as linear triad relations involving the con- 
stants as well as the two classes or statements, we are doing precisely 
the same thing as the geometrician does who regards " distance " as a 
relation between two points, and not as one involving the geometrical 
" absolute " as well as those two points. 



The Geometrical Theoey of Points. 

Linear Sets. 

127. 1 turn now to the consideration of certain sets of entities- 

which can be selected from those which compose the base system — i.e., 

of certain loci of that system, as we may term them. We have seen 

in § 8 that, if we have /ab-c\j we have also (ad'c\ ; and we have also- 

[adhj \cd'h) 

seen in § 7 that, if we have fef-g\, then f=g- 

Wf) 

It follows from these two results that, if four entities of the funda- 
mental system are snch that no two are equivalent, and that every 
triad of these is a linear triad, then the set of four entities must be of 
one of two forms, viz. : it must either be such as a, &, c, d, where we 

have ad'b 

ad'C 
cd'b 
ah'c; 

or such as p, g, r, s, where we have 

pq'r 
pq'8 
rs'p 
rs-q. 

128. Furthermore, it follows also that, if we have a set of five 
entities of the system, no two of which are equivalent, and such that 
every triad of the set is a linear triad, then no tetrad of the set can be 
of the second of the two forms, but all must be of the first. 
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129. Thus, in a set of more than four entities of the base system, no 
two of which are equivalent, and every three of which compose a 
linear triad, every tetrad of the entities of the set is of one definite ^ 
form. I shall call such a set a linear set, 

130. A linear set may contain any namber of entities. If it be such 
that there is no entity of the system ontside the set which makes 
a linear triad with each pair of entities of the set, and is not equivalent 
to any entity of the set, the set may be said to be complete, 

131. If we conceive of ihe odd member of a linear triad as '* lying 

between " the two even members, we may conceive of the entities of a 

linear set as forming a line. In such a line the four entities a, h, c, d, 

which are such that we have 

ad'h, 

ad'C 

cd-b 

ab'c 
will lie in the order <ichd. 

132. If we add to a linear set all those entities which are equivalent 
to the various members of it, we may regard the sets of equivalent 
members as massed together at one point, and then, instead of a line 
of single entities, we shall have a line of sets of equivalent entities. 
I shall suppose that all these equivalent entities are included in a 
linear set, whether it be complete or not. The definitions of §§ 129, 
130 must be modified accordingly. 

133. A linear set cannot include an entity a and also its obverse a ; 
for, if h be any other entity of the set, a, a, b would be an obverse 
triad and not a linear one. 

134. Two linear sets may have any number of non-equivalent 
entities in common. In the language of geometry, they may cut each 
other any number of times. 

Oeometric Sets, 

135. We may, however, take a set, or locus, of entities of the base 
system such that no two linear sets of the entities comprised in the 
locus can have two non- equivalent entities in common. 

136. Sach a locus would be fully defined by the following law as to 
the distribution of linear and non-linear triads within it, where the 
notation is that of § 73 : — 
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Law VL — If we have a'p'q 



yq 
and a-b'p ; 
then j? = 5. 

137. This locns I shall call a geometric set. It is precisely the set 
of entities which is nnder consideration by the geometrician when he 
is considering the system of points which make np flat space of un- 
limited dimensions. Here three points which are collinear correspond 
to a linear triad, the point which lies between the other two corre- 
sponding to the odd member of the triad. I proceed to show that 
this is so — i.e., that Laws I.-IV. of § 5, Law V. of § 6, and Law VI. 
of § lfS6 completely define the system of entities which we call points, 
so far as its geometrical properties are concerned. I will first show 
that all those laws are true in the case of triads of collinear points, 
and will afterwards point out that they are sufficient. 

138. As already mentioned in § 98, in the geometrical theory of 
points, the geometrician regards points as composing an infinite system 
containing points bearing every possible geometrical relation to any 
selected collection. Thus Law Y. of § 6 appkes to the case of a 
system of points. 

139. If the three points a, b, p of Fig. 3 are collinear, and also the 




Fig. 3. 

three points c, d, p, the point b lying between the points a and p, and 
the point d lying between the points c a,ndp ; then a point q exists such 
that a, q, d are a collinear triad, q lying between a and d, and that 
6, q, c are also a collinear triad, q lying between b and c. Thus Law I. 
of § 5 holds in the case of points. 

140. So also in the case of Law II. of § 5. If t\i^ \)mc^^ ^Ci\D5y^ 
VOL. XXI. — NO. 381. N 
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a, J?, b in Fig. 4 are collinear, p Ijing between a and 6, and the three 




Fig. 4. 

points c, d, p are also collinear, d lying between c and p ; then a point 
q exists such that a, d, q are collinear, d lying between c and g, and 
snch that c, g, 6 are collinear, q lying between c and 6. 

141. Again, if a, c, 6 are collinear, and c lies between a and 6, and 
if a and b move together and coincide, i.e., become equivalent, c which 
lies between them must also coincide with them, i.e., become equiva- 
lent to them. Thus Law 111. of § 5 also holds. 

142. If two points a and 6 are coincident, i.e., equivalent, then a, 6, c 
is a collinear triad, whatever point c may be, and 6 may be regarded 
as lying between a and c, and a as lying between b and c. Thus 
Law IV. of § 5 also holds good. 

143. Lastly, two straight lines cannot have more than one non- 
equivalent — i.e., non-coincident — point in common. Thus, if two non- 
coincident lines have two points in common, they must be coincident 
points. Thus, if we have a-b-p, i.e., if the three points a, b, p are not 
collinear, the two straight lines which pass respectively through a, p 
and b, p can only have p, or points equivalent to p, in common. If, 
then, q lies on the straight line through a and p, i.e., if we have a'p-q, 
and if q lies also on the straight line through b and p, i.e., if we have 
b'pq, we must have p ^=^ q, and so Law VI. of § 136 holds. 

144. The laws are thus all true. Are they sufficient? In answer- 
ing this question, we need not trouble ourselves about metrical 
geometry ; that is now fully understood to be included in the more 
general descriptive geometry. 

145. In the descriptive geometry of a system of points, we consider 
tliejr coDGgnr&tiona. Certain points are collinear, certain coplanar, 
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certain lie on a conic, and so on. These various configurations may 
be defined by means of algebraical equations between coordinates. It 
is an almost immediate deduction from this that such configurations 
may all be defined by statements as to cei'tain triads of points being 
collinear. 

146. Thus the condition that the four points a, 6, c, d may be co- 
planar is that there exists a point p such that the triads a^b^p and 
c, d, p are collinear ; the condition that the five points a, 6, c, dj e may 
lie in fiat space of three dimensions is that there exist points I and m 
such that the triads a, b, I and c, d, m and Z, m, e are all collinear ; 
and the condition that the six points a, 6, c, d, e, f may lie on a oonic 
is that the seven triads 

a, by I bj c, m c, d, n I, m, n 
d, e, I e,f,m f,a,n 
are all collinear triads. 

147. All, therefore, that is necessary in a system of points, in order 
that it may have those properties which are considered in descriptive 
geometry, is that the collinear triads of those points may be distri- 
buted through the system in the manner which is distinctive of such 
a system. This mode of distribution is completely defined by the laws 
which we have been considering, and they are accordingly sufficient 
to determine all the geometrical properties of the system. 

148. Starting from these laws, there would be no difficulty in 
developing from them, without introducing any other consideration, 
these various geometrical properties ; but this is all mere matter of 
detail which can readily be worked out by any one who has' a know- 
ledge of descriptive geometry, and its elaboration would be out of 
place here. 

Algebraical Treatment of Geometric Sets. 

149. I must, however, refer in the briefest possible way to one 
matter of importance, viz. — the way in which the algebraical treat- 
ment of the system arises. It will be sufficient to consider the case 
of a set of collinear points. It is usual, in such algebraical treatment, 
to consider certain entities termed " quantities," viz., — with each 
point in the set of collinear points there is associated a " quantity,** 
its distance from a fixed point of the set. But it is quite unnecessary 
to introduce any entities into consideration except the points them- 
selves ; these will give rise to a complete a\gebT«*^ oi -^x^c^a^^ ^^ 

N 2 
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same character as the algebra of quantity, which will answer every 
purpose which is served by the latter. We have already seen in 
§§ 39 /jf how an algebra arises in the case of the complete base system, 
by means of which we can discuss its properties. The algebra of the 
set of entities of the system which corresponds to a set of collinear 
points, thoagh different in character from the former algebra, is 
derived in a precisely similar way. We have here three constant 
points t, z, u of the collinear set, and then, if we take any two other 
points a, b of the set, we obtain two different resultant points of 
the five points a, 6, t, z, u. The first of these resultant points 
I call the sum of the points a, 6, and write a + &, and thus get a 
primitive algebra which is associative and commutative, and such 

that a-|-i = t, a-\-z^^z. 

The second resultant point I call the product of the points a, h, and 
write aby and thus get a second primitive algebra which is also 
associative and commutative, and such that 

ai = ij az =^ z, au^ a. 

The second algebra is distributive as regards the first, but the firsi 
is not distributive as regards the second. The compound algebra 
which we obtain by combining the two primitive algebras is thus 
precisely the same as the ordinary algebra of quantity, the points 
t, z, «, which may be any three points whatever of the collinear set, 
corresponding respectively to the quantities oo , 0, and 1. This point 
algebra is considered more fully in my " Memoir on the Theory of 
Mathematical Form " (sec. 309), and the mode of deriving the re- 
sultant points is there indicated ; so I have here merely referred to the 
matter in the barest outline. 

Flat Collections. 

160. I said, in § 85, that reasons would be given later why the 
collections of entities there referred to could appropriately be called 
** flat '* collections. Those reasons may now be given. Every such 
collection of n entities, say every flat n-ad, is a collection which, as a 
part of a geometric set, consists of n points which lie in flat space of 
n— 2 dimensions. Thus a flat or linear triad of a geometric set 
consists of three collinear points, i.e., three points lying in space of 
one dimension ; so a flat tetrad consists of four points lying in a plane,. 
i.e., in space of two dimensions, and so on. The different sorts of flat 
collections of n dimensions (see § 86) correspond to the different con- 
figurations which a flat collection can have. Thus, to take the case of 
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a flat tetrad a-h'cd : this can have two forms of which a-bcd and ab'cd 
are types. If we have a-hcd, a lies within the triangle formed by 6, c, 
and d ; while, if we have ah-cd, a and b lie on opposite sides of the 
straight line throngh c and d, and c and d lie on opposite sides of the 
straight line through a and b, 

151. I have now completed what I have to say abont the ordinary' 
geometrical theory of points, and 1 hope that I have succeeded in 
making clear the nature of the relation which exists between a system 
of points and a system of classes. 

Extended Oeometric Sets, 

152. I desire, however, to add one or two paragraphs with regard 
to an extension of the ordinary theory of geometric space which is 
suggested by the foregoing investigation. It follows from the 
definition of a geometric set (§§ 135-137) that no geometric set can 
contain the obverse of any point which is a member of the set. For, 
if points a and a were both members of the geometric set, then, if b 
and c are any other members of the set, we have aab and aa c (§ 30), 
and therefore, since a does not equal a', by Law VI. we have also 
a-b'c and a-b-c. Thus all the points of the geometric set must be 
collinear, in which case the set cannot include both a and a (§ 133). 

153. The obverses, then, of the various points which compose a 
geometric set will themselves compose a set distinct from the former. 
Also, since, if three points a, b, c compose a linear triad, their obverses 
a', b\ c will also compose a linear triad (§ 34), it follows that the set 
composed of the obverses will be a geometric set precisely similar to 
the original set. These two geometric sets may be said to be conjugate 
geometric sets. 

154. Let us now consider the set obtained by combining two 
conjugate geometric sets. This will be a symmetrical set which I 
shall call an extended geometric set. It does not, as might for a moment 
be supposed, break up into two conjugate geometric sets (those out of 
which it was formed) in one way only, but it so breaks up in an 
infinite number of ways. The two conjugate geometric sets may, in 
fact, be regarded as analogous to two hemispheres, which, when put 
together, compose a complete sphere. 

155. In an extended geometric set, in place of a complete linear set 
(§ 130), or straight line, which is such that every triad of its component 
points is a linear triad, we have an extended linear set,, "whvcVi \% ^^^ 
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thikt ev^erj triad of its component points is a restricted triad (§ 90). 
The points in snch an extended linear set majbe regarded as form.iii^ 
a circnit. This circait may be dirided into two ordinary straight lines 
in an infinite nnmber of wajs. 

156. In the same way, in place of the set of points in ordinary 
geometric space which compose a plane, i,e., which are snch that erery 
tetrad of them is a Jlat tetrad f § 1-50), in the extended geometric set 
we haye an extended plane which is snch that erery tetrad of its 
component points is a restricted tetrad. 

\hl. And generally, in place of the set of points in flat space of 
infinite dimensions which compose aflat space of n dimension*, t^., are 
such that every (n-|-2)-ad of them is a flat (n-|-2)-ad, we have in 
onr extended geometric space a set of points composing a restricted 
space of n dimensirmSf i,e., snch that every (n-h2)-ad of them is a 
restricted (n'|-2)-ad. 

] 58. It wonld carry me beyond the purpose of this paper to develop 
further the consequences of thus regarding geometric space of any 
dimensions as only a half of the more complete and symmetrical space 
derived by taking into acconut the obverses of points as well as the 
points themselves. It seemed right, however, to call attention to the 
fact that space could be so regarded, as such fact is plainly brought 
out by the preceding results. 



On the Sqtcare of Euler^s Series. 
By J. W. L. Glaishee, Sc.D., F.R.S. 

[Jtead June nth, 1889.] 

Introduction^ §§ 1-3. 

1. Few results in pure algebra are more curious than Euler's 
celebrated theorem that the expanded value of the inflnite product 

(l_j)(l_j.)(l_5.)(l_3«) ... 
IS the series 

the general term being ( — l)*54«(3««±i). The exponents are the 
pentagonal numbers, and the signs of the terms, after the first, are 
nojkjfative and positive in pairs. 
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Enler discovered the law of the series by actually mtiUiplying 
together the factors 1— g, I—?', 1— ^'i Ac. He published his result 
in 1750, and applied it to obtain various remarkable theorems relating 
to partitions, sums of divisors, <fec.* Finally, in 1754, he succeeded 
in demonstrating the equality of the product and the series.f 

2. Among the numerous and wonderful algebraical identities that 
sprang out from the analysis of Elliptic Functions as Jacobi developed 
the subject in the historic Fundamenta Nova^ not only did the expanded 
value of the Eulerian product present itself, but also a hitherto un- 
suspected expression of its cube!^. The series thus found by Jacobi 

1-32 + 53'- 79« + 93^o-llg" -I- 13g"-&c., 

the general term being (— 1)** (2n-|-l) g*"^"**\ The exponents are 
the triangular numbers, and the terms are alternately positive and 
negative. 

We thus see that the cube of the Eulerian product 

(l-3)(l-9')(l-3')..., 

or of the Eulerian series 1— gr— 3'+2*4- 2^— &c., 

is the Jacobian series 1 — 3gr + hcj^ — 7g' + <fec. 

3. The object of the present paper is to consider the law of the 
coefficients in the series which is equal to the square of the Eulerian 
product or series. I had no hope that these coefficients would follow 
any simple law, as in the Eulerian or Jacobian series ; for, if such a law 
existed, it could not fail to have been discovered long ago by observation. 
Nevertheless, it seemed interesting to examine in some detail the 
functions of n which form the coefficients of the powers of q. 

It will be seen in the following articles that the coefficient of g* 
depends upon a function of 12»-f-l, which is denoted by 0{\2yi-\-\), 
This function (in common with a great many functions connected with 
the Theory of Numbers) possesses the property that, if p and r are 
relatively prime, (pr) = Q (p) (r). We are thus enabled to obtain 
rules by means of which the value of Q can be calculated with great 
facility (§§ 9, 10). It is shown that the numerical value of the 
coefficient of 2" can always be assigned by means of the real divisors 
ofl2n-f-l (§13). 

* Commentationet Arithmetics Colleetay Vol. i., pp. 91, 151. 

t Ibid.f Vol. I., p. 234. Full references to the subject of Euler's product are 
given in a note to Art. 129 of H. J. S. Smith's " Report on the Theory of Numbers " 
{Report of the British Assoeiation, 1865, p. 345). See also ^ 33, 34 of the present 
paper. 

I Fundamenta Nova (1829), p. 185. 
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In the latter part of the paper, various recnrriag {ormalse, which are 
available for the calculation of G, are investigated. Two otiier 
functions E and H are also considered (§§15 and 28). 

Squaring the Series^ §§ 4-7. 

4. Let 

(l-5-5«+g*+g^-g"-5'*+&c.)'=l+P,g+P,5'+P,5'+-P49*+*c' 
Put g** for q, and multiply throaghout by 5' ; we thus find 

= q'+P,^-\-P,q''-\-P,q'* + P,q''-\-&C. 

This equation shows that P„ is equal to the number of compositions of 
24n+2 as the sum of two squares both of which are of the form 
(12r zk 1)', or of the form (12r.± 5)', diminished by the number of com* 
positions in which one square is of one form and the other square of 
the other form. 

5. If a number be expressible as the sum of two uneven squares, it 
must be = 2, mod. 8 ; and if we put 

8n + 2 = (2r+l)«+(2«+l)*, 

we have 4»+l= (r—«)'+(r +«+!)', 

in which one square is even and the other uneven. 

It can also be shown that every composition of 8n + 2 corresponds 
to four representations of 4n + l. 

6. By considering the separate cases which arise in § 4, it will be 
found that every composition of 24n + 2 of either of the forms 

(12r ± 1)«+ (12« ± 1)', (12r ± 5)' + (12^ ± 5)« 

corresponds to four representations of 12tt + 1 of the form 

(6rr-h(6«±l)S 
and that every composition of the form 

(12r±l)«4-(125±6)* 
corresponds to fo^r representations of the form 

(6r±2)*+(65±3)*. 

We are thus enabled to express the value of P„ by means of the 
representations of 127t+l, instead of by means of the compositions of 
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24n-|-2 ; viz., we have found that 4P„ is equal to the number of repre- 
sentations of 12ri4-l a^ a sum of two squares of the form 

(6r)'+(65±l)« 

diminished by the number of representations of the form 

(6r±2)«+(65±3)».* 

7. We therefore pnt 

P. = G(12«+1), 

where 4:G (n) denotes the excess of the number of representations of n 
of the form (6r)»4-(6«-|-l)' over those of the form (6r + 2)»+(65+3)'. 
This excess may, of course, be negative. 

We are only concerned with the function G (n) for values of n 
which are = 1, mod. 12, and in this case the representations of n as a 
sum of two squares are necessarily of the forms 

(6r)'-f-(6«+l)' or (t)r-r2)'-|-(6« + 3)«. 

In what follows, the argument of the function G will always be 
supposed to be = 1, mod. 12. 

The Function G^, §§ 8-14. 

8. If I? and q are any two numbers = 1, mod. 12, which are prime to 

each other, then 

G (pr) = Gip)G (r). 

To prove this, resolve p and r in all possible ways into their conjugate 
complex factors, so that 

P = (^ + i&i)(ai— 1*60 = (a,-|-i6,)(a,— 16,) = ... , 
Let these equations be written 

r = r^i = r^r2=: ... = nn = PiP\ = P»pi = ••• = PfiPfij 

where jp, and p{, p^ and jp^, &c. are pairs of conjugate factors ; and 
Pi^ Pit '•' i Pat ^i» ^r ••• ^6 ^^ ^^ ^^® form 6r-f-t(G*+l)» ai^d t^, x^ ... x., 
Pit Pit "' t Pa of the form 6r-|-2+t (6« + 3). 

Thus G (p) = a-a, G (r) = 6-/3. 

Since p and r are prime to each other, the resolutidns of pr into pairs 

* We may dispense with the double sign in (6« ± 1)«, (6r ± 2)', (6« ± 3)2, if we 
admit negative as well as positive values of the integers r and s. This will be 
supposed to be the case in future, and the double sign will be omitted throughout 
the whole of the subsequent portion of the paper. 
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of oonj agate complex factors will be of the four types 

prpr\ ppp'p\ xrxV, »p»V. 

Now the product of two numbers of the form 6r+ 1 (6«-|- 1), or of two 
nnmbersof theform6r4-2 + t (6«-f 3),isof the form 6r+t (69+I); and 
theprodact of two nambersof which one is of one form, and the other 
of the other form, is of the form 6r+2-ht (65-f 3). 

Thus the numbers which are of the types pr and wp are of the form 
6r-\-i (6« + l), and those which are of the types pp, icr are of the form 
6r-|-2 + i (6«-|-3). Now the numbers of numbers of the forms |w, j3p, 
wr, ifp are respectively a6, a/3, a6, a/5 ; therefore 

Q (pr) = a6— af3— afe-|-a/3 

= (a_„)(6_/3) = 0(p)0 (r).* 

9. The values of G (n) for all values of n may therefore be derived 
by simple multiplication from the values of G (n) for the cases in 
which n is a prime or a power of a prime. It is only necessary, there- 
fore, to consider the values of G (n) for these values of n. 

The only possible factors of a number which is ^ 1, mod. 12, are 
necessarily ^11, 7, 5, or 1, mod. 12. The cases in which n is a 
prime, or a power of a prime, having one of these forms will now be 
examined. 

(1) Values of G (a*) where a is a prime ^ 11 or 7, mod. 12. Primes 
of these forms have no complex factors. If a be uneven, G (a*) = ; 
for a* cannot be expressed as a sum of two squares. If a be even, 

* It will be observed that the reasoiiiDg in the text admits of a much more general 
application. For suppose that, connected with a number P, we have a set of 
quantities Pif p^t ... , j?., tj, v^ ...«•> and connected with a number M we have a 
similar set r^, r,, ... r&, Pi, ^ •• • p^ ; and suppose that the corresponding set, connected 
with the number PB, may be obtained by multiplying all the members of the P-set 
by those of the i2-set. Suppose, further, that the quantities denoted by the Italic 
letters belong to a class A, and that the quantities denoted by the Ghreek letters be- 
long to a class B, and that the product of two members of class A, or of class B, is 
a member of class A, but that the product of one member of class A and one member 
of class B is a member of class B. Then, if 

and ^(-8) - *^ + »^+ ... +r{± (pJ + f>J+ ... +pj), 

it follows that ^ {FS) » ^ (P) ^ {B), 

The function G belongs to the particular case of A; » 0, the negative sign being 
taken. As other examples of the application of this reasoning may be mentioned 
the function JSu (n) which expresses the excess of the sum of the k^ powers of the 
divisors of n which s 1, mod. 4, over the sum of the k^^ powers of the ^visors which 
B 3, mod. 4 ; and the function Hu (n) which expresses the sum of the k^ powers of 
the divisors of n which 5 1, mod. 3, over the sum of the k^ powers of the divisors 
which 9 2, mod. 3. The function JE (») and J7 (n) (§§ 15 and 28) are the particular 
cases corresponding to X' a o of the functions £k (n) and JECk (n). 



1889.] the Square ofEuWs Series, 187 

G (a*) = 1 ; for p* can be expressed as a sum of two squares in one way, 
t.c, as 0'+(a*'V. This partition* is of the form (6r)^-f (68-1-1)' ; and 
it gives rise to four representations ; therefore the value of Q is -fl- 

(2) Values of G (IP) where 6 is a prime = 5, mod. 12. 

In this c€we the two conjugate complex factors of h are of the form 
6r + 2 ± i (65 + 1). Thus G (6) = 0. The partitions of 6' as the sum 
of two squares consist of 0' -|- 6' and a single partition of the form 
(6r-h2)*-f-(65 + 3)'. The former gives nse to four representations, 
the latter to eight. Thus G (6«) = 1-2 = -1. 

* In counting the number of compoBitions of a number as a sum of squareSi the 
order of the squares is to be taken into account. In counting the representations^ 
the signs of the roots of the squares are to be taken into account as well. Each 
composition of a number as a sum of r squares none of which is zero gives rise, 
therefore, to 2*" representations. When we are restricting ourselves to uneven squares, 
it is convenient to consider compositions ; but, when even squares are admitted (in- 
cluding zero among them), it is necessary to consider representations instead. There 
seems to be need of a word to express a partitionment into squares without reference 
to their order or to the signs of their roots. For this purpose I have in other writings- 
used the word resolution ; but in this paper I use the word partition , which seems to 
me preferable. Thus, for example, taking two squares, the partition 1^ -f 2^ gives 
rise to the two compositions 1' + 2" and 2' + 1^, and to the eight representations 

( + l)S+(+2)*, (-l)2+( + 2)«, (+l)«+(-.2)«, (-l)J + (-2)», 

( + 2)« + (+l)2, (-2)« + (+l)2, ( + 2)« + (-l)', (-2)«+(-l)«; 

the partition V + 0' gives rise to two compositions, but to only four representations. 
(The square 0- is treated in exactly the same manner as any other square, as far as 
partitions or compositions are concerned ; but, when representations are considered, 
it differs from all other squares in having one root instead of two.) 

It seems to me convenient to regard these meanings of the words partition and 
composition as of general application, whenever a number is to be partitioned into a 
g^ven number of the parts a, /3, 7, ... . Thus every distinct manner in which a 
number n can be produced by the addition of the parts a, /3, 7, ... is called a partition 
into these parts. If, in addition, we take cognisance of the places occupied by uie 
parts, we use the word composition. Thus two partitions are identical if the parts 
occurring in them are the same ; but for two compositions to be the same, it is further 
necessary that the same part should occupy the same place. (We may, of course, 
consider partitions in which no limit is placed on the number of times that any part 
may occur, or in which the same part may not occur twice, or in which any other 
condition is imposed. When the word partition is used without qualification, it is 
understood that the same part may occur any number of times.) These definitions 
of partitions and compositions do not conflict in any respect with ordinary usage. 

Partitions and compositions have reference solely to the magnitude of the parts by 
the addition of which the given number is produced. The word representation has 
reference to a different kind of problem, t.^., to the number of possible solutions, in 
integral numbers, of systems of equations. Partitions and compositions are con- 
cerned only with the magnitudes of a, fit y ... , not with their structure ; the word 
representation has the technical meaning assigned to it by Gauss in the Theory of 
Forms. I may add that the above use of partition corresponds exactly to Gauss's 
definition of discerptio.; for he distinguishes between discerpiiones and reprasentationes 
as follows: — *'Discerptiones numerorum (ut formarum binariarum supra) in tria 
quadrata a reprsssentationibus per xx + yy + zz ita distinguimus, ut in iUis ad solam 
quadratorum magnitudinem, in his vero insuper ad ipsorum ordinem radicumque- 
Bigna, respiciamus, adeoque reprsesentationes x — a, 1/ ^ b, z ^ c et x = a% y » &', 
z =: c' pro diversis habeamus nisi simul a — a\ b =: b*, e y= c* ; discerptiones autem in 
aa + bb + ec et in c^a' + b'b' + c'e* pro una, si nullo ordinis respectu habito hseo quadrata 
illis 89qualia sunt " {Disq. Arith., { 292). 
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In the case of &' there is no partition into two squares of the forms 
considered. Thus Q (6*) = 0. For 6* we have the partitions of V each 
multiplied by h\ and a new partition, which is of the form 

(6r)«+(6s+lV. 

Thus G(fe*) = 1-2 + 2= 1. 

Proceeding in this manner, we find that, if 3 be uneven, G (I/) = 0, 
and that, if /3 be even, G (IP) = (-1)*^ 

(3) Values of G (c^) where c is a prime ^ 1, mod. 12. 

The two conjugate complex factors of c may be either of the form 
^':k.i (6fi + l) or of the form 6r + 2±t (6« + 3). Consider these two 
cases separately. 

(i.) If c be of the form (6r)' + (6fi + l)', then 

G (c) = 2, (? (c') = 3, G {(*) = 4, 
and in general G (c^) = y + l. 

(ii.) If c be of the form (6r + 2)*H-(6ff-f 3)', then 

. (?(c) = -2, G(c«) = 3, (?(c») = -4, 
And in general G (c") = (—1)* (r + 1)- 

10. Thus, on the whole, we find that, if 

12n-f 1 = a^^a;;' ... 6f'6J« ... e\^^.„f^^f^, 

where 

fltj, a„ ... are primes = 11 or 7, mod. 12, 

* 6i, 6,, ... „ „ = 5, mod. 12, 

6|, 6), ... „ „ = 1, mod. 12, and of the form 

(6r)' + (6*+l)'. 

fi, ft, ... n II = li mod. 12, and of the form 

(6r+2)» + (C«+3)', 
then G(12n+1)=0, 

unless a„ a,, ... , and /3„ /)„..., are all even (including zero as an even 
number) ; and that, if these exponents are all even, then 

<?(12n + l) = (-l)"'*''-*- X(e, + l)(e,+ l) ... 

x(-l)*'**-* ■•(/, + l)(/,+ l).... 
For example, 

P,,= (? (169) =0(13') =+3, 

Fn=G (265) = G (5 . 53) = G^ (5) G (53) = 0, 

P^= (9(325) = Gf(5M3) = (?(5^) (?(13) = -1 x -2 =-f 2, 

P^= 6? (949)= (7(13.73)= (?(13)(?(73) =-2x-2 = +4. 
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As a more complicated example, we may take 

G (11* . 19=* . 5» . 17* . 13* . 37 . 97» . 109*), 

which =— Ix3x2x— 4x5 = -fl20. 

The even powers of the primes 11 and 19 (which are = 11 and 7,. 
mod. 12) produce no effect. The same is true of the evenly even 
power of 17 (which = 5, mod. 12), but the unevenly even power of 5 
(which also = 5, mod. 12) gives rise to the factor —1. The only 
primes remaining are = 1, mod. 12. The fii'st two, 13 and 37, are of 
the form (6r)*-f- (6s4- 1)*; they give rise to the factors 3 and 2. The 
last two are of the form (6r+2)*-f (6ff-f 3)', and give rise to the 
factors (-1)»4 and (-1)*5. 

11. It will be noticed that for a great many values of n the value 
of P„ will be zero ; for this will happen whenever any of the prime 
factors of 12n-f 1 which ^ 11, 7, or 5, mod. 12, occur with uneven 
exponents. 

It is only in the case of prime factors which are ^1, mod. 12, and 
when these factors occur with uneven exponents, that we have to take 
into consideration their complex factors, or, which is the same thing, 
resolve them into the sum of two squares. There is but one such 
partition for each prime, and upon its nature depends the sign which 
is to be attributed to the factor to which it gives rise in the value 
of (?. 

12. We may conveniently use the term character to distinguish 
between the cases when the prime is of the form (6r)*-f (G^-f 1)', and 
when it is of the form (6r + 2)'-h(6s+3)'. In the former case the 
character will be said to be positive ; in the latter, negative. 

Thus the character of a prime = 1, mod. 12, is positive or negative, 
according as, when expressed as a sum of two squares, it is the even 
or the uneven square which is divisible by 3, or, which is the same 
thing, according as it is the even or uneven term in the complex 
factors of the prime which is divisible by 3. 

We may also extend the idea of character to partitions, composi- 
tions, or representations, which will be distinguished as positive or 
negative, according as it is the even or the uneven square which is 
divisible by 3. 

13. It is singular that the determination of the magnitude of Pn 
should depend wholly on the real .factors of 12n-f 1, and that it is 
only for the sake of the sign that we have to attend to the complex 
factors. Even for this purpose, it is only occasionally that recourse 
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to the complex factors is necessary, and, when such is the case, it is 
only the character of certain prime factors that has to be deter- 
mined. 

14. 1 give below a table of the values of the coefficient 

P, = G(12n + l), 

for all non-zero valaes of n np to n = 100. The values of the func- 
tion JE?(12n-fl), which forms the subject of §§15-18, are also 
added. 

Table I.— Values of P^ = (? (12n + l), and of JE?(12n+l), for all 
Talues of n for which P, is not zero from 71 = 1 to n = 100. 



n 
1 


12« + 1 




-E'(12»+l) 


n 


12«+l 


G(l2n+l) 


i?(12n + l) 


13 


-2 


2 


48 


577 


+ 2 


2 


2 


25 


-1 


3 


50 


601 


+ 2 


2 


3 


37 


+ 2 


2 


51 


613 


+ 2 


2 


4 


49 


+ 1 


1 


52 


625 


+ 1 


5 


5 


61 


+ 2 


2 


53 


637 


-2 


2 


6 


73 


-2 


2 


55 


661 


+ 2 


2 


8 


97 


-2 


2 


56 


673 


+ 2 


2 


9 


109 


-2 


2 


59 


709 


-2 


2 


10 


121 


+ 1 


1 


61 


733 


-2 


2 


13 


157 


+ 2 


2 


63 


757 


-2 


2 


14 


169 


+ 3 


3 


64 


769 


+ 2 


2 


15 


181 


-2 


2 


66 


793 


-4 


4 


16 


193 


+ 2 


2 


69 


829 


-2 


2 


19 


229 


-2 


2 


70 


841 


-1 


3 


20 


241 


-2 


2 


71 


853 


+ 2 


2 


23 


277 


~2 


2 


73 


877 


+2 


2 


24 


289 


-1 


3 


77 


925 


-2 


6 


26 


313 


+2 


2 


78 


937 


+2 


2 


27 


325 


+ 2 


6 


79 


949 


+ 4 


4 


28 


337 


-2 


2 


80 


961 


+ 1 


1 


29 


349 


+ 2 


2 


83 


997 


+ 2 


2 


30 


361 


+ 1 


1 


84 


1009 


-2 


2 


31 


373 


+ 2 


2 


85 


1021 


+ 2 


2 


33 


397 


+ 2 


2 


86 


1033 


-2 


2 


34 


409 


-2 


2 


89 


1069 


+ 2 


2 


35 


421 


-2 


2 


91 


1093 


-2 


2 


36 


433 


+ 2 


2 


93 


1117 


-2 


2 


38 


457 


-2 


2 


94 


1129 


-2 


2 


40 


481 


-4 


4 


96 


1153 


-2 


2 


44 


529 


+ 1 


1 


100 


1201 


+ 2 


2 


45 


541 


-2 


2 


1 


1 

— » 
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The next table shows the character of all primes ^ 1, mod. 12, up 
to 12373. By its means we are able to write down at once (§ 10) the 
values of P^ as far as n = 1031, and, unless 12n + l be prime, to a 
very much greater extent. The manner in which the table was 
obtained is explained in § 19.* 

Table II. — Showing the positive or negative character • of the 
primes = 1, mod. 12, up to 12373. 



13 - 
37 -f 
61 + 
73 - 

97 - 
109 - 
157 H- 
181 - 
193 + 
229 - 
241 - 
277 - 
313 4- 
337 - 
349 -h 
373 + 
397 -f 
409 - 
421 - 
433 + 
457 - 
541 - 
577 -f 
601 -f 
613 -f 
661 -h 
673 -f 
709 - 
733 - 
757 - 
769 + 
829 - 
853 + 
877 -h 
937 -H 



997 + 
009 - 
021 -f 
033 - 
069 + 
093 - 
117- 
129 - 
153 - 
201 -f 
213 - 
237 - 
249 - 
297 -f 
321 -f 
381 - 
429 + 
453 - 
489 - 
549 -f 
597 - 
609 - 
G21 - 
657 -h 
669 - 
693 -h 
741 -f 
753 - 
777 - 
789 -f 
801 -f 
861 + 
873 - 
933 -f 
993 4- 



2017 - 
2029 - 
2053 -f 
2089 - 
2113 - 
2137 + 
2161 - 
2221 - 
2269 -h 
2281 - 
2293 + 
2341 - 
2377 - 
2389 + 
2437 -f- 
2473 -f 
2521 -h 
2557 - 
2593 -f- 
2617 - 
2677 - 
2689 - 
2713 - 
2749 -f 
2797 - 
2833 + 
L>857 - 
2917 + 
2953 -f 
3001 - 
3037 4- 
3049 - 
3061 -h 
3109 4- 
3121 - 



3169 4- 
3181 - 
3217 - 
3229- 
3253 - 
3301 4- 
3313 - 
3361 - 
3373 - 
3433 - 
3457 - 
3469- 
3517 4- 
3529 4- 
3541 4- 
3613 4- 
3637 - 
3673 4- 
3697 4- 
3709 4- 
3733 - 
3769 4- 
3793 - 
3853 - 
3877 4- 
3889 4- 
4021 - 
4057 4- 
4093 - 
4129 4- 
4153 4- 
4177 - 
4201 - 
4261 4- 
4273- 



4297 4- 
4357 4- 
4441 4- 
4513 4- 
4549 4- 
4561 4- 
4597 4- 
4621 4- 
4657 - 
4729- 
4789 4- 
4801 4- 
4813 4- 
4861 - 
4909 - 
4933 - 
4957 - 
4969 4- 
4993 - 
5077 4- 
5101 - 
5113 4- 
5197 4- 
5209 4- 
5233 4- 
5281 4- 
5413 - 
5437 - 
5449 4- 
5521 4- 
5557 - 
5569 - 
5581 4- 
5641 - 
5653 4- 



6689 - 
5701 - 
5737 - 
5749 - 
^821 - 
6857 - 
5869 - 
5881 - 
5953 - 
6037 4- 
6073 4- 
6121 - 
6133 4- 
6217 - 
6229 4- 
6277 4- 
6301 - 
6337 4- 
6361 - 
6373 4- 
6397 4- 
6421 - 
6469 - 
6481 - 
6529 4- 
6553 4- 
6577 - 
6637 4- 
6661 - 
6673 - 
6709 4- 
6733 - 
6781 - 
6793 4- 
6829 4- 



* £arlow*s Tables of 1814 contain the complete resolutions of all numbers into 
their ^rime factors up to 10,000. Ghemac (Cribrum Arithtnetietttn, 1811) gives aJl 
the prime factors of numbers up to 1,020,000. The Tables of Burckhardt, Dase, 
and J. Glaisher give the least factors of numbers up to 9,000,000. 
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6841 - 
6949- 
6961 - 
6997- 
7057 + 
7069 - 
7129 - 
7177 + 
7213 + 
7237 - 
7297 - 
7309 -f 
7321 -h 
7333 - 
7369 + 
7393 + 
7417 + 
7477 - 
7489 - 
7537 + 
7549 + 
7561 - 
7573 - 
7621 - 
7669 - 



7681 + 
7717 - 
7741 - 
7753- 
7789 + 
7873 - 
7933 + 
7993 + 
8017 -f 
8053 - 
8089 + 
8101 -f 
8161 - 
8209 -f 
8221 -f 
8233 -f 
8269 + 
8293 + 
8317 + 
8329 - 
8353 - 
8377 - 
8389 + 
8461 -f 
8521 + 



8581 + 
8629 -f 
8641 + 
8677 - 
8689 - 
8713 - 
8737 + 
8761 - 
8821 + 
8893 + 
8929 + 
8941 -h 
9001 - 
9013 - 
9049 - 
9109 + 
9133 - 
9157 + 
9181 -f 
9241 -f 
9277 - 
9337 + 
9349 + 
9b97 + 
9421 - 



9433 - 

9601 -f- 

9613- 

9649 - 

9661 - 

9697 - 

9721 - 

9733 + 

9769 - 

9781 -f 

9817 - 

9829 - 

9901 - 

9949 -f 

9973- 

10009 - 

10069 - 

10093 - 

10141 + 

10177 + 

10273 - 

10321 + 

10333 - 

10357 4- 

10369 - 



10429 -f 
10453 + 
10477 - 
10501 4- 
10513 + 
10597 -f 
10657 - 
10729 - 
10753 -f 
10789 + 
10837 -f 
10861 - 
10909 -f 
10957 - 
10993 - 
11113 -f 
11149 - 
11161 - 
11173 -f 
11197 -f 
11257 - 
11317 - 
11329 -f 
11353 - 
11437 - 



11497 + 
11593 + 
11617 + 
11677 - 
11689 + 
11701 - 
11821 + 
11833 + 
11941 + 
11953 -h 
12037 - 
12049 - 
12073 -h 
12097 + 
12109 - 
12157 - 
12241 -f 
12253 -h 
12277 4- 
12289 4- 
12301 - 
12373 4- 



Connexion with the Function E (n), §§ 15-18. 

15. The'fnnction J3 (n), which may be defined as the excess of the 
nnmber of divisors of n which are ^ 1, mod. 4, over the number of 
divisors which are = 3, mod. 4, has been considered in Vol. xv., 
pp. 104-122.* If n be uneven, E (n) is equal to the number of 
primary complex numbers having n as their norm ; and for all values 
of n, 4iE (n) is equal to the number of representations of n as a sum 
of two squares. 

Thus, when n = 1, mod. 12, ^E (n) is equal to the sum of the 
numbers of positive and negative representations of n, while 40 (n) 
is numerically equal to their difference. When, therefore, all the 
compositions of n are of the same character, O (^n) is numerically 
equal to E (n). This will evidently be the case when n is a prime, 
and, as will be shown in the next article, it will happen also when- 
ever n contains no prime factor which = 5, mod. 12. 



* ''On the Function which denotes the difference between the number of 
(4m + 1) -divisors, and the number of (4w + 3)-di\'i8ors of a Number," read 
February 14th, 1884. 
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The function E (n) satisfies tlie condition that, if j? and r are prime 
to each other, E (pr) = E {p) E (r) ; and, in general, if 

iTi^here o^, a,, ... are primes = 3, mod. 4, 

and hif 6,, ... „ = 1, mod. 4, 

then E (n) = nnless a,, 04, ... are all even (including zero as an even 
number), and if these exponents are all even, 

-»(») = (/3.+i)(A+i).... 

16. In the calculation, therefore, of ^ and 0, in cases in which they 
"do not both vanish, prime factors which are = 11 or 7, mod. 12, give 
rise to the factor unity, that is to say, they produce no effect ; prime 
factors which are = 1, mod. 12, give rise to the same factors in E and 
Gy though they may differ in sign. But in the case of prime factors 
which are ^ 5, mod. 12, there is a difference of numerical value ; for, 
if 6 be a prime of this form, the factor b^ occurring in n gives rise to 
the factor fi + l in E, but in G it gives rise to the factors —1 or 0, 
according as j3 is even or uneven. 

Thus (supposing n, as always, to be = 1, mod. 12) the numerical 
values of G (n) and E (n) are the same whenever n contains no prime 
factor = 5, mod. 12. If any such factor occurs raised to an. uneven 
power, it reduces G to zero ; if raised to an even power, it merely 
produces a change of sign. In E it gives rise in each case to a finite 
factor greater than unity. 

The greater number of zero values of G (n) than of E (n) is due to 
the presence of uneven powers of primes ^ 5, mod. 12 ; viz., any one 
of the factors 5, 5', 5', ..., 17, 17*, ... 29, 29*, ... Ac. reduces G to zero. 
For non- vanishing values of G (n), we have seen that the only case 
in which a difference of numerical value occurs is when these factors 
present themselves with even exponents, and if &j, 5„ ... denote the 
prime factors of this form, and /3j, /?„... are their exponents (supposed 
to be all even), then 



Gin) = ± 



E{n) 



(A + l)03,-fl)...- 



17. In Table I. (p. 190) the values of E (n) were given in an addi- 
tional column for the sake of comparison. Within the limits of that 
table there are seventeen arguments for which E remains finite whil^ 

VOL. XII. — NO. 382. b 
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vanislieB. These are — 

85= 517, 505= 5-101, 901 = 17-53, 

145= 5-29, 565= 5113, 985= 5197, 

205= 5-41, 685= 5137, 1105= 5-1317, 

265= 5-53, 697 = 17-41, 1165= 5233, 

445= 5-89, 745= 5149, 1189 = 29-41. 

493 = 17-29, 865= 5173, 

For the argament 1105 the valne of JEJ is 8 ; in all the other cases it 
is 4.* 

There are six cases in which G does not vanish, but in which its 
numerical yalne difEers from E. These are — 





Yalne of G. 


Value of J7. 


25 = 5», 


-1, 


3. 


289 = 17', 


-1. 


3, 


325 = 6M3, 


2, 


6. 


625 = 5*. 


1, 


5. 


841 = 29', 


-1, 


3. 


925 = 5' . 37, 


-2, 


6. 



It will be noticed that the corresponding values of G and E are con- 
nected by the relation given at the end of the preceding article. 

18. The values of G (n), in Table I., were originally calculated by 
finding the partitions of 24n+2 into two uneven squares (§ 4), before 
I had obtained the method described in §§ 6-10. The corresponding 
values of E(n) were taken from the paper in Vol. xv. of the 
Proceedings, already cited in the note to § 15. The table of E (n) 
contained in that paper gives the values of E (n) for all values of n 
up to n = 1000 for which E (n) does not vanish.t 

The Function x W, § 19- 

19. In Vol. XX. (1884) of the Quarterly Jowmal% I have considered 



* It is eyident that, when O vanishes and E does not, the value of E most 
necessarily be an evenly even number, for there must be an equal number of posi- 
tive and negative compositions, each of which counts in ^ as +2. 

t The definition of E (ft) applies to all positive integral values of w. The defini- 
tion of O (ft) only applies to numbers = 1, mod. 12. 

{ *' On the Function x W," pp. 97-167. 
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the f miction x (n), which is defined as the sum of the primary num- 
bers having n as their norm. 

If n be a prime = 1, mod. 12, then either 

n=(6r+l)«+6«« 
or n = (6r+3)*+(6« + 2)«. 

In the former case the value of x (w) is 

(-.l)»c+-)(12r+2), 
and in the latter ( - 1)» {'♦•> (12r + 6). 

Therefore, when the character of a prime is positive, x (v) ^ ^ot 
divisible by 3 ; and when the character is negative, x M ^ divisible 
by 3. 

In the paper on x (v) ^ which reference has jnst been made, I 
have given a table of the values of x (n) for all primes = 1, mod. 4, 
up to n = 12377. Table II. was derived from this table by selecting 
from it the primes = 1, mod. 12, and affixing the sign — or + 
according as x (v) was, or was not, divisible by 3. 

Analytical Formuhe connected with the Functions E and (?, §§ 20-27. ' 

20. It can be shown by elliptic functions that, if n denote any 
number (and therefore 2n any even number), and m any uneven 
number, 

{2!.5«"}« = l+42r^(n)g*, 

r.3"'x2:.5**' = 2?;^(4n+l)g***S 

{2!. q-y = 42? E (4n+l) q^^\ 

The second formula shows that the number of representations of 
4n+l as the sum of an even and an uneven square is equal to 
4iE (4n+l), and the third formula shows that the number of repre- 
sentations of 8n+2 as a sum of two uneven squares is also equal to 
4JEf (4n+ 1). It follows, therefore, that if n = 1, mod. 4, the number 
of representations of 2n as a sum of two squares is equal to the 
number of representations of n as a sum of two squares. This 
theorem, of which it is easy to give an arithmetical proof, has been 
referred to in § 5. 

21. Evidently (6r+l)*+(6*)« = 1, mod. 12, 

(6r+3)«+(6*+2)« = 1, mod. 12, 

(6r+l)«+(6«+2)« = 5, mod. 12, 

(6r+3)«+(&)« = 9, mod. 36. 

02 
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By separating the terms whose exponents are = 1 from those which 
are = 5, mod. 12, in the second formula of the preceding article, we 
obtain the following results : — 

21. 2<****>" X S:. g^*"^'+S!. q^*^*'^' x 2!. ^•"*'^" = 2? JE? (12n+l) ^*\ 
2!. (?<•-♦»>" X 2!. g<-*»^' = i2o JS (12n+5) q'^^\ 

We find also 

2!. ^^•"^'J' X 2!. q^"^^* = 2 :§r ^ (36n+9) 3*»"** ; 

but this formula is equivalent to the original equation, for, by 
replacing q bj ^, it becomes 

2!. g^***"" X 2!. g^*'^' = 2 2^ JE7 (36n +9) g*"*^ 

It is easy to see that, for all values of n, 

JE?(36n+9) = J^(4»+l); 

for, if the highest power of 3 which occurs in 4ii+l as a factor be 
uneven, JS vanishes for both arguments, and if the highest power is 
even, = S*" (including the case a = 0), then 

J^(4n+1) = E {8^(4r+l)} = E (9^^) E (4r+l) = JE? (4r+l); 

and, similarly, 

E (36n+9) = E {3»«*» (4r+l)} = E (4r+l). 

22. Treating in the same manner the third formula of § 20, by 
means of the congruences 

(6r+l)'+(6«+l)« = 2, mod. 24, 

(6r+l)*+(6ir+3)* = 10, mod. 24, 

(6r+3)«+(6«+3)«s 18, mod. 36, 

we obtain the formulsd 

!{2!. g<«»*»)'}« = 2o ^ (12n+l) g«*•*^ 

2:. q^"^*'^ X 2!. g^*"*'^' = XE (12n+ 5) f»***^ 

We find also 

(St. g(«»*«)'}« = 42? JE7 (36n+9) g^+", 
which is, however, only a repetition of the original formula. 
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23. It is worth while to notice the identical relations to which the 
formnlsB in the two preceding articles give rise, viz., 

2!« q^"^*'"' X S*« q'^^^'-^-r.^ gf*"*'^' X 2!« q^*^^'^ = {2!. 2»ti-*i)-Ji, 

S:. g(««*i)' X r . g^*"*'^' = iS!. g* ^^*'J* X S!. g*<«-*«'. 

The original formnlaD in § 20 give rise to the identity 

r . 9^'"^'>' X r CO q^^' = (2!. 3*<»-*^)'}«, 

from which, of course, the two preceding identities might be directly 
obtained by the method employed in the two preceding articles. 

24. Passing now to the function 0, we have, from § 4, 

{2!. (-ir3^***^)'}« = Sr Gt(12n + 1) g«-*», 

and from § 5 it follows that 

2!. g^****^" X 2!. g^'"^'-2:. g^«-*«' x 2!. g^'"*'^' = 2? G (12n+l) g»*-+^ 

These formnlaB correspond to 

{S!« g^«»*^^"}* = XE (12n + l) g****» 
and 

2!. g^'"*^^' X 2!. g('"^'+2:« g^*'*'^" x 2!. g^""*'^' = 2: JE? (12n+l) g^*S 

which were given in §§ 22 and 21. 

25. Combining, by addition and subtraction, the first and third 
formulsB, we find 

{2!« g^^*"*^^"}'+ {2:.g^^^*»)'}«= i2o*{JE7(12n+l) + (?(12n+l)} g«*"*« 
2!. g^^^*'^'x2!:. g^»*»^' = i2? {E (I2n + l)-(? (12n-f 1)} g>***«. 

These equations express the theorems : 

(i.) The number of compositions of a number jp (necessarily = 2, 
mod. 24) as the sum of two squares, which are both of the form 
(12n + l)*, or both of the form (12» + 5)', is equal to 

(ii.) The number of compositions of a number p (necessarily = 2, 
mod. 24) as the sum of two squares, of which one is of the form 
(12n-f-l)' and the other of the form (12n+5)', is equal to 



i{E(p)--G(p)}. 
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26. Combining in the same manner the second and foorth formnls 
of § 24, we find 

S^ 2^*"**^" X S:. g^^i' = iSo* {E (12n+l) + (12n+ 1)} g"»*S 

St. 3(«-+»)-xS!. 5^*'>' =i2o' {^(12n+l)-G (12n+l)}g**\ 

which express the theorems : 

(i.) The nnmber of representations of a number 2> (necessarily = 1, 
mod. 12) by the form (6r+l)' + (6ff)' is equal to 

2{E(p) + 0(p)}. 

(ii.) The number of representations of a number p (necessarily = 1, 
mod. 12) by the form (6r+ 3)' +(6^ + 2)' is equal to 

2{E(p)^a(p)}* 

27. It will be noticed that the formulsB in the last two articles lead 
to the identities 

S:. gt-^i)- X 5!.V*"^' = {2!. 9*t»-*>J-}«+ {2!. q^^*^]\ 
2!. g^*"**>' X 2!. g^*"*'^' = 22- 3*^"~**>" x 2*.. 3*^*«>'. 

The Function E (n), §§ 28, 29. 

28. It can be shown by the Theory of Numbers that the number of 
representations of any uneven number m by the form a?+Sy* is equal 
to four times the excess of the number of divisors of m which = 1, 
mod. 3, over the number of divisors which = 2, mod. 3. 

Let H (n) denote the excess of the number of divisors of n which 
= 1, mod. 8, over those which = 2, mod. 3. 

If an uneven number be represented by the form a^+3^, either » 
or y must be even and the other uneven ; observing that 

(2r-hl)"+3 (2*)* = 1, mod. 4, 
(2r)«+3 (2«+l)« = 3, mod. 4, 
we thus obtain the analytical theorems, 

2!. 2"*'x2!.g"*'= 22? Jff(4n+1) 2*"*S 
2!. g**' X 2:. q^' = 22? Jff (4n + 3) g*"*», 
where n denotes any number, and m any uneven number. 

* In (i.) the number i? is expressed as a sum of two squares, of which the eyea 
square is divisible by 3, and the uneven square is not ; in (u,) p ia expreised at a 
sum of two squares, of which the uneven square is divisible by 3, and the even 
square is not. 
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Taking the first formnla, since 

(6r+l)«+3 (25)» = 1, mod. 12, 
(6r+3)*+3 (2«)« = 9, mod. 12, 
we find, by similar reasoning to that employed in § 21, 

2!« 5(6«*i)' X 5!. g^^" = X fi'(12n+l) ^*\ 

29. The function H (n) possesses the property that, if p and q are 
prime to each other, 

H (jpq) = H (^p) H (q). 

This may be proved by exactly the same methods as in the case of the 
corresponding theorem 

E(pq)=^E(p)E(q); 

i.e., analytically, as in Proc, Lond, Math, 8oc,, Vol. xv., pp. 104, 105, or 
by general reasoning, as in the note to § 8 of the present paper. 

The former method shows that H (n) vanishes unless every prime 
divisor of n which = 2, mod. 3, is raised to an even power, and that if, 
in general, n = ^uv*, where all the prime factors of u are = 1, mod. 2, 
and all the prime factors of v are = 2, mod. 3, then 

V (n) denoting the number of divisors of u. 

The Functions 0, E, Jff, §§ 30-32. 

30. We may obtain an equation similar in form to the last equation 
in § 28, but in which is involved instead of JET, by the following 
method. 

5rp.<r = nr(i-3''/ 



=iir(i-3-)iir(M 



Putting g" for g, this equation becomes 

whence, replacing P^ by Q (12n+l), and multiplying throughout by 
5, we find 



St. (-1)" g^*"*^'^x2:. (-irg^^' = 2? (-1)- G(12n+1H' 



llll4l 
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31. It was found, in §§ 22 and 24, that 

{S!.?**"*"*}' =2? ^ (12«+1) ^*% 

(2% (-irg^*"*"*}' = Sr (? (12n+l)2«-« 
and, in §§ 28 and 30, that 

2% g"^*"" X S!. 2^' = S: Jff (12«+1) g""*", 

St. (-1)" 3'*"*"' X S". ( - 1)" <?""■ = 2? G (12n+ 1) g'*"*'. 

Writing these formnln at fall length, they become 
E (1) ^+E (13) f+E (25) g*+i; (37) g^+Ao. 

= (3+3«+3'*+g'"+g"'+Ac.)', 
(?(l)g'+0 (13) g*+0 (26) g^+G (37) g"+4c. ; 

= (g-g»-g"+g"'+g«-&c.)», 

and 

H(l) q+H(lB) g"+Jff (25) 5«+H (37) g'^+Ac. 

(1) 9 + ^ (13) 5"+^ (25) g"+ 6? (37) g'^+Ac. 

= (g-.5«-5«+g"i4.5i»-&c.)(l-2g"+25*»-2g»«+2g«»-4a). 

The first pair of formnleD show that (12n+l) must vanish when 
E (12n+l) vanishes ; for 4JS7 (12n + l) is eqnal to the total nmnber of 
representations of 12n + l as a sum of two squares neither of which is 
divisible by 3, so that, when ^(12n + l) vanishes, 12n+l does not 
admit of being so expressed. 

Similarly, from the second pair of formnlsB we see that O (12n+l) 
mnst vanish when J3'(12n4-1) vanishes ; for 4H (12w+l) is eqnal to 
the total number of representations of 12n + l as the sum of an uneven 
square not divisible by 3 and of the triple of an even square. 

Now E (n) vanishes unless all the prime factors of n which are = 3, 
mod. 4, are raised to even powers ; and H (n) vanishes unless all the 
prime factors of n which are ^ 2, mod. 3, are raised to even powers. 

Thus either E (n) or H (n) vanishes (or both vanish) unless all the 
prime factors of n which are = 3, 5, 7, or 11, mod. 12, are raised to 
even powers. It follows, therefore, that (12n+l) vanishes, unless 
all the prime factors of 12n + l which are =3, 5, 7, or 11, mod. 12, 
are raised to even powers. This result is included in the arith- 
metical investigation of § 9. 
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32. Five years ago (in 1884) I found, by the analytical process of 
the preceding article, that P„ was always zero nnless all the prime 
factors of 12n-f 1 which were = 3, 5, 7, or 11, mod. 12, were raised to 
even powers. The process did not show, however, that it might not 
happen that P. should vanish, even when this condition was satisfied, 
and I did not then attempt an arithmetical investigation. It appears 
from § 9, however, that P, can never vanish when all the prime &ctors 
of the above forms occur with even exponents. I have thought the 
results contained in the four preceding articles worth giving, partly 
because of the analytical proof which we thus obtain of the theorem 
that P„ vanishes unless the prime factors of 12n4-l which are of a 
certain form occur with even exponents, and partly for the sake of 
introducing the function H, which belongs to the same class of 
coefficients as E and G. 

» 
Linear relations connecting the values of P^, §§ 33-44. 

33. When Euler had obtained the formula 

(l-3)(l-3»)(l-g') ... = l_3-5'+g»+3'_&c., 

he applied it in the following manner to obtain results connected with 
the Theory of Numbers : — 

(i.) If P (n) denote the number of partitions of the number n into 
the parts 1, 2, 3, ... , repetitions not excluded, we have 

whence it follows that 

{l+P(I)g+P(2)g« + P(3)5»-h&c.}{l-5-g«+g*+3'-&c.}=l. 

Equating the coefficients of g", we find, for all values of w, 

P(n)-P(n-l)-P(n-2)+P(n-6)+P(n-7)-&c. = 0, 

the series being continued so long as the arguments remain positive.* 
The value of P (0), when it occurs, is supposed to be unity. 

(ii.) By taking logarithms and differentiating, we deduce from 
Euler's series the equation 

1-3 ^1-2' ^1-3* l-3-3'+j'+/-<to.' 

* Commentationes Arithmetics ColUcta, Vol. i., p. 91. 
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Denoting by <r (n) the snm of the divisors of n, this equation may 
•be written 

{cr (1) g + cr (2) g»+cr (3) 5'+ &c,] {I-g-j'+g^+j'-Ac.} 

whence, by equating coefficients, we obtain the relation 

• cr(n)— cr(n-l)-<r(n-2)+<r(M-5)+<r(n-7)-&c. = 0,* 

if we adopt the convention that o- (0), i.e., a (n — n), when it occurs, is 
to have assigned to it the value n. 

34. It may be remarked that, by writing the equation obtained in 
the preceding section in the form 

we find, by equating the coefficients of 9" on each side, 

P(n-l) + 2P(n-2)-6P(n-6)-7P(n-7) + &c. = cr(n).t 

This result, combined with Euler's second theorem, shows that the 
values of 

cr(n— l) + cr(n-2)— cr(n— 6)— <r(n — 7) + &c. 
and 

P(n-l) + 2P(n-2)-6P(n-6)-7P(n-7) + 4c. 

are equal. 

35. We may apply Euler's second method to deduce from Jacobi's 
formula, 

{(l-g)(l-2*)(l-2»)...}»=l-3(?+55»-72«+V-&c., 

a corresponding property of the function a- (n). 

For we thus find 

from which, by equating coefficients, we have 

cr (n)-3cr(n-l) + 5cr (n-3)-7<r (n-6) + 9cr (n-lO)-Ac. = 0,t 
if we assign to <r (0), %.e. to <r (n—n), the meaning Jn. 

♦ Ibid., pp. 161-164. 

t Miu^ngfr of Mathtmatict, Vol. xn., p. 170. This paper also oontainB other 
theoremB connecting partitions and sums of diviBors. 

X QuarUrfy Journal, Vol. xix., p. 220. It is bo obrioos, however, that Eoler'f 
method is ezacUy applicable to Jacobi's formula, that the result must have been 
noticed before. See also Ftoe. Comb. Fhil, 80c., Vol. v., p. 109. 
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« 

36. Passing now to the formnla 

{(l-g)(l-2')(l-3*)...}' = H-P,8+P.3'+P,S»+&c., 

I proceed to consider the properties of the coefficient P» that can be 
obtained by methods of a similar character to those employed in the 
three preceding sections. 

(i.) Applying Ealer*s first process (§ 33), we have 
(1 + P,^-hP,(^-hP,g»-h&c.} (1 + P (1) 3+P (2) g»+P (3) g»+&0.} 

whence it follows that 

P«+P(l)P..i-hP(2)P,.,+ ...+P(n-l)P(l)+P(n) 

= or (-1)% 
according as n is not of the form Jr (3r±l), or is equal to \r (3r±l). 

(ii.) Applying Eoler's second method, we have 

2(^L + -M-4.J2!--Kfec] = - Piy-h2P,9«-h3P,y«-hAc. 
h-g^l-(^^l-5»^'^') l-hPg+P,g»+P,g*+&c.' 

which gives the relation 

- inP. = cr (1) P„.,+cr (2) P».,+ ... +cr (n-1) Pi+cr (n). 

37. Since 
{l-|-P(l)g+P(2)3«+P(3)2»-f&c.}{l-3g+53«-7g«+V-&c.} 

== l + Pigf+P,5f«+P,5»+&c., 

and {1 + Pigr+P,g' + P,5»+Ac.} {l-g-^'+g'+g'-Ac.} 

= l-3g+55»-75'+9g"-&c., 
we find, by equating coefficients, 

P(n)-3P(n-l)+5P(n-3)-7P(n-6)+&o. = P», 

and p^_p^_j»p^^,+p^.^+p^_,_&o. 

= or (-iy(2r+l), 

according as n is not of the form \r (r+1), or is equal to Jr (f+1). 
The value of Pq is supposed to be unity. 

38. Since 

(l-3-^+5»+g'-&c.)» = l-35+52»-7g«+9g^«-Ao., 
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we find, by differentiating, 

(l+Pig+P,gf«+P85*+&c.)(?+22»~5g»-72'+&c.) 
= g-6g»+lV-30gr^*+<fcc. ; 
whence, by equating coefficients, 

P»-.+2P..,-5P..,-7P,.,+&c. = or (_i)r-ir(r±lK2!l±ll, 

according as n is not of the form |r (r+1), or is equal to -Jr (r+ !).• 

In §§ 34, 35, and 36, three fractional formnlae have been obtained 
for the series 2* or (n) j". We do not obtain new f ormnlsB by equating 
these fractional expressions. For example, from §§35 and 36 we 
have 

-i(-Pi9 + 2P,2»-f3P,gr»+&c.)(l-g-3*+9'+2^-Ao) 

= g-62»+142«-302^^+&c., 
giving 

nPn-(n-l)P..i-(n-.2)P,.,+ (n-5)P,.5+(n-7)P..T-*o. 

= or ^^iyr(r+lX2r^l)^ 

ni 

according as n is not of the form |r (r4- 1), or is equal to \r (r+1). 

This formula, however, is easily deducible h'om the expressions 
for P„.i-|-2P«.j— 6P„.fi— &c., and P„— P^.i — P^.a— Ac., which have 
been already obtained. 

In the six following articles, various formulae involving the func- 
tions Pn, and connecting them with other functions, are obtained by 
equating coefficients. 

39. From § 30 we have 

l+P,gr+P,2» + P,j»+&c. 

= (l-g«-g*+5^Hg"-&c.)(l-2g+22*-2g»+22"-Ao.), 

whence 

l+P^q+P^q*+P^q^+&c, _ l-2<74-2(?*-2<y^-f 2g^*-<fec. 
l-Pig+P,2*-P,gr»+&c. l + 2g + 2gf*-|-2g»+2g"+&c.' 

* In the case of the function P (n), we have the theorem 

P(n-l) + 2P(n-2)-6P(n-6)-7P(fi-7) + &c. =<r(fi), 
which, however, only holds good when n ia oneven {Meufnger^ Vol. xu., p. 170). 
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Mnltipljing np and equating the coefficients of g^, we find that, if n 
be any nneven number, 

40. By multiplying the first equation in the preceding article by 
(l-g»)(l-2*)(l-9')...» we have 

(l+Pi(?+P,g'+P,5'+&c.)(l-2'-g*+2"+g"-&o.) 

= (l+Pi3«-f P,g*+P,g«+&c.)(l-2g+2j*-2g»+2g"-&c.); 
whence, by equating coefficients, we find, for all values of n, 

= P,.+2P,.,+2P„.8-l-2P..i8+4c., 
and P«-P«-a— Pm-i+i'm-io+JPm-M— &0' 

= -2P,-2P..4-2P..«-2P..,4-&c., 

where, in the second formula, m denotes 2n + l. 

In the right-hand member of the first formula the suffix in the 
general term is n— 2^^, and in the second formula it is n— 2/*— 2r. 

41. If we denote by Q (n) the number of partitions of n into the 
elements 1, 2, 3, ••• in which no part is repeated in the same partition, 
80 that 

(l + g)(l+5')(l+2')... 

= 1 -l-a (1)2-I-Q (2)(Z*+Q(3)3»-|-Q (4) 3*+Ac., 
then we have 

(l+P,g+P,(f+P,5»+Ac.)(l-3«-5*+g^^+3^*-&c.) 

= {l + e(l)2+Q(2)2»+e(3)g«+&c.)}(l-32 + 6g»-7g*-|-V-*c.); 

whence, by equating coefficients, 

= Q(n)-3Q(n-l) + 5Q(n-3)-7Q(n-6) + Ac., 
for all values of n ; the value of Q (0) being supposed to be unity. 



* Similar formuls relating to the functions x? ^f cuid <r are given in the Quarterly 
JourtMl, Vol. XX., pp. 120, 121. A formula of the same kind for S is given 
in} 48. 
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By combining this resnlt with those of the preceding artiele» we 
see that 

Pn + 2P„.2+2P,^+2P,.i8+2P«-a-|-&c., 
Q (2n)-3Q (2n-l) + 6Q (2n^3)-7Q (2»-6)-|-Ao. 
are all three eqnal ; and that 

P« — P«-a — P«-4+Pm-10 + Pm-14 — ^-i 

-2P,-2P,.4-2P„.i,-2P,.«-2P,^-Ac., 
Q(m)— 3Q(w-l) + 5Q(m-3)-7Q(m-6) + &c., 

where m = 2n+l, are all three equal. 
42. From the equation 

(l+P,g + P,3« + P,5« + &c.)(l-|.gr + gr« + g« + 5W + Ao.) 

= (l+Pi5f«+P,g!*+P,g»+&c.)(l-g-g'+fl^-l-3^-4c.) : 
we may deduce the formolaa 

Pi»-|-Pi»-i+Pi.-4+P2».s+&c. 

= P|» — Pn-l — P«-S + Pn-ll + P|i-W""P|i-»'"*0« 

and P«+P«.i+P«.3+P«.e+&c. 

= -Pn + Pn-a + P».S-P«.7-'Pn.l7+P«.ll + &C., 

where n = 2n + l. 

The numbers 1, 6, 11, ... which occur in the first formula are the 
halves of the even pentagonal numbers. The corresponding numbers 
2, 3, 7, ... in the second formula are the halves of the uneven penta- 
gonal numbers diminished by unity. 

Similarly, from the equation 
{l + Q(l)g-|-Q(2)3«+Q(3)g»+&c.}(l-32»+62*-73»+92»-4o.) 

= (l+P,3«+P,g*-|-P,3»+4c.)(l-|-g+5»-|-g«+3*^-|-&c.), 
we find 

e (2n)-3e (2n-2)+5Q (2n-6)«7Q (2n-12)+4o. 

= P.+P^.,+P«.5-|-P«-i4+Pn-i8-l-Pn.ii+&c. 
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and Q(m)-3Q(m-2) + 5Q(m-6)-7Q(m-12) + &c. 

where m = 2n+l. 

The nnmbers 3, 5, 14, ... which occur in the first formnla are the 
halves of the even triangular nnmbers. The corresponding numbers 
1, 7, 10, ... in the second formula are the halves of the uneven 
triangular numbers diminished by unity. 

43. It can be shown that 
(l+P,g+P,5»+P,5'+Ac.){l+P(l)g«+P(2)2*+P(3)g'-|-&c.} 

= l-2j + 22*-2g*+2g»«-&c., 
and 

(l+P,g»+P,2*-hP,2' + &c.){l+P(l)^+P(2)3»+P(3)3»+Ac.} 

= l+g+<?*-|-g«+g^HAc. 

By equating the coefficients of g" in these equations, we find that 

P«+P(l)P,..,-hP(2)P,.4+P(3)P,.,+&c. = 0, +2, OP -2, 

according as n is not a square, is an even square, or is an uneven 
square ; and that 

P(n)+PiP(n-2)+P,P(n«4)+P,P(n-6)-|-&c. = or 1, 
according as n is not, or is, a triangular number.* 

44. We have also the formula 

(H-P,2-fP,3«+P,3*+&c.)(l+Pi3«+P,2*+P,gr«+&c.) 
= l+x(5)3+xW!Z'-l-xa3)5»+&c., 

where x (^) is the function considered in § 19. 

By equating coefficients, we find 

P,+PiP„.,+P,P,.4+P8P».«+&c. = x(4n+l). 



* The value of the expression 

Pn + P(l)P„.l + P(2)P»., + ...+i»(»-l)Pi + P 

was given in { 36. 
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Elliptic Function Expressions for Series involving the Function 0^ 

§§ 45-47. 

45. Denoting by p, we have, in Elliptic Fanctions, the following 

formnlaa giving the yalnes of the series which have been principally 
considered in this paper : — 

Jc^0p^ = 2igi (l+P,g«4-P,2*+P,2«+&c.), 

Aj*Aj'*p* = 2g* (l-32»+52«-7g"+ V-&C.). 
These formnlaa may be also written 

J^0p = 2* ((?*-|-Pig^-|-P,(zV+P,gV+&c.), 

•or, by expressing only the general term of the series and using 
0(12n+l) in place of P« in the second formula, 

khlc^p =2*sr (—)q^\ 

h^y^p =:2«2?(?(12n-|-l)<?*ttt-+i), 
hkV^p\^2X['^)m^\ 

where n represents any namber, and m any nneven number. The 
<K}efficients ( — ] and (^^^) are Legendre's symbols (as extended 
by Jacobi) expressing the quadratic character of 3 and of —1 with 

respect to m, so that ( ^^ ) = (— 1)*^"'~*\ 

\ vn / 

46. By substituting in this group of formulae g*, j* and — j* for g, 
we obtain also the following groups : — 

\ vn / 
hik'*p =2*X<^ (12»+1) 2* <»•+", 
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k^k'^p = 2* 2^ fif (12n + l) q^^^*^\ 
k^k'p^ =2*Sr(— )m5*-'; 

\ m / 
kn'^p = 2*5- (-1)» (3f(12n+l) q^^^-'\ 

kn-^p^ =2*Sr ( — )m3**'- 

The symbol ( — ) is eqnal to ( - 1 )* t- »)**<-•-». The symbols ( -^) 

and ( — ] are supposed to be zero whenever m is not prime to 3 or 
6 respectively. 

It maybe remarked that ( — J =(— l)*^**^^^, where in the exponent 

that sign is to be taken which makes mdbl divisible by 6; m being 
supposed not to be a multiple of 3, as in that case [ — ] is zero. 

Thus, also, (1) = (^)(^) = (-l)i(-±i)**(«--i). 

4i7, The following formulae may also be added : — 

H(JZ)=3*2r(-)j*"", 
E*{iK) = 3 2rO(12»+l)2« "*•*«, 

where the function JB* is the same as in the Fundamenta Nova, 



Linear Relations involving H(n), and connecting H(n) and E (n), 

§§ 48, 49. 

48. We may obtain various formulae, of the kind considered in 
§§ 33-44, relating to the function Sin) which was defined in %2i^ 
VOL. XXI. — NO. 383. p 
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as the excess of the nnmber of divisors of n which = 1, mod. 3, oyer 
those which = 2, mod. 3. We obtain also, bj the same methods, 
relations involving both H(n) and ^(n)- 

From § 28, 

S!. g«' X 2!. q"^' = 22- fi-(4n-|-l) q"^'\ 



4m 4-3 



S!« g*"' X 2!. 3»"' = 22o" JT (4n + 3) q 

where n and m denote, as before^ any nnmber and any uneven number 
respectively. 

From these formalsa we may deduce 

H(l) + H (9) q'-hH (17) q'+&c. ^ l-h2<y'«+2g«-f27^^-fAc. 
fi-(5)g + JT(13)5»+H(21)5*-f&c. 2^+2j*'+2g'*+Ac. ' 

g(3) -hg(ll)^4-g (19)7 H<fec. ^ l + 2(y*-f2g»4-2^-hAo. 
JT(7)g+JT(15)g»-fB^(23)g* + &c. 2g + 2g»+2g^ + 4c. ' 

whence, by equating coefficients, we find that, if n = 5, mod. 8, 
JT(n)-2JT(n-12)+2£r(n-48)-2JT(n«108) + &c. = 0, 
and that, if n = 7, mod. 8, 

fl'(n)-2fl'(n-4)+2JT(n-16)-.2H(n-36)+Ac. =0. 

49. From §20, 

2!. g"*' X 2!. 3*"" = 22: E (4n + 1) g*-+', 

{2% 5-'}' = 42o- J&(4ri+1) (?*•*», 

{2!:.g**-}' = l+42r^(n)g^; 

3nd by combining these identities with those involving H in the pre- 
ceding article, and equating coefficients, we may obtain the four 
following formulae : — 

(i.) If n = 1, mod. 4, 

JT(n) + 2fi- (n-4) +2JT (n-16) + 2H (n-36) + &C. 

= E (n)-\-2E (n-12) + 2^(n-48) +2E (n-108) +4c. 

In the first line the numbers 4, 16, 36, ... are the even sqniyres ; the 
corresponding numbers in the second line are the triples of these 
squares. 
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(ii.) If ^ = 4n + l, ir=8n + l, 

where n is any number, then 

JT W + £r (5 - 8) + fi- («- 24) -h fl" (»-48) + Ac. 

= J&(2?)+2^(^-24)+2^(^-96)+2^(2?-216)+&c. 

The nnmbers 8, 24, 48, ... are the uneven squares diminished bj 
unity. The nnmbers 24, 96, 216, ... are the squares multiplied 
by 24. 

(iii.) If Z = 4n-3, f = 8n-f6, 

where n is any number, then 

£r(0+H(^-8)+fi'(^-24)-h-ffO-48)-f Ac. 
= 2E (Z) -h2JE7 (Z-48) +2^ (Z-144) +2E G~288) +4c. 

The numbers 8, 24, 48, ... are as above. The numbers 48, 144, 288 
are these numbers mnltiplied by 6. 

(iv.) If r = 4n-h3, 

JT (r) -|-2ir (r-4) +2JT(r-16) + 2JT (r-36) + &C. 
= 4^ (n) -h4-E7 (n-6) +4^ (w-18) +4J& (n-36) -f Ac. 

The numbers 6, 18, 36, ... are the triangular numbers multiplied 
by 6. The quantity E (0), when it occurs, is to have the value J. 

It may be remarked that we find also that, if p =^4^+1^ 
^ (p) + 2-E7 (p - 4) -h 2^ (^ - 16) + 2^ (p - 36) -h Ac. 
= 4^ (w)-|-4E7(n-2)-|-4^(n-6)-f 4£7 (n-12)-hAc., 
where, as in (iv.), E (0) is to have the value |-. 

The Functions Q andH,^^ 50-66. 

50. Taking the second pair of formulae in § 31, and changing the 
sign of g" in the second of them, we have 

2:. g^^"*"' X 2:. g'»"' = 5? H (12n+ 1) g""*S 

S!« (-!)'• 3^*»**^'xS!. g»*-' = %o (-1)" (3^(12n + l)g"-^ 

These equations express the theorems : — 

(i.) If a' denote an even square, and 6* an uneven square not 
divisible by 3, then the number of representations of a number p 
(necessarily = 1, mod. 12) by the form 3a' +6' is equal to 4JB" (p), 

p 2 
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(ii.) If a* denote an even sqoare, (? a square of the form (12it+l)*, 
and d* a square of the form (12ii+5)', then the excess of the number 
of representations of a number p (necessarily = 1, mod. 12) faj the 
form 3a' -fc* over the number of representations by the form 3a*+dP 

is equal to 4 (-1)^^''^ Q(p). 

Combining these two theorems, we see that (a*, h\ (? having the 
same meanings as above) the number of representations of p 
(necessarily = 1, mod. 12) by the form 3a* +6* is equal to 

and by the form 3a'+(P is equal to 

2 (5(1,) -(-!)**-•> G(j,)}. 

51. From the formulae in the preceding section, it follows that 

_ 2!. f::^* ^ 2o'g(12n-fl)7''"^^ 

S!.(-l)''?''"*'^' 2o*(-l)-G(12»-M)5"-*" 
whence 

l-hg(13 )7-fg(25)^»-h g(37)7'4-&c. ^ l4-g'-f 7*-f ^''-h<y'*-h*c. 
l-Gf(lJJg + G?(25)3»-(?(37)3*+Ac. l-g«-g*+gW^^u_4c • 

Equating coefficients, we find that, if n = 1, mod. 12, 

G (n) -f G (n- 24) + G (n-48) + G (n- 120) + G (n- 168) + Ac. 
= (-l)A(i.-i) {jff(n)-jff(n-24)-JT(n-48) + ir(n-120) 

+jff(n-168)-4c.)}. 

The numbers 24, 48, 120, ... are the uneven squares which are not 
divisible by 3 diminished by unity. 

52. It can be shown that 

l-fPi5f« + P,g*-hPs5'4-&c. 

= (l-g-3*4-g*+g'-&c.)(l+g+9'+g'+9"+&c.), 
whence we deduce 

St. (-l)"g^»»**^' X 2!. 3»-' = 2So* G (12»+1) g*****, 
where m denotes any uneven number. 

This equation expresses the theorem : 

If w' denote an uneven square, c* a square of the form (12n+l)*, 
and df a square of the form (12n + 5)', then the excess of the number 
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of representations of any number p (necessarily = 2, mod. 24) by the 
form 3w'-|-6* over the number of representations by the form Sm'+e? 
is equal to zero, it p = 2, mod. 48, and is equal to SO (ip) if j? = 4, 
mod. 48. 

53. From the formulae, 
St.C-irg^'^^'^'xSfg*"" = So* 0(12n-hl) ?**•**, 

S!. ( - 1)" g^*"*'^' X 2!« g'^" = 2? (- 1)- G' (12n+l) g^^*', 

we obtain, by division, 

l-P,g-hP,g'-P,5'+&c. l+22-h2g*+23*+25"-h&c.' 
whence, by equating coefficients, we find that 

is equal to zero, if n = 2 or 3, mod. 4 ; is equal to 

P«+2P,.,-h2P,.4+2P«-,+&c., 

if n = 0, mod. 4, where t« = In ; and is equal to 

- 2P.- 2P,.a- 2P..« - 2P..1, - Ac., 
if n= 1, mod. 4, where t; = J (n— 1). 

54. The second of the above results shows that, for all values of n, 

P« + 2P,., + 2P„.4 + 2P„.g-h&C. = Pin + Pi.^2 + Pin^ + Pin-l2 + &0. 

Now, in § 39 it was shown that 

-P«+2P,.i+2P,.4+2P,.,+&c. 
is equal to zero for all uneven values of n. It follows, therefore, that 

is equal to zero whenever n is the quadruple of an uneven number, 
that is to say, whenever n = 4, mod. 8. 

The third result shows that, if |> = 4n+l, then, for all values of n, 

P, + P„-l + Pp.6 + P,-12 + <kc. = - 2 {P,-hP«-, + Pn.« + Pn-U + &C.}. 

Similarly, if r i= 16n-h5, 

P,+P,.a+P,..4-P..,a+&c. =4 {P, + P,.,+P,.,-fP.-v.-V&«^^N 



2U On the Square of Evlers Serieg. [Jmie 13, 

«Dd is u:^naenl, if 

tf = 4'«+J(4'-l), 

As 41 purtk'olAr cifie. putting » = 0. we see thii. if a = | (4*— 1), 

p.+p..2+p.^+p.-B-i-&c. = {-2r. 

'S5. It bas been Bhcnm in tbe two preceding artades tliat 

P. + P-*-^P.-.H-P..«+Ac. 

in ecjoal to zero, if n = 2 or 3, m<xL -L or ^ 4. mod. 8 ; and it follows, 
tbarefcire, from the theorem jost proved, that it is also equal to sero, if 

» = 4'c+ja'-l)t 

where c \» anj number = 2 or 3, mod. 4, or = 4, mod. 8 ; or, which 
li the same thing, = 2, 3, 4. 6, or 7, mod. 8. For example, putting 
« s 1, and c = 2 or 3, mod. 4, we see that it is equal to lero when 
n = 9 or 13, ukkL 16. 

We have found, therefore, that the expression 

P.+P«-, + P-, + P..« + Ac. 

is equal to zero, if n = 2, 3, 4, 6, or 7, mod. 8 ; or if n = 2, 3, 4, 6, 7t 
9, 10, 11, 12, 13, 14, or 15, mod. 16 ; and so on. In other words, if 
the expression does not vanish, n must necessarily = 0, 1, or 5, mod. 
8 ; or = 0, 1, 5, 8, mod. 16 ; and so on. 

56. The class of functions to which G (n) belongs possesses two 
distinct kinds of properties, both of which are available for their 
calculation. The one kind, depending upon the divisors of ft, is 
practically contained in the theorem 

whore p and q are relatively prime ; the other consists of the various 
recurring formulso (such as those considered in §§ 33-44) in which 
^ (n) is expressed as a finite series of ^'s of arguments less than n, and 
separated from n by numbers of special forms, such as squares, penta- 
gonal numbers, Sue. Properties of the former kind depend, as it were, 
on the arithmetical structure of the function ^ (n), and cannot, so far 
as I see, be directly derived from the series in which the functions 
(n) appear as coefficients. On the other hand, the recurring f ormulo 
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connecting the values of <p (n) are readily obtained by equating co- 
efficients ; bat the kind of consideration by which such a theorem as 

1> (pq) = (j>) (?) 

is proved, appears to afford no cine to the discovery of these f ormnlae, 
nor to their demonstration when found. Amongst functions of this 
class [i.e., which possess the property ipq) = ip) ^ (5), and satisfy 
also various recurring formula] may be mentioned the functions E, 
X, i^, o", referred to in this paper, and f, X {Troc. Land, Math, Sac,,' 
Vol. XV., p. 109, and Quart. Joum., Vol. xx., p. 145). 



Complex Multiplication Moduli of Elliptic Functions for the 
Determinants —53 and —61. By Professor G. B. Mathews. 

[Read Lee. 12M, 1889.] 

The following note contains the solution of two cases of complex 
multiplication referred to by Mr. Greenhill in his paper on the sub- 
ject (^Proceedings, Vol. xix.) as being hitherto unsolved : viz., those in 
which £i = 53, 61, respectively. 

As my results are merely supplementary to the paper just quoted, 
and the method of procedure (which is essentially Hermite's) is there 
sufficiently explained and illustrated (see, for instance, pp. 326-328), 
I have not thought it necessary to do more than give the actual 
algebraical work. 

Applying Hermite's method to the modular equation for n = 31, 

the values of 

2n-p» (p = l,3,5, 7) 

are 61, 53, 37, 13. 

We have to put k\ = w\ k\' = 2iw\ 

and then in Russell's notation 



P = w+ \/(1 + 0m;+1, 

Q = M?-/(l-|-i)w7-f -/(1-|-*)m; + w, 



B=:AOy/(l+%)w, 



216 Professor G. B. Mathews on [Dec. 12, 

Hence P* = w;' + (3+t)^ + l + 2 (w+l) \/(l +*)«;, 



P*-4Q = u7»+(-l+t) w;+l-2 (tr-l-l) •(l+t)ti;, 



PR = (1+t) u;« + m; (ic+1) y(l + i)w. 

Thns the modular equation 

(P*-4Q)«-4PE = 

becomes to*-|-(2+6*) w;»+(6+2t)u;* + (2+6i) w+1 



-4 (M?-hl)0«?'+tu^+l) \/(l+t) w = 0. 

Transposing and squaring, we get a reciprocal equation in w, viz., 
tt/»-4 (3+t-) u^7_4 (5+90 «''+4 (9-t) ti7*-f 2 (l-12t) w*+ ... = 0. 

Puttini? uf-{- — = y, 

w 

we get t/*-.4(3-f»)y»-12(2 + 3i)y«+8(9+t)2/+4 (11 + 120 = 0, 
or (y+3+0{y"-5 (3+0 2/'+2 (8-30 2/+2 (9+50} =0; 
where y + 3 +i = 

corresponds to A = 13. 

Taking the other part, and putting 

a»-162 (1+0 aj*-360ttj+432 (1-0 = 0. 
Let «= (1+0^^/3; 

then 2i (1+0/3 v^/3-2a62(l+0/3-360t(l+0^^/3+432 (1-0 = 0, 

/3I- 162/3 -180iS* -216 = 0, 
or x/fi = 6w, 

where m*— 27m'— 5m— 1 = 0. 

The discriminant of this cubic is 2^^ . 61 ; 
Hermite's * a = 144/?i*. 

Now, if y = m', 

y(y_6)«_(27y + l)'=0, 
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or 2/»- 73 V - 29t/ — 1 = ; 

and if a = ?/', 

a (a- 29)*- (739a +1)* = 0, 
or, finally, a»-546179a«-637a-l = 0, 

where the a = t-— of Hermite's a. 

144 

The other two cases, A = 37 and A = 53, are solved by writing 



-v^ — (l-}-t)ta instead of v^(l-l-i) w. 
The equation in w is 

tc;8-4 (1-0 w'+4> (19 + 15i) M?«-4 (37 + 390 w' 

+ 10(13-f36i)w*-|-...=0; 
and the equation in y, 

2/*-4(l-Oy»-f 12 (6 + 50 y>-8 (17+210 y-20 (1-120 = 0, 
that is, 

(y+3-70{y*-(7-110 y'+2 (8-110 y-10(3-0} = 0. 
Here y+3-7t = 

corresponds to A = 37 ; the other part gives, on putting as before 

y'-2 = X, 
the equation «» + 110 (1 +0 05*+ 536w;— 1232 (1-0 = 0. 
Hence /3* + 110/3 + 268/3* + 616 = 0, 

or ^P = 2m, 

where w'+55m'+67m+77 = 0. 

As a verification, the discriminant of this equation is found to be 

2^. 5*. 53. 
Finally, m having been calculated, Hermite*s a is given by 

a=:2«.m*. 



218 Proceedings. [Feb. 18, 



Thursday, February ISth, 1890. 
J. J. WALKER, Esq., F.R.S., President, in the Chair. 

The following commnnications were made : — 
Concerning Semi-lnyarianis : Mr. S. Roberts. 
Ether-Sqnirts : Prof. K. Pearson. 
On Class-Invariants : Prof. G. B. Mathews. 
Note on the Imaginary Roots of an Equation : Prof. Caylej. 

The following presents were received : — 

** Proceedings of the Boyal Society," Vol. xlvi., No. 284. 

** Educational Times ** for February. 

'' The Elements of Astronomy, with a Uranography,*' by Dr. G. A. Tonng ; 8to ; 
Boston and London, 1890. 

** The Lightning Calculator," by C. H. B. de Botwor ; 8vo pamphlet; London. 

"Proceedings of the Canadian Institute/' No. 152 (whole Vol. xxt.) ; Tarontou 

** Bulletin des Sciences Math^matiques/' Tome xir., Jan. 1890. 

** Atti della Beale Accademia dei Lincei — Bendiconti," YoL v., Ease. 7~10 ; 
Roma, 1889. 

** Journal filr die reine und angewandte Mathematik," Band en., Heft 1. 

** Beiblatter zu den Annalen der Physik und Chemie," Band xm., Stfick 12 ; 
Band xiv.. Stack 1. 

"Momorias de la Sociedad Cientifica * Antonio Alzate,' " Tomo n., No. 12; 
Tomo III., Nos. 1 and 2 ; Mexico. 

** Bollettino delle Pubblicazioni Italiane ricevute per Diritto di Stampa,'* 
Nos. 96, 97, 98. 

** Annali di Matematica," Tomo xtii°, Fasc. 3^ 

''Bendioonti del Circolo Matematico di Palermo," Tomo ni., Fasc. 6; Nor., 
Die, 1889. 

''Tidsskriftfor Mathematik," Rsakke t., Aargang 6 ; Hefte 1-7; Ejobenhayn, 
1888. 

<' Nyt Tidsskrift for Mathematik," Aargang 1 ; Nr. 1, A ; Aargang 1, Nr. 1, B. 

''Festschrift der Mathematischen Gesellschaft in Hamburg, 1890," Teil n. 
and ui. (Katalog). 

G. Lejeune Dirichlet's Werke — Erster Band ; 4to (Edited by L. Eronecker) ; 
Berlin, 1889. 

''Journal of the College of Science," Imperial University, Japan; Vol. m., 
Part 3 ; Tokyo. 



1890.] Mr. S. Roberts, concerning Semi-Invariants. 219 

Concerning Semi- Invariants. By Samuel Roberts, P.R.S. 

[Read Feb, 13th, 1890.] 

1. I remarked in a former paper (Quarterly Journal of Mathematics y 
Vol. VII., p. 17, 1865), that if we expand the prodnct 

Jao+0K(«-2/)+a,^^' +a,^^ + ... } 

X {«.+«i(y-^)+«.^^5l^'+«.f^*+...| 

^> ... ... ... •*. ***. ... 

X |ao-hai(t;~g)-ho, ^^ 2 ^ 1 2 3 )' 

the coefficients of powers and products of powers of a;, y, 2r, ... u, t; are 
the leading coefficients of certain co variants of qnantics, to a numerical 
factor pres. These qnautics are of the form 

(tto, ttj, a, ... ttpjaj, yY ; 

I.e., the literal coefficients are affected with binomial multipliers. 

In the place cited, a proof of the general theorem is not explicitly 
given. The line of demonstration is, however, indicated in the case 
of the product of two indefinitely extended series, 

If III, Ht denote the two operators 

/a — + — +a — + \ 
\ ddf^ dai da^ I 

and (^1 J-'+^ J > +aii-7+...), 

\ aoo Oai Ooi I 

then (n,— n,)' aoO^ is a semi-invariant* annulled by the operator 

._ — 

* When a ''semi-invariant** is mentioned, it is supposed to belong to binary 
forms with binomial coefficients. The literal coefficients, as Op, a^, a,, &c., are often 
styled "elements." 
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The product (a) is symbolically expressed by 

the accents being removed after operation. It is implied that the 
general result was obtained by means of the same artifice from the 
semi-invariant 

[(aj-y) ni + (y-2)II,+ ... + (t*-t;) n,.i + (t;-aj) ntj'aooi ... a^*-'*- 

w, 

where n< operates on a set of a's with i accents, and corresponds in 
form to n,. It is apparent, by taking a limited form, as 

(«-i/)n»+(2^-0)n,+(^-aj)n„ 

for the general one, that (h) is annulled by the operator 

the summation extending to all the sets of elements. 

Mr. Hammond has informed me that a result closely connected with 
(6) has been given by Mr. Kempe. In fact, since (b) may be written 

[x (Hj-no -f y (n,-no -f ... 

and x,yyZ,,,.UyV are indeterminate, it is plain that 

(n,-nO" (n,-ni)* ... (n,-n,.0X«i... <*"*^ 

is a semi-invariant, and this is Mr. Kempe's form. It is a particnlar 
case of a more general one. For we may write for (6) 

(z,^,-fX,^,^-...-fX^^O''aoai...ai*-»^ 

subject to X, -}- X,+ . . . +X4 = 0. 

Now, let (oij, a,„ ... a,jfc), (a^i^a^j ... Oj*)? (a»i»**2i ••• «m) 

be h sets of numbers such that 

S aip = 2 Oip = . . . ^ ]E aicp ^ ; 

pmk pmh p-k 
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then r,(a„n,-|-ai, n,-|-... +aukn») + r,(a«n,-|- 0^11,+ ... +attn») + .. . 

... + r*(a»in,+a„ii,+...+auno 
= (r,an+r,a„+... + Ytati)n,+(ria„+r,a«+... + r»a4,)n,+ ... 

... -f (r,aiA+ r,a,»+ ... + Ttou) n*, 

and the sum of the coefficients of IIi, ![«,... Il^ in the last expression 
is zero by hypothesis. Consequently, 

(a„ni+a„n,+...+a,»no"'(a,ini+a«ii,+...+attno''... 

... (aA,n,+a^n,+ ...+aun*yaoai ... a^'^^ 
is a semi-invariant. 

With reference again to the theorem first before given, it is, on the 
face of it, a very particular case, but 1 did not dwell on it at the time. 
I propose now to investigate some general theorems which it suggests. 
It will be unnecessary in the present connection to repeat the phrase 
** to a numerical factor pres.*' 

Let t», Ui, ti„ <&c. represent the indefinitely extended function 

(which I hereafter call "elementary"), and its successive derived 
functions with respect to X, Also, let ^ denote the semi-invariant 
annihilator 

Offj- +2ai-— +3a,--- -f... + taj.i -- +... , 
aoi aa^ da^ cUti 

continued indefinitely. We have immediately, and by differentiation 
with respect to X, since ^ and — — are commutative, 

^u = yXu 
^1 = yXui-^-yu 

^u, = yXu^'\'2yui f C-^)* 

... ... ••• ..I 

^u^ = yXu^+myu^.i 

2. Consider F, an integral homogeneous function of any number h 
of elementary sub-functions of the type of u, and of limited series of 
their successive derived functions relative to X, beginning in each 
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ca«e with the first. We msj l e p rei ent such m groop of fmietiaiis of 
yX bj (ts «i, «» -.)*» *b« KtcnJ coefficients of pawen of yX lieii^ 
difierent in each set corresponding to «, %, «^ Ac. The opeimtor # 
mnst now be of the extended form 

the sign of summation covering the whole gronp of dements, and F^ 
ot the degree ft in the elementary snb-fnnctions, will stand fen- 

It most always be borne in mind that the snb-fnnctions are indefi^ 
nitelj continued. 

By means of (A), we obtain 

\ du du^ du^ Ik 

d 



+^M«^«;+2«'£;+^'£;+-)/- 



If, therefore, F is of the form of a Bemi-invariant as to the u's oon- 
sidorod as elements, and is annulled by the operator 



\ ati, ati, dui Ik 



or, what is the same thing, if the leading term of F is isobaric, and 
a semi-invariant annulled by ^, the result is, immediately and by 
differentiation with respect to X, 

*F =:yfjiXF, 

*J?\ -yiiXF^+yiiF, 

*F, = yfiXF,-]-2yfiF,, > (B), 



••• 



*i^m = yfiXF^+myfjiF^.,, 

where jPj, F„ &o. are the successive derived functions of F with 
respect to X 

Lot the development of F, accordiug to ascending powers of JT, be 

JL m ad # • 
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and let II denote the operator 

then Ar=y'n''A^, 

and the function F may be compendiously represented by 

3. Next, suppose F to be an integral homogeneous function of any 
number I of sub-functions of the type of F, and of limited series of 
their successive derived functions (beginning with the first) with 
respect to X, but depending on different groups of elementary sub- 
functions. 

Also, each sub-function of the type F may have a different /i and a 
different y. The operator ^ is to be extended to all the literal co- 
efficients of the elementary sub-functions, or, as we may say, to all the 
elements. 

Then we have, analogously, 

If in this expression we make throughout the summations ^fi = 1, 
&c., and assume that F is a semi-invariant as to (jP, F^, ^.)i, con- 
sidered as elements, and is annulled by the operator 

l,(F—'h2F,—'\-SF.~-h ) 

we have immediately, and by differentiation with respect to JT, 

*F =irZF, 
*Fi =irXFi-|-irF, 

*F, =tXF, + 2tFi, } (0), 

«•. ... ... •.. 

*F^ = irZF^+mirF^^i, 



* Quarterly Journal of Matkematies^ Vol. it., ** On Arbogast's Oalcnlas of Dexi- 
Tations,*' p. 195 ; commuDicated July 1860, printed February 1861. 
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where ir is the degree of F in the sub-functions of the type F^ and 
their derived functions with respect to X, and Fi, F,, &o., F» are the 
successiye derived functions of F with respect to X. 

We might proceed to treat in a similar manner, and with similar 
result, a function of sub-functions of the type of F, and of limited 
series of their successive derived functions with respect to X, and so 
on indefinitely. 

4. The relatioQ which a function of the type F bears to one of the 
type Fj when y = 1, may be exhibited in the following manner. 
Since, as we have seen, an elementary sub-function of the type u is 

represented, when y = 1, by e^a^, and a sub-function of the type F 
is represented, when y = ^"^ by e^^^'^A^^, where A^^ is a semi-invariant 
relative to k groups of o-elements, and is annulled by ^, we may write, 
for a function F^ 

^[(e^oo, e^ch, e^o,, ...)»] (c); 

and for a function F, 

xf,[(e^^/i-A^ e^/M^, e^n/M^, ...j 1 (d); 

A Am 

that is to say, if in (c) we change Oq into Aq, a^ into — *, a, into ^ 
and so forth, we obtain (<£). 



/* /»" 



Farther, let F become Fq when X is made equal to zero. From 
the first equation of (C) we get 

*P» = (D), 

and Fq stands for 



F 



[■/ . ua, ff^ n% \ 1 



the corresponding substitutions being made for all the leading terms 
of the sub-functions of the type F, and for those of their successive 
derived functions. But in the condition 

we may write any letters 6, Z>i, 5„ 6„ Ac. for JP, jF\, JP,, JP,, Ac. ; for 
these F*B are here regarded in the light of elements of a binary form. 
The result (D) may therefore be interpreted as follows : — If in any 
semi-invariant of any system of independent binary forms involving 
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the elements 6^, &i, 6,, &c., 6o, &i, &2) <&c., and so forth, we snbstitnte, 

for feo, 6„ ft,, &c., ^<j, ^, — r-5, &c., and for Vq^ 61, fej, Ac., ^ itSi^ 

DM' ^ ^ , . ... ^* 

— j^, &a, and so forth, A^ A^, Sec, being semi^inyariants of the 

degrees /i, /i,, <&c. relative to the elements (represented by a's) of any 
systems of independent binary forms, and n being the operator 



^("'ii+'^'d!/'^ J, +•••)' 



where the summation extends to all the systems of elements ; the result 
will be a semi- invariant of all the substituted systems of forms.* 

As a simple example, take the semi-invariant &o^~2^i^i + 6,&^ and 
substitute therein (a^, a^, a,) for (h^j 6i, 6,) ; and 

(«.«,-«:. ^»^f^. "-'^') for (6;.. 61, 65). 

We have as the result, 

1% (aoa4— 4a,a,-f 3aJ), 

which, multiplied by 4, is the source of the covariant found by the 
product of a quintic, and the S of its quartic emanant ; or, oonsidering 
a^ as the source of a quartic, the other factor is the 8 of the quartio. 
Of course, a semi- invariant becomes an invariant if the order of the 
covariant is zero. 

5. 1 proceed now to theorems, directly analogous to the one quoted 
at the beginning of § 1. 

Take any number I of functions v, u;, ... z oi the pattern of ti, only 
writing X„ X,, ... X| for X therein, and making y = 1. Then, by (A), 

^u.v . «;...«= (X-|-X,4-... + X,)u.« .117 ... « = 0, 

if X-|-Xi + ...+Z,= 0. 

This is the theorem quoted in § 1, since we may write X for «— y, JSTj 
for y—z, ... X| for t>— a;. 

We obtain a more general result by applying similar oonsiderationa 
to (B), putting y = 1 and xX for X, We have, subject to the con- 
ditions prescribed, 

<^JP = xfiXF. 



♦ This is equivalent to *' Theor^me V." enunciated by M. Perrin {Compte$ Eendut, 
1887, pp. 1258-1260). 

VOL. XXI. — NO. 384. Q 
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Take any number I of functions U, F, W, ,„ Z of the pattern of F, 
and involving elementary snb-f unctions of xX, 04 X, x^Xj &c.y with 
different coefficients, and limited series of their snccessive derived 
functions (beginning in each case with the first) with respect to xX, 
a5,X, ajjZ, &c.). Let the degrees of homogeneity of U, F, TT, Ac. Z 
be, respectively, /i, /i,, ^„ ... ftj.i ; then 

♦17. F. IF... Z = (E), 

provided that «/*+aHf«i-l--..+«i-i/*f-i = 0, 

and ♦ be adapted to all the systems of elementary snb-fanctionB 
involved. 

Since <^U' = aU'-^ ^U, 

we may write for (E), 

*17-. F-. TF-... Z"'-' = ; (P), 

provided that aj/ia+aji/iia,-|-aj,/Li,a,-|- ... -|-a;|_i^,.ja|_i = 0. 

This is really only another rendering of (E) ; because, if 17 is of the 
degree of homogeneity /i, U* will be of the degree of homogeneity a/i. 
But in the last form we can have x, x^, ... Xi.i, a, aj, a,, ... a|_i negative 
or fractional. 

When such is the case, however, we have still to develop according 
to ascending powers of X, and the coefficients of the expansion will 
consequently be affected with denominators consisting of powers of 
the leading terms of the negative powers expanded, and, if the powers 
expanded are fractional, with factors consisting of corresponding 
fractional powers of the leading terms. In the case of negative 
indices, the numerators of the coefficients, after reduction to a common 
denominator, will be integral semi-invariants. In the case of frac- 
tional indices, the irrational factor or factors may be removed. An 
easy example will, perhaps, make this clearer than description in 
words. 

Consider the product of the indefinitely extended series 

where ^0^^ ^®j""^u ^1 ^''^ ^0^ — ^^j» ^« ^ fl^o^4"^®i> ^* 
Here, since h^ is of the second degree in the a's, we must have 

ax-\'2flxi = 0, 
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or, say, x = 2)8, a;, = — a. 

The coefficient of X in the product is 

or — o/3aj;"'(a,o,— a,)'"' (o'a,— 3a90,a,+2<^]. 

The coefiScient of X' is 

• "l ^0,6/ 1.2 ao^l.2 6,+ 1.2 " fcj 

. a (o — 1) ^ 3, a, 1 

+ lT2 *'^^S' 
giving 

0/3 ^'o ' {<^,^^-<^7'' {aP(ala,-2a,a,a,^2aiy^4.fi(a,a,^ay 

•j-aci [ao«s^4+2aia,a,— ttoaj— aja4— aj]}- 

In these two cases, then, we can remove the factors with indipes 
depending on a and fi. The remaining factors, when, if necessary, a 
proper nnmorical factor has been applied, become rational and integer 
semi-invariants. 

6. To illustrate (E), let tOf^ Wq, Wq\ ... w^*^' be semi-invariants of any 
systems of binary forms whose elements are a^, Oj, a^ &c. ; ao, a[, o^, Jbc. ; 
and so on. 

Let n, as before, be the developing operator 

\ cLOq dOri aa^ I 

The equation (E) shows that 

e^°K7o, ^\''°ti;; e^°<...e'*^"ti;o^^' (G) 

is a semi-invariant, if 

where Mo, f«i» ... /** are the degrees oiw^ w'q, ... «?^*^', respectively, in the 
elements. 

If the general operator n be broken np into portions, viz., H^ 
operating exclnsively on w^, Hi operating on Wq exclusively^ wi^ 

Q 2 
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s;enerall7 TL, operating on w^^ exclnsively, the coefficient of — r, via., 

(aJoIIo+aHlIi +a;,n,-|- ... +a^n»)"* m^o^o ... tl^o*^ 
is a semi-inyariant. 

If A; = 1, we may put x^ = fCj, j?i = — fi^* 
and the coefficient becomes 

This is the extension of M. D'Ocagne's theorem given by M. Perrin 
{Gonvptes Eendua, 1887, pp. 1097-1099, 1258-1260; see also " D^ve- 
loppements sur la th^orie des formes binaires," par M. J. Derayts, 
Bull, de VAcademie royale de Belgique, 3me s6rie, t. xiv., p. 65). 

li Wq,w'o, ... to^*^' be identically the same, and Wi be written forll*t0^ 
the coefficient of X"* is 

m! m — 1! 2! w— 2! 

m — Z! 

each term containing a symmetric function of o^an -• ^ ^^ ^ factor. 
If we denote ix^x' ,., x^^ where a, /3, ... p are different integers, by 
[a/3y ... p], and if any, as a, /3, y, be equal, by [a' ... p], the coefficient 
may be symbolically expressed by 



[(:i)'(?i)'(:i )■•][»'''''•••]• 



with ap-f/3g-}-yr-|-... = m, |?-|-gr + r-|- ... = Af+l, 

and one of the numbers a, /3, y, ... may be zero, and 01 = 1, as usual 
in such cases. 

Since a?Q-|-a;,-|- ... +«* = 0, 

* Like the expression (e) in § 1, 

\ M Ml M* / \ M Ml /^ / 

... f ^no + ^>n. + ... +^ lU VfTo^'i • «^*^ 
\ M Ml M* / 

paO pmO pmO 

is a semi -invariant, if 2 oop « 2 ajp =» ... =s 2 cup » 0. 
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we may substitnte for the symmetric functions their yalnes in terms 
of the coefficients of 

having as roots x^x^,,.,x,. 

If, still supposing w^,, m?^, ... tc?^*^' identically the same, we divide each 
factor of the product (G) by u?^, and put generally 

(l + ^>aj,X-h^^ + ...) = (l-\aj,X)(l-X'a^Z)(l-X"aj,Z)..., 
\ Wq Wq1.2 / 

we may select, from each of the expressions corresponding to the 
factors of (G), the factor corresponding to l — XXpX, 

Multiplying these factors together, we get 

i+i^,x'-2r-i^,x»:s:»+i.x*z*-&c.+(-)***i^».,x*^'z*^ 

and (G) becomes, after division by toj**, an infinite product of factors 
of the above form. The coefficients of the powers of X in the ex- 
pansion will therefore be non-unitary symmetric functions of the 
roots X, X', X", Ac. 

As a very particular case of (G), we may take the function 

The coefficient of X^ here is 

where -4,,, -4,«.i, ... are the coefficients of X"*, X"*'*, ... in the expansion 
of the k^ power. Since this is also a case of (F), we are at liberty to 
make k negative or fractional, in which case the coefficients will be 
affected with powers of Oq. 

If Wq, u;^ ... w^^^' are semi -invariants as to one set of elements 
Oq, a„ a,, &c., it follows that 

is a semi-invariant, and the coefficients of the different powers of X 
are so. Here to^y Wq, ,,. w^^^' are not assumed to be of the ««iTCks^d»^gcft^ 
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in the elements. This, however, is not really more general than 

eXnJUn. 

since the product of semi-invariants is a semi-invariant. 

7. Let ns now take any number I of fanctions XT, V, W, ... 8 of the 
type F, and let their degrees in the F functions, and in limited series 
of their derived functions with respect to X, be respectively 
^o> '!»••• ^i-i' Also, wnte for X, XqX in U, x^X in V, and so on, and 
let O be adapted to all the elementary sub-functions involved ; theo, 
by means of (C), we obtain 

^xr«o.'r'Mir«...z*'-» =o (H), 

subject to a^ao^o+^"i'''i+^2"j^a+--'+2J/-i«/-i'r/-i = 0. 

In this result, as in the analogous case (F), we may make Xq, jTi, ... 2<.i, 
a^ ai, ... a|.i negative or fractional, subject to considerations similar 
to those mentioned in regard to (F). When the product affected by 
^ is expanded according to powers of X^ the coefficients of those 
powers are semi-invariants relative to the systems of elements in- 
volved. 

It seems unnecessary to write down more general expressions 
analogous to (F) and (H), for the last is already so geuei*al that the 
simplest examples are laborious. 

8. There is a special case to be noted, which does not quite fall in 
with the general results. 

Let 17 be a function of the type F, and of the form 

A X* 

^y-|--^,X-f - -h... ad inf., 
1. . ^ 

where Jq is a semi-invariant of any system of binary forms, and 

Then ^\ogU = ^=:fiX (K), 

/A being the degree of U in the elements ; and from this it appears 
that the coelUcients of powers of X higher iluin the tirst iu the ex- 
pansion of log U ai*e semi-invariants. Similarly, 






H> 
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showing that the coefficients of the powers of X, after that of X? (or 
the constant term), in the expansion of =^, are semi-inyariantB. Bat 
this is, of coarse, a direct inference from (K). 

Since \ogU = \ogA,-^\og^i-\-^X+^^ + ...y 

it follows that the snms of the powers of the reciprocal roots of 27 = 
(higher than the first) are semi-inyariants, and Major Macmahon's 
inference that any integral symmetric fanction of the reciprocal of 
the roots of 

l + 6aj+^ + ... =0, 

in which the indices of the roots are greater than anity, is a semi- 
invariant, holds for 17 = 0, sabject to a power of A^ appearing as a 
denominator. That is to say, sach symmetrical functions of the 
reciprocal roots of 17 = are semi-invariants not only with regard to 
^Q, Ay, A^, &c., considered as elements, bat with regard to the ele- 
ments involved in the ^'s. 



9. If, instead of an elementary fanction U, we take 

indefinitely continned, the coefficients being deprived of the expo- 
nential multipliers, the coefficient ofa;*"^* in t;~"*is a semi- invariant, 
relative to the elements Oq, a^, a,, &c. 

For, operating with 

dOi aa^ oOs 

on «""•, we get 

dx 
and the coefficient of a;"** ^ in this is 

(co. ofaj*") in -wt;-" + (co. ofaj"-*) in ^^v— = 0, 

ax 

so that * annals the coefficient of seT*^ in «""•. 

Now, if we revert the series (indefinitely continned) 
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we haye, pntting Qior a^- — |-2a,-- +3a,- — h ..., 

da^ doi doj 

^ fhi 1-2 2 1.2.3 3 1.2.3.4 

Bat =V is the coefficient of «*** in t»"", and therefore is a semi- 

m+1! 

inyariant as to the elements a^ 04, a^ &c. Hence in the value of x ^ 

in terms of z, and the elements Oq, a^, o^, &C., every term after the 

first two is a semi-invariant maltiplied by a power z. 

Of coarse, the value of — in question is the negative first power 
of the familiar series 



«o *o ^0 ^0 



If we divide this by z/a^ and call the quotient 8, the expansion of 
6'^ according to ascending powers of x has for the coefficient of af 
the sum of the homogeneous products with repetitions (of the p^ 
order) of the reciprocals of the roots of 8 = 0. Therefore, when o^ is 
put equal to unity, and p being greater than unity, the sum of such 
homogeneous products is a semi-invariant relative to the elements 
1, Oj, Oj, &c. There is some analogy here to the known property of 

The foregoing result may be extended by taking, instead of the 
function t;, a function 



* West's Mathematical Treatises, edited by Leslie, 1838, pp. 161-3. We have 
to notice that in West's notation, if be 

if)'- if)"- (tY- - "'■ S i^. 

C/, Quart, /oumal 0/ Math,, Vol. iv., p. 198. 
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where Aq is a semi-invariant of the degree ft with elements of any 
system of binary forms, 

the summation extending to all the elements, and 

In fact, by the comparison of coefficients on each side of the first 
equation in (B), we have 

ifAp:=fipAp.i* 
and 4>F— = -m(0-4^^+0ili.aj+<>i!,.a^ + ...)F-— * 

z=z -mfx {A^X'^2A^a?+SA^a^+ ,.,) F* "* 

ax 
The coefficient of a*"** in this is zero. We can now revert the series 

and reason as in the simpler case, with analogous result. In like 
manner, we might proceed to take, instead of the function F of the 
type Fy a function of the type P, and so on. 



* This was given and employed by M. Perrin (1887). His notes on the subject 
of semi-iuvariants appear to have been suggested by a particular theorem due to 
M. D^Ocagne, viz., if Wpt %0q be two semi-invariants of the binary form 



floa*+f 1 j «!«*-* + ... + a„jr, 



and if p and q be their respective orders, and A is the operator 

d d d 



then qwq Awp -pwpAq is a semi-invariant. 
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On ClasS'Invariants. By Professor G. B. Mathkws. 

[Rmd Ftb. IZtk. 1S90.] 

The modular function nsnallj denoted by / (w) is of snch funda- 
mental importance, especially in connexion with the arithmetical 
aspect of the modnlar-fonction theory, that it seems desirable to 
discuss at least some cases of complex multiplication with direct 
reference to the (/, T) modular equations. This is what I have 
endcayoored to do in the following pages in the cases enumerated by 
Klein {Maih, Annalen, t. xiy.*), where the equation defining T or 
/ (<k>/n) as a function of / (w) is of '' Geschlecht '* zero ; that is to say, 
when n = 2, 3, 4. 5, 7, 13, respectiyely. The notation of the paper 
just quoted has been adopted, so far as possible, throughout ; in some 
respects it would perhaps be more conyenient to express the results in 
terms of j (w) = 1728 / (w) ; but there is no difficulty in making the 
alteration if desired. Since the interest of this paper is, I think, 
principally algebraical, only so much of the general theory of modular 
functions has been prefixed as seems necessary to show the connexion 
of the results with the arithmetical theory of definite quadratic 

forms.t 

If a> is any complex quantity with a positive imaginary part, then, 
putting 6*** = q, the function / (uf) is defined by 

^ (") = a'n(i-j^ ^- ^"^ = ^' ^' ^ - "• •> 

The fundamental property of / is that, t/y w being different com- 
plex quantities, 

if, and only if, w' = -z, , 



* A Bummary of this paper will be found in Froe, Lond, Math. 8oe,^ Vol. ix., 
p. 123. 

t Perhaps the most elementary introduction to the theory of modular funotionB 
ifl Hurwitz B memoir, Math» Ann., xviii. (1881), p. 628, where further references 
will bo found. 
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where a, /3, y, h are real integers such that 

ah—Py^i 1. 
If, on the other hand, a^— /3y = n, 

an integer different from unity, then / (w') is an algebraical function 
of J ((o), and the equation conuecting J (w') and /(«), or say J' and 
J, may be called the (/, X) modular equation of the w*** order. 

Now, suppose 0/ is a root (with positive imaginary part) of a primi- 
tive quadratic form (a, 6, c), so that 

aw' + 26«-|-c = 0; 

then, accordiug as the form is properly or improperly primitive, this 
gives 

acu + 26 = , 

or ^auf-^-h = — •2«. 

(tf 

from which we infer J(au)) = / (cw), 

or J(iaw) = /(^cw), 

respectively. 

In particular, the forms (1, 6, n), (2, 6, 2n) lead to the relation 

/ (w) = J (nw) ; 

so that, if in the (/, J') modular equation of the n** order we put 
J' = /, one of the roots of the resulting equation will be a class- 
invariant for the form considered ; and the values of / thus obtained 
will all belong to forms of determinants —A for which A is positive, 
and of the form n—h^ or 4n— 6*, respectively. It will be seen, then, 
that the method is substantially identical with that of Hermite, in 
his " Theorie des Equations Modulaires," the difference being that the 
irrational quantities ^k, ^k do not appear ; instead of them, we have 
the quantity which Klein calls r, an algebraic function of / in terms 
of which (for the special values of n here considered) all other modu- 
lar functions can be rationally expressed (c/. Klein, loc. cit.^ p. 127). 

In further explanation of the following results it may be added 
that, for ?i = 2, 3, 4, 5, 7, 13, Klein expresses J in the form ^ (r)/^ (r), 
where ^ (r), ^ (t) are integral functions of r, and .T, that is, /(w/«), 
is the same function of /, where r and / are connected by a lineo-licL^^x 
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equation of the form 

rr'=(7 or r-|-/=0, 

where is a constant. By patting J' = J, and eliminating /, an 
equation in r is obtained bj solving which the singular values of r, 
and thence of J, are foand. In addition to the valaes of r and J, I 
have determined in almost all cases the classes of quadratic forms to 
which they belong. 

From the point of view of the complex multiplication of elliptic 
functions, 



27 



K K 



where ic, k' are Legendre's moduli ; and w, the root of any one of the 
corresponding quadratic forms, is the ratio of two elementary periods 
of the elliptic functions connected with these particular moduli. Thus^ 
for instance, /(1, 0, n) is connected with that case of complex multi- 
plication for which K'/ K = v/n. The arithmetical, or modular 
function theory, seems, however, more fundamental, and the results 
have therefore been exhibited in their connexion therewith. 

I. n = 2. 
Here 27/ = ^^^^' = ii^rl', 

therefore r (4r - 1 )»- (4 - r)« = 0, 

or (r«-l)(64r>-47r-f 64) = 0;* 

and the values of r and / are as follows : — 

r=l, J=l, 

corresponding to the class (1, 0, 1) » (1, 1, 2) ; 

-1 r 5» 

T=-l, J=^. 

corresponding to (1, 0, 2). 

As a verification, we know that in the latter case 

K=y2--1, ic7ic = v/2; 

whence «* = ( v/2 -1)*, <'" = 2 ( v'2 -1), 

1- A" = 6 (3-2^/2) = 5 ( v^2-l)», 

* Here and dsewhero the sig^ ^ denotes equivalence. 
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and J=i(ll.i^'=^. 

27 kV* ^ 

The other values of r are 

47±45*V7 






128 



rr^rrir.^ A^ 1 15(l=b3lV7) 

givmg 4r-l = — 5^^^ ^, 

T = 15M 28 (l=b3iV7)» 
27.32»(47=t45i-v/7) 

_ 15M28.4 _ 5» 
27 . 32» 2« ' 

and the corresponding class is (2, 1, 4). 

II. n = 3. 

~64/=(--^)(^--^)'=(^--H^--)\ 

r r' 

(r-l){r«(9r-l)»-(r-9)»}=0, 
(r-l)(r + l) ^729 (r+ l)'-.972(r+i-)-460| =0; 



or 



hence ^ = 1> J = 0, 

2 



'^ = - 1. -^ = ni » 



_. 23=blOiv/2 7-5^ 

'• - 27 ' "^ "■ 3» ' 

-5±8tVn r 2» 



r = 



•^ = -^ 



27 

The corresponding classes are 
(2, 3, 6) ~ (2. 1, 2). (1, 0, 3), (1, 1, 3) « (1, 0, 2), (2, 1, 6). 
(See also Greenhill, Proc. Land. Math. 8oc., Vol. xix., pp. 306, 351.) 

III. « = 4. 

108J = i^^77^^-+^ = ^'^P-' . 
r*(l-r) '■(1-r)* 

r (r-1) {(r-1)' (r'-16r + 16)' + r' (r« + 14r + l)'] = 0. 
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r = or 1 gives /= oo , which has to be rejected. Taking the 
other factor, we have either 

(i.) (r-l)(r*-16r-hl6)4-r(r*+14r + l) =0, 

that is, (2T-l)(r'-r-|-l6) =0; 

or (ii.) r«-3r* + 756r*-1507r«-hl761r«-1008r + 256=0, 

that is, (r»-r4-l)[(r«-r)« + 752(r«-r) + 256} =0. 

Solving for r, we get 



1 /-li! 

2 ' 2» 



_l±3tA/7 ,_ 5* 
l±t-/3 r 5» 






''^ — "o« ' 



_ l=biy3(16 + 7./5) 
'■" 2 

•'■ = ^ ( ^5 -2)>(4- ^/5)» ( v/5 + 1)( ^/5 + 3)' 

_ l±ty3 (16-7^5) 
"■" 2 

•^ = ^ (v^5+2)' (4+ yS)' ( v/6-l)(y5-3)» 

The reduction in the last two cases is very cnrions. Patting 

r«-r+8 (47+21 v^5)=0, 
one valae of r is 



l + tVl503 + 672>v/5 

r ^ ;r 



_ l+tV3 ( 16+7^5) 
- 2 
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This gives 

l + Ur+r'_ 3(16-f7y5)(-7v/5+5tV3) 
1-r ■" l-V3(i6+7y5) 

_ 960(16+7n/5) 

- (_l+tV3)(112 v/5 + 240) 

60(16-f7y5) 
"■(-l + iV3)(7v/5+15)- 

Now 16 + 7 -v/5 = (4- -v/5)(9+4 v^6), 

7 + 8^5= (3-y6)(9-h4v'5), 

and the expression reduces to 

3— y/o 

Also, r(l-T) =8(47+21'/5)=8(v'5+2)'(y5-l), 
and 3-a/5 = (v^6-2)(v'6+1); 

therefore 



108J = 



8(v/5-l)(v/5+2) 



27 ■ 5^5 (4- ./S)' J, 
'••(^/5-2)'(v'5+l)' ' 



y_ 5v^5(4-y5)* 
•'" 4' (^5 + 1)' 

= ^(4-y5)'(y5-l)«. 

The cases n = 7 and n = 13 present some reductions of the same 
character, hut even more complicated ; I have not thought it worth 
while to give them explicitly. 

The classes corresponding to the different values of J are 

(1, 0, 4), (2, 1, 4), (1, 1, 4) . (1, 0, 3), (2, 1, 8), (4, 1, 4). 

I have not determined which of the irrational values of / corre- 
sponds to (2, 1, 8), and which to (4, 1, 4). 

IV. w = 6. 

-.1728/= (^'-10^ + 5y ^ (r-'-10/+5)' ^ 

r / 

where rr = 125; 
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or, writing 5<, bf for r, r , so that t^ = 5^ 

1728/ ^ (5^«-10<+l)» ^ (<'~50<-hl25)» 
25 ^ bf ' 

whence 

625/'»-3750^+ 7876^-6500^ + 1574^- 7870^*4- 16250(W»-984375^ 

+ 2343750^-1953125 = 0. 
Thin is 

(^- 5)(625?-3750<'+ 11000^- 25250<» 
+56574rf*-126250<*H-275000^-468750<+390625) = 0. 

Putting t = y y/b in the second factor, we get a reciprocal equation 
in ^ ; and writing 

• = ¥(»-7) = f('-T)- 

the equation for u is 

,4*«15ti»-15ti*-|-775«-1386 = 0, 
that is, (u-2)(tt4-7)(tt-9)(tt-ll) = 0. 

Hence the values of t are given by , 

e -5 = 0, 

5^«- 4*4-25 = 0, 
5^+14^+25 = 0, 

5<«-18<+25 = 0, 
5*'-22<+25 = 0. 
Calculating the values of /, we have — 

«= Vh, /=-|^(y5-l)»(v/5-2)«(^6+4)», 

t=-Vh, /= + |,^®(y5+l)»(y6+2)»(4--/5)«. 

, 2±11» r_ll' 

■ _ -7±2tv/l9 j__2» 
5 

, 9±2tVri ,_ 2» 
< = i^ . J gi, 

5 
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As a yerification of the second valne of /, we have, for A == 5, 



. y5-2 

2 ' 



27 • A'* 

27 16l-72> v/5 
16 

=:Jl (-5-1-4 ^5)* 
27 161~72V5 

= 5^^^^i^p^' (161+ 72 ys) 

^ .5v^5(4-v/5)«(y6+l)«(v'5+2)». 



8.27 

The corresponding classes for the last five values of / are 
(1,0,5), (1,1. 5) « (1,0, 4), (2,1,10), 
(2, 3, 10) . (2, 1, 6), (1, 2, 5) ~ (1, 0. 1), 
and for the first, presumiibly, (2, 1, 3). 

V. n = 7. 

Writing 7t, It' for Klein's r, r', 

1728/ = (7/'-H3/-h7)(49^'+35/ + l)' 

t 

_ (7f' + 13/4-7)(^-h35^-l-49)' 

t' 

If 7^+13^ + 7 = 0, /=0. 

Next, put 

^•(49i'+35< + l)«-0«+35^+49)»=0; 

that is, (49^* +35/* -35^-49) 

X (2401/«+3430^'+ 1372/«+1820^»+3629<* 

+ 1820^'+ 1372/' +3430^+2401) =: 0. 

VOL. XXI. — NO. 385. R 
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The first factor gives 

putting 7(^-1- — j=yin the other, 

y*4-10i/»-1682/»- 1210y f 6687 = 0, 
or (y-ll)(y4-ll)(y'+10y-47) = 0, 

and the remaining equations for t are 

7^-11^ + 7 =0, 

7^+11^+7 =0, 

7^4-(5 + 6^/2)^ + 7 = 0, 

7^+(5-6^2)< + 7 = 0. 

Hence we derive the following values for J: — 

. 5M7' 



— *> 


"- 2* ' 


= -1, 


•'- 2" 


-5±3tVl9 
14 


/=-2», 


11 ± 5i v/3 
14 • 


J 2».5« 

J=- y 


-ll±5tV3 
14 


•^-2" 



^ -( 5 + 6 y2)±ty3 (5-2^/2) ^ / = ( ^2 - 1)' (5 - 2 ^2)*, 

14 

^-(5-6y2)±ty3(5-h2^2)^ /= (y2 + l)'(6+2 v'2)». 

14 

The classes corresponding to the first five of these are 
(1,0.7), (2,1,4), (2.3, 14) ~ (2, 1,10), 
(2,1,14), (1,2, 7). (1,0, 3); 
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to the last belongs 

(2, 6. 14) ^ (2, 1, 2). 

Hence we conjecture that the remaining two correspond to (1, 0, 6) 
and (2, 0, 3) ; and this may be veri6ed bj means of Weber's resnlts 
contained in Math, Ann.y xxxiii. (1889), p. 402. He finds that, for the 
principal class (1, 0, 6), 



2y/^ = 2-v/2(v^2 + l). 



or -= (2+ y/2y = (6-h4-v/2). 

K 



Now, if — = aj, it is easily seen that 



and this gives, in the present case, 

= {(5+2^/2)(3 + 2v/2)}»(^/2-l)* 
= (5 + 2-v/2)'(y2 + l)*('v/2-l)* 
= (5-1-2 v/2)«(l+ V2)\ as above. 

VI. n = 13. 

Putting ^ ^/i3, ryiS for Klein's r, /, 

1728^13./ 

_ (13^4-5 v/T3.^-hl3)(169^*+91v/l3.^-f 260^' -hl9v/l3.^H-l)' 

t 

_ (13^ -f 5 v/l3 . <-hl3)(^*4-19 ^13 . ^+260/* H- 91 v^ . ^-H69)» 

Hence the following alternative solutions : — 

(i.) 13^ + 5 v^l3.^-hl3 = 0, that is, r«H-5rH-13 = 0; 

(ii.) 169^+91 yi3 . <'+260<'+19 ^13. f 

-19^/13^-260^-91 v^l3.*-169 = 0; 
B 2 
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that is, 

(/«-l){l69^4-91v/r3.^*+29/*4-110v/l3.i« 

+ 429^-1-91 v/l3.<H-169} =0. 
In the latter factor put 

then y'-h7i/»-6y-72 = 0, 

or (y-3)fy4-4)(y + 6) = a 

Thus the equations for r are 

r« -13 = 0, 

r«_3r-f-13 = 0, 

r« + 4r-hl3 = 0, 

r'4-r)r-hl3 = 0. 

(iii.) The remaining cqaation in t is reciprocal, and as follows: — 
2856 U" -1-30758 y/U . P+ 195533^" +53742 y/U . *" 
H-1130Gli"+ 13:^64 >/l3 . <" + 71890P 

+ 4t0aG N/i3 . /•4-208510^»+ ... = 0. 

13 

If we write r+ - = ?/, as before, we find 

r 
y* -I- 14i/'-hV-9:)%'-28l%' + 1:^482/ 

+ 7095iy + 57348^^-43092 = ; 
that is, 

(y + 2)(.y + ^)(y -27)(y'-y-liH)(,/ + 6y-S) =0. 
Hence the remaininp: equations for r are 

r'4-7r +l:J = (), 

7'±3^/3.rf i:^ = 0, 
t' + (3±2v/3) r + 13 = 0. 
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All the ralues of r, and the corresponding values of J, are contained 
in the following table : — 

r = ± v^l3, 
•^= .^^(=fc v/r3-2)(± yi3 + 4)(± v/r3 + 5)»(± v/l3 + 6)» 

_ -^5±3/y 8 r _ n 

11* 
r = -2±3i, /=^V. 

r = -3±2i, /=!, 

-7±tv/3 r o» 






r— — 

» "' — OJ » 



2 

r = 3 v/3jfc 5i ^ j= |'.(4_3 v^3)»(3_2 v'3)», 
r = :^^-i^|-^^*, J = I (4 + 3 ^/3>• (3+2 y3)», 
r=(l±i^)(I^^), J = -2«(7-v'l7)(4+yi7n 

r = (^^l^— ) (^^T^)' •^= -2'(7 4- ^17)(4- V17)*. 

/= - /-^,(^S-l)W3-iy (3 v/3-2)'(2 V3-1/ 
= - 2r^( v^3-l)* (3 ^/3-2)' (2 v^3-l)', 

r = (3±20(=i^). 

J= ,^^(y3 + l)'(3y3 + 2)'(2y3+l)'. 
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The corresponding classes are 

(1,0,13), (2,1,7), (2,7,26)^(2,1,2), 

(2, 3. 26) ^ (2, 1, 22), (1, 3, 13) ^ (1, 0, 4), 

(1,0,1), (2,5,26)^(2,1,14), (1,0,3), 

(1,1,13)^(1,0.12), (3,0,4), (2.1,26), 

(6,3,10), (2,1,5), (1,2,13)^(1,0,9). 

I may add that 1 have verified almost all the foregoing results bj 
comparison with those given in the pnpers already quoted, as well as 
in Weber's memoirs in the Acta Mathematical Vols. vi. and xi. 
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On the iaSaiellite of a Line relatively to a Cubic. 
By J. J. Walker, M.A., F.R.S. 

[Head March 13M, 1890.] 

Introduction. 

1. In a " Memoir," of some length, *• On the Diameters of a Plane 
Cubic" (Phil. Trans., 1888 A., pp. 166-170), the equation of the 
Satellite of a line was incidentally arrived at in a form (48) (38) (37) 
[(25) of the present paper], involving the square of the primitive 
line as an implicit factor. It did not come within the scope of that 
memoir to discuss the reduction of this form with the generality 
which its importance authorised, nor were the subsidiary resnlts, on 
which that general reduction is based, at that time published. I 
therefore limited myself to verifying the reduction given by reference 
to special forms of the cubic. 

The results referred to having since appeared, as quoted herein- 
after, I show in the present paper how the general reduction may be 
efEected; the method of which appears to have some novelty and 
interest per se ; and to save the necessity of reference to the "Memoir," 
as well as to obtain the equation in a slightly Nimplified form at once 
— viz., one in which only the fir8t power of the line is implicitly 
involved — I revert to what is, in fact, the original investigation by 
which I arrived at it. Four forms of the Satellite Line are deduced 
(24), (25), (26), (27), in the last two of which the ^rodv\<it ol \3w6 
*' Qu'ippmn " of u and the line L enters. 



} (3). 
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2. Let 

u = ai«»-H6,y'+(j,aj*-h3a,j^y-h3agj^s+36iy'aj+36gy'«+3ciA 

+ 3c,z»y + 6earyz = (1), 

be the equation of the plane cubic, and 

3mi = 3u/3u?, 3m, = 3ii/tJ//, 3mj = 3u/3j5 (2), 

6a = d^u/dj^, 66 = S'u/dy\ Qc = 3«u/3z» 
6/ = d^u/dydz, 6g = c)*m/3-:3j;, 6^ = d'u/dxdy 

Further, let L^lx-^my-\-nz (4) 

be any linear form ; then 

»=(6c-/')P-h...-h2(^;i-a/)mn-h (5) 

will be the envelope of polar linos of points on L = 0, or, briefly, the 
" Poloid " of L, If 8 be written in the normal form 

a«' + by' + cz'-h2n/-: + 2f?ra; + 2h.c^ (6), 

then, as I have pointed out in the "' Memoir,*' 

a = 0, b = 0, c = 
are the reciprocals of Uj, t*„ w„ and 

2f = 0, 2g = 0, 2h=0 

the contravariant conies of «,«,, m,?*,, n^u^, respectively; these co- 
efficients being connected by the relations 

vl Cm Cn 



^t '^, 



C7 c:ni Cn 



*> 



C'/ Cm Cn 

and by those among their second differential coeflicients which these 
involve, as 

?>.^^ + i^?-^0 (8). 
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or, as they (7, 8) may be more briefly written, 

2a,-h2h, + 2g3 = 0, 

2hi-f 2b, + 2f, =0, J^ (9), 

2gi + 2r,+2c,=0, 

1.2.a„ + 1.2.hj,-hl.2.g„ = (10). 

The condition that s should be touched by the line 

fjj + y/y + fi; = 0, 
is written 

o- = AS'-\'Bn' + CC'\'2Fni:-^2Gi;U2mri = (11), 

viz., ^=bc-f ..., JP = gh-af (12), 

and the condition that Ix-^my-^-nz = 

should touch u = 0, 

6v = ^T-h...+22^mn + ... = (13), 

where 6A' = p ... QF = ^'"L- (14). 

dZ* Omen 

3. It is known that u-f 4(r (in which {, ly, f are replaced by Z, w, n), 
or, (^'-h20^)?-h...-h2(J?' + 20F)mn+... = (15); 

but A' ... F* ... are expressed in terms of A ... F .,. I, m, n through 
the equations 

^•=-4(.+,|«.|+»«|) m. 

-f =— 4 (F-^l-;^ -hm -- -f-H^— ) 
^ On On on ' 

= — 4 ( F+ Z - - + w ^- H-n ^- ) 
^ om dm dm' 

with analogous formulae for ^, (7', 6?', H*, as 1 have shown [Lond. Madv. 
<Soc. iVoc, Vol. XIX., p. 502 (95), (97)^ •, or m lerm^ ol\^mo\^\A\Xv^ 



wh<fr«, 4M in HO;, 

c„ = c?*c/2cr ... Ca = d'c/'ZomSm 

Equation of the Satellite Line. 
4. If, now, dc'yV in a point in which 

L== lx-\'my'^nz = 
ni«H)iN Uin oii))io u =: 0, the tangent at this point is (3) 

ax"* -h h'^ + cz'^ -h 2/y V + 2gzx -f- 2/«jy = ; 

an<l, Ninon tliiii alno louohos tho Poloid of L (6, 11) if (xyz) is any other 
|N»int on ihn Uingunt to u at x'yz\ 

A {ey-yzy-\'...'^2B'(xz-zx)(y'x-xy)-h... =0. 

Kllnunating 4fiy*a among tho above equations, and 

/♦r'f wi?/' + «z'= 0, 

|l<^»'' < W/ S^/y)/' ♦ ...}«^4 [(6c-/«) P+...] {(6V-./»)P+...}= 

(19). 

if V- CV I .lj*« -2f.\^4» .../= --4y;-F^+flf«y+fli« (20). 

Tho iVHult \\t thoMo Hiilxititutions in 

.M 4i\*\v ♦ i>t>h »f»-lv«-ch*Hax* + .,.-f iMyr-h...) (21). 

\i xMk^ ^)\s^>\\\ h\ i\x lo> V r^»7. 7V,jsjt., I So 7. p. -13:2 >. bj me^ns of the 
>>A^>,NV,'r,N%l ixx\*«^\ of <^ AUti \> pTvvixi gt non»lly in the ** Memoir'* 

vT**. ;''v.v.x. isss. A , p \<^^\ ihAi 

4 vaW * :.>f^-h %f - Iv -ci* ) = i\ 
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Thus (5), (6), (21), the product 

4{(Z;c-/')P-f...}{(6V-/'»)P-h...} =P'L»ir (22). 

Bat, bj the same sabstitutions (20), 

(h'c-^bc-2ff) P-h...+2 (fg'+fg-^ch'^ch) Im 
becomes (2), (3), identically 

(^P4-...+2-Pmn+...)t* 
+ L» (^a -h B6 + Cc -h 2^/+ 2(?^ + HA) 
-2i;{(JZ+Hm + (?n)t*, + (fi2+JBm+JF'»)t*,-h(G^Z+Fi» + Oii)it,}«; 

80 that (22), the eliminant (19), is the product of the factors («r, v), 
(^Z«+...)ti + I''(^a+...)-i[2{(^Z+...)t*i + ...} ±P#]...(23). 

5. It will be shown below (p. 254) that the terms 

2 {{Al^-..,) Ui + (flZ-h...) «,-h((3'Z + ...) ttj] +P# 

= {2(Ja-|-... + 2F/+...) + i2^|i|i (i.); 

C cZ Ox) 

80 that the first of the two factors (23) becomes, identically, 

w = (^P+...)u-|'[2(^a-h...+2iy+...) + ^|^ + ...J; 

viz., this is the equation of the three tangents at the points in which 
L meets ti, the other factor (v) being (as will also be shown, p. 261) a 
proper (nodal) cubic concomitant of u and L, 

Thus it appears that one form of the satellite of the line L is 

2(^a-h56-hCc + 2P/+2(?yf2-ff;^) + s|-^ = (24). 

ol Ox 

Other Forms of the Equation of the Satellite, 

6. It will further be shown below (pp. 256-7) that (14) 

+ 2(^'+24il)a-|-22(F+24^/. (ii.), 



* Obserye that { } is the M-polar conic of the f-pole ol L, 



252 Mr. J. J. Walker on [March 18, 

wherein the term, mnltipHed by L, the result of snbstitnting symbols 
of (lifPorontiatioQ with respect to Z, tn, n for «, y, « of » (6), and 
operating on P, is, plainly, a contravariant of u— or an invariant of L 
and u — of order 5 in the coefficients of u and order 3 in those of X: 
viz., it is, in fact, the *' Qiiippian ** Q, as may be verified by means of 
the canonical or other form of u \^Proc. Lond. Math, Soe., Vol. XDL, 
p. 491 (46)]. 

But it will also be shown (p. 259) that 

-22^.- J'~2(.4'-h20.4)a + 22(F+20F)/ (iii.); 

and from (ii.), (iii.) it follows that 

-2L ^ax! -/ + ...) ^ 2(.4'+28^)a-f22(F + 28F)/ (iv.). 

Addinji: (iii-) ^ (24), multiplied by 2, a second form of the satellite 
line oi L is obtaiucd, viz., 

(^'+16il)a+...+2(F' + 16F)/-h... =0 (25); 

the form given in the '" Memoir " [P/aZ. Tram,, A. 1888 (41), p. 167, 
and (49) p. 170. J Finally, eliminating successively 

2.l'a-h2Sr/ 

and ^Aa-\-2:iFf 

from the above equation to the satellite line by means of (iv.) ; viz., 

Sila-f 22F/= -28(2/la-h222^y)-2LQ, 

that equation takes the forms 

6(2^1aH-22i'y) + 0L=O (26) 

and 3 (2.4'a + 22i7)-8(2L = (27). 

Pencil of Six Litufs. 

7. The last two equations show that the satellite line — say L' — of 
L, the line L and the two lines K, IC, where 

K'~A'a-{-...-\-2Fy-\-.., 
form a pencil of four lines which all meet in the point whose co- 
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ordiuates are determined by (3), 

[ (Aa^ -f Bb^ -h Cc^ -\-2Fe-\-2 Ga^ + 2^a,) x 

'\'{Aa^^-Bb^^Gc^-\-2Fb^-\-2Ge^2E}),)y 
-h(^a3H-B65 4-Cc,-h2Fc, + 2Gci-h2m)5? = 0, t.e.]. 

Giaj-hGjyH-Gj^ = 0, lx-\-my-\-nz ^^ 0^ 

01, 9,. 9s being the invariants Q oi 8 and Uj, s and ti^, 5 and u^^ 
respectively. 

The special values for those coordinates, in the case of the canonical 
M, have been given by Cayley in the " Memoir on Cubic Curves " 
{FhiL Trans., 1857, § 33). 

It will be remarked that, if L touches the Quippian of i*, the three 
lines L\ K, K' all coincide. 

Equation (iii.), above, shows that the «-polar of the point 

sc • y » z — _ ■ ^ • ^ < 

ol dm on 

is another line passing through the intersection of K, JK*, X, L\ 
A 8ixth line passing through the same common intersection is the 
tt-polar line ot the «-pole of L, 

For the 5-pole of L is the point whose coordinates are proportional 

to (11) 

da-* 9cr da- 

ol dm dn 
and its w-polar line is, therefore. 

But, generally, since the discriminant of « = P*/4, 
(-^y= ^A<T-P^ (bn' + cm»-2fmn)..., 

^^ |^ = 4F(r-P»(amnH-fr-gZm-.hnZ).... 
dm dn 



• i.e.y ^ with ^, 1?, C replaced Ly /, m, n. 
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By which substitntions the equation above becomes 

4 iAa + ... +2^-h ...) (r-P* { (bn* + cw' -2f mn) a + ... 

+ 2(— amn— fP4-gZm+hnO/+...}. 

Now (15), 4<r = — V, 

and it will be shown below that 

(b/i' + cm*— 2fmw)a+... =-'PL (v.); 

80 that, finally, the n-polar line of the ^-pole of L is 

v(^a-h...+2ry4-...)+-P'^ = 0. 



Proof of Equatioti (v.), above, 
e. Since [Land. Math. Soc, Proc, Vol. xix., p. 494 (62), (63), (64)] 

- ZP=(bc,4-c6i-2fe)P+... 
— mP = (bc,-hc6,— 2f2>,) ?-h... 

- nP=(bc,+ c6,-2fc,)P-h... , 
with the notation of (1) ... (6) above, 

- (Zaj+my + w;p) P = (bc-hc6— 2f/) Ph- ... 

= (bnHcm»-2fmn)a+... [ (28). 

+ 2 (— a?»n— fP+gZm+hnZ)/-f ... 

Proof of Equation (i.), p. 251. 
9. Dividing both sides of this identity by 

and operating with 

the dexter being treated as the product of L"\ and the dexter of (28), 
in which it is to be observed a, b, c, f, g, h are qoadric fanctions 
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255 



of I, niy n; 



3^* 3m' 3n' 3/yt3n 3n3Z 3z3 



m/ 



3« 



3» 



^ olr Omen ' 



-4L-» 



(aa;H-hy+g;p){(bc-hc6-2fOi+(fflr + ...)^-f-(V+-.)w 

H-(biC+c,5~2fJ)P+... -h...} 

-h(haj + by + f;p){(fgr-h...-hc)H(caH-...)w + (gA+...)n 

+ (b,c+c,6-2f^ P+ ... + ... } 

-f (gaj + fy + w){(h/+...-g5)Z + (gA+...)m + (a6+...)n 

+ (b,c4-c,6-2fJ)P+... +...} 

(29), 

the same notation being employed as above (9), viz. : 

b, = 3b/23Z, b, = 3b/23ni ... f, = 3f/23n .... 
But (6) 

( 3^ ^/rp^ r/«3'^_L \^3p3*^3 3* .^ 3p 3* 

and the sum of the first, third, and fifth lines of the terms mnltiplied 

bj — 4ii~', when mnltiplied out, will be found to be identically equal 

to [(2), (12)] 

^a+P6 + Oc+2P/H-2(?^4-2H» 

- {(^Z+flm+G^) tt,-h(-HZ+^m + J?'n)ti, + ((3fZ+Pm-hOn)fi,}; 
also {Lond, Math, 8oc, Proc,, Vol. xix., p. 493, (59), (65)], 

(b,c+Ci6-2fJ)Z«+...+2(g,^ + h,flr-a,/-fia)mn+... = -xP; 
(b,c+c,6-2fJ)P-h...+2(g,A-hh,gr-aJ-f,a)mn-h... = -.yP, 
(b,c + C36-2f^ Z'-h ... +2 (g,A+h,5f-aJ-f,a) mn-^-... = -«P,^ 

» 

BO that the sum of the second, fourth, and sixth lines of the terms in 
(29), multiplied by — 4L~', is simply equal to 



-P*. 
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Making these substitutions, (29) becomes 

-L-»2^ |- -4L-»{L(Ja+...-h2fy+...) 
cl cx 

-(^Z+...)w,-(7n-h...)ti,- ((?/+.. .)t*,}-h2L-*P5 = 0, 
wbicb, multiplied by LV2, is the identify to be proved. 

Proof of Identity (ii.), p. 251. 
10. Returning to the identity (28), 
-LP=(bcH-e5-2r/)/* + ...-h2(gA + hflf-a/-fa)mn-h... 

= (bn'-hcwi*— 2fmn)a-h(cr+an'-2gnZ) 6H-(awi*+bZ*— 2hZm)c 

H-2(-amn-fP-|-gZm-hhnZ)/-h2(-bwZ+...)gf-h2(-cZm+...)* 

(30). 

and, operating on this with 

(JP dmdn 

the result on the sinister is 

-Lfa^^--hb^+c^+2f-^+2g^+2h-^^) 

-di^- ) <»»• 

if (6) «=aa5*-h... + 2fy5?-h.... 

For the result on the dexter side there is the choice of three formB 
(Jjond, Math. Soc. Proc.,Vol.xx., p. Ill), of which that (" y," ibid, and 
p. 116) most suited to the present case is as follows : — 

If V, w are two quadric forms in Z, m, n [as are b, n' ... in (30)], 



/ 31 9> \ 

then (a ~-h...2f ;r — ^- +... ) 

V dZ* Cm On ' 



vw 



= 12 {ar,it',-h... -hf (ViW^-^-v^w^)-^ „.] 

+ 2[(bO,-fcPi-2fP,)Z'+...H-2(g77i + h(7i-aFi-fil,)mn + ...} 

(^.). 
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where 

Vi = 3f7/23Z, r, = dv/2dm ... w, = dw/2dn, 

^9m' 9n' 3n* 3m' 9w3n dmdn' 

^3n3Z 32dm 3n32 3/3m 3^ 3mdn 3P dmOn' 
with analogous values for t;„ Wj, w„ JB„ (7,, (?,, JBTi. 

The result of the operation on the dexter of (30) is, then, 

122a{2(bc-f«) 
-Kbci+cbi-2ffi)-m(fgj-hgfi-ch,-hc,)-n(hfj-hfhi-bgi-gbi)} 
-h 122/(4 (gh-2f) 
-Ufgs-hgf8-ch,-hc,)-w(ca,+acj-2gg,)-fi (gh,+hg,-af,-faj) 

-Kl^f,H-fh,-bg,-gb,)-m(gh,-hhg,-af,-.fa,)-n(abj+ba,-2hbO} 

4- 2Sa{(bCi,4-cb„-2ff„)P+... + 2(gh„ + ...)m»4-...} 

-h 42/{(bc„H-cb«-2ff„)P + ...-h2(gh„-H...)mn-|-...} (32). 

[In forming the above result, consider the multiplier of a, 

bn' 4- cm* — 2f mn, 
in the operand (30). For it, plainly, 

avjM^iH- ... H-f (vjWj+rjwjH- ... = b (ims,— nf,) H-c (nb,— mf,) 
+ f (nb, -h mc, — mf, — nf,) H- g (nbj — mf i) -h h (mcj — nf^) ; 
i.e. J (9), = b (c— Zcj-hngJ-f-c (b— Zbi+mh,) 

-|-f(-2f +2Zfi-nhi— mgi)4-g (nbj— mfi)-hh (mcj-nfj 
= 2 (bc-f) 

-Z(bci + cbi-.2ffi)-m(gfi+fg,-chi-hci)-n(hfi+fhi-bg,-gb0, 
which is the sum of terms multiplied by a in the first two lines of (32) ; 

and 

^i = b„+c„+2f„=(9)-hu-g„ = ai„ 5i = bii, Oi = c^, ^, = f„, 

^1 = —^11— Cji = gu, J?i = — bu— fa = hn; 
VOL. XXI. — NO. 386. 8 
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whence, (vi.)* 

(b(7i4-cB,-2fF0P+...=(bc„H-cbi,-2fyP4-(ca,i-haCii-2gg„X+-- 

+ 2 (ghn+hgn-afii—faii) mn-\-... , 
agreeing with the sixth line of (32). 

Again, for the part which mnltiplies / in (30), viz., 

— amn — f P -f glm H- hln, 

at;iti7i4- ... = a (— 2ZfiH-?ngi4-nhi)-|-b (— na,H-Zg,)4-c (-mag+flii) 

-hf (— ma,— na,-h?gs+ni,) 
-\-g (— mai — 2Zf,-hmgjH-nh,-|-ihj) 
4-h (— nai— 2Zf,+Zgi-hmg,+nh,) ; 

i.e., (9), = a( — 2f— mc,— nb,-f mjfj+mfj)+b(...)+c (...) 

-f f ( — 2a— Zb,— Zgj-hma,4-na,) 

H-g (2hH-Zb,-Zf3 + 2mg,-wh,-nh,) 

+ h (2gH-Zcj— Zf,— mg,-h2nh,— ng,) 

= 4 (gh-af)-Z (gf,+fg,+hf,+fh,-ch,-hc,-bg,-gW) 

-m (cas-hac,-hgh,-hhg,-2gg,-af,— faj") 

— n (abjH-baj + ghj+hg,— 2hb,-af,— fa,); 
and for tbe same, 

^, = 2a„, B,=-2(h„+f„) = 2b„, 0,= -2(g„-hf„) = 2c^ 

Fi = 2f„+aii4.h„+g„ = 2fM, 0, = ga- ai,-ha = 2ga, 

•Hi = K-^-gn = 2h„.] 

Bnt [Lond. Math, 8oc. Free, Vol. xix., p. 502 (95), (97)] the 
coefficient of a, in (32), is equal to [(12), (14), p. 249] 

24^+3 (^'-f4^)/2-(^'-hl2^)/2 

= ^'+24^; 

and, similarly, the coefficient of/ 

= 2(i?^+24F); 
viz., (31), (32), 

= l,{iA'+24ui)a+2{F+2iF)f] (83). 
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Corollary. 

11. If the "crude" [Proc, Vol. xx., p. 115 (15)] form of the result 
of the operation ou the dexter of (30) is used, it is (as above, pp. 256-8), 

4{(bo-f*)a-h...+2(gh-af)/+... } +S (a.v,w,-\- ...) 

+ 22a((bi,c + c„6-2fii/)P4-...} 
+ 4Sf{(b„c-|-c«6-2f«/)P+... } 

i.e., 4(^a+...+22y-|-...) + (20il + il')a+...+2(20^+F)/+... 

+ 2Sa((b„c+.. .)?+...} +42f{(b„c + ... )?-!-...} 

or [(14),p.249]S(^'4- 24^) a + 22(F'+24F)/+2Sa{...}-|-4Sf {...}, 
and comparing this result with (33), it appears that 
2a{(b„c+c„6-2f,J)P+...}4-2Sf {(b„c+CM5-2f»/)P+...}=0 

(vii)* 

a result which will presently be of use, and may be verified inde- 
pendently, with a moderate amount of work, by expressing the formula 
as {Lond, Math, 8oc. Proc.y Vol. ix., pp. 232, 3) 

SaJ [2 {u,I>*tti-(Du,)»} (tfiiD=i*i+UiD»5,i-2Du,I>tf„} 
-hS{M,D'M,+UsD*i*,-2Du,Z>w,) {«j|,I>'tt, + tt,D'«„-2I>UiD#^} ]/A*, 



where tf„ = i^ ,,^ = 1^1^ 

olr Omen 



Proof of Identity (iii.), p. 252. 

12. Differentiating the triad of equations, p. 255, end, with respec 
to 7, then multiplying by a, h, g, respectively ; with respect to wi, thei 
multiplying by h, b, f, respectively ; with respect to n, then multiply- 
ing by g, f, c, respectively ; adding the nine results, and having regard 
for the identity with zero (vii.) just proved : 

dl dx 
= 8a {b,c-f-c,6— 2f^f)Z+(f,gf4-gi/-CiA— h,c)m 

82 
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-h8b {(f|5f+gtf— c,A-h,c)Z + (c,a+a,c— 2g,^)m 

+80 {(li«/+f,^-b,flf-g,6) i+(g,^+h3^-a,/--f,a) m 

4-(a,5-hb,a-2h,A)n] 
-h8f {(fgS' + g*/— c,7e— h,c) i+(c,a + a,c— 2g,gf) m 

+ (gs^+litS'-a^/— f,o) n 
4-(b,/+f,^— b,gr— g,6) ZH-(g,^+h,flr-aj/— f,a) m 

+ (a|5+b,a-2h,^)n] 
+8g{(h^f-|-fi^— b,^— gi6) Z+(gi^+biflr--ai/-fia) w 

-h(ai5+bia— 2hj;k)n 
+ (bsC-hCj6-2f,/) Z4-(ftgr4-g«/— c,A— h,c) m 

+ (h|/+f,A-b,flr-g,6)n} 
-h8h {(b,c4-c,6-2f,f) ^+(f«fl'+gj/-c,^-b,c) m 

+ (b^+f,^-b,sr-g,6)n 

+ (fifl'+gi/-CiA-hic) Z+Ccja + aiC— 2g,flf)m 

+ (gi^+tifl'-ai/-fia) n] 
= 82a {b(c,m — f,n)4-c (b,n— f,m)+f (b,n + Cjm— f,w— f,») 

-|-g(bin--fim)4-b(Cim— fjn)} 
4-8:^{a(-2fiZ + gim + h,n)+b(g,Z-a,n)+c(h,Z-a,m) 
+ ^(g«^— ^^ + ^i^"-*«^)+g(^i^— *i^--2fjZ+g,m+h,n) 
+ li (gi^-fli^— 2f,Z+g,m+b|n)}, 
wbicb, pp. 257, 258, has been shown to be eqnal to 

82a{2(bc-f») 
-.KH + cbi-2ffi)-m(fgi + gfi~chi-bCi)-n(bfi-|-flii-bgi-gb,)' 
+8S/{4(gh-af) 

-K^gt+g^s-c^s-liCs)-''^ (ca«+acj-2gg,)-n (gh, + bg,-af,-fa,) 
-i(bf,+fh,-bg,-gbi)— m(gh,+hg,-af,-fa,)-ri(ab,+ba,— 2hh,); 

[(12), p. 249] = 2a(l6il-«|^-4m^-4n^) 

+2^ ( 16f -2i ^— 2m 1^ -2n I? 
^ On On on 

-2z9^-2«»^-2«3^) 
dm dm dm' 

[(16), p. 249] = 2a (A' +20A") +2^^ (,F •\-^Q:E^. 



1890.] the Satellite of a Line relatively to a Cvhie. 261 

On the factor (v) of the Eliminant (23), p. 251. 
13. It may now be shown that 

V = (ilP-l- ...) t* + L* (Aa+ ...) 

is a cabio — the '' Cotesian '* of the ** Memoir '* — having a node at the 
jj.pole of L. For [(1), (3), p. 248] 

|h= 3 (^P-H ...) t*i+ L» (ila, + B6,4-a(h+2-F6+2(?a,4-2JTa,) 

ox 

+L [21 {Aa+ ... + 2jy-|- ...) 

-4{(^i+...)a-|-4(JBrZ+...)7i-h4(GZ-H...)<7}+p|2.1 

+Z[-2{(ili-H...)ui + (flZ + ...)u,+ (G'Z-l-...)t*s}+P*]. 

Substituting the coordinates of the 0-pole of JD, yiz., 

Al-^Hm-^ On for X,' 

m+Bm-\-Fn for y, ■ (34), 

Oli- Fmi- On for z, - 

jD becomes -4Z'+...H-22%n4-..., 
and 

(Al-^- „.) a'{-(ni-\- ..,) h'h(Ql+...)g becomes identical with«i, 

while Ui becomes, identically, 

(ilP+...)(ilai+... + 2JBra,)-I> {(b<H+c6i-2fi6) ?+...}, 

wbere I) is the discriminant of s or P*/4, and [Proc,, Vol. xix., p. 494, 
(62)] 

(bci+c6i— 2fe) P-I-...+2 (gOj+ho,— ac-foj) mn-^... = -IP. 

Thus, in do/ds, 

3(ilP-H...)ui-4L{(ilZ + ...)a+(JK+...)^+(^^+-)fl'} 

H-i^(ilo, + ...H-2Pe-H...) 

becomes -i (ilPH-...) DP » (85). 

Again [(i.)» P* 251], for all valnes of x, y, z, 
2L(ila+...+2JFy4-...)-2{(ilZ4-...)t*i+(^+...)«i+(G^+.-)«i} 
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6o that the residue of terms in dv/dx is, for all values of «, y, r, 

LP^+2lPs-l^ t^?- ^ (36). 

OX ^ ol ox 

For the present values (34) of x, y, r, 

^-f = 2DZ, 
dx 

J 9p 9« gp^ p 

di dx ' 

« = (ilP4-...)-D. 
Thus the residue (36) hecomes 

or I (AP -{-..,) DP; 

whence, and from (35), it appears that, for the values (34), 

~ = o. 

ox 

Similarly, it may he proved that dv/dy, dv/dz vanish for the same 
alues (33) of a;, y, z. 



Thursday, April 3rd, 1890. 

J. J. Walker, Esq., F.R.S., President, in the Chair. 

Mr. E. J. Brooksmith, M.A., LL.M., late Scholar and Law Student 
of St. John's College, Cambridge, Instructor in Mathematics at the 
Boyal Academy, Woolwich, was elected a member. 
The following communications were made : — 

On the Properties of some Circles connected with a Triangle 

formed by Circular Arcs : R. Lachlan, M.A. 
Some Properties of Numbers : Mr. R. W. D. Christie. 
The Modular Equations for n = 17, 29 : R. Russell, MjL 
(Communicated by Professor Oreenhill.) 
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The following presents were received : — 



(< 
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«< Proceedings of the Cambridge Philosophical Society," Vol. tii., Part I. 

** Educational Times/' for April. 

'* Bulletin des Sciences Mathematiques,'' Tome xiv. ; March, 1890. 

'' Beiblatter zu den Annalen der Physik und Ghemie,*' Band xir., St&ck 3. 

<*Memorias de la Sociedad Cientifica — 'Antonio Alzate,* " Tome in., No. 3 ; 
Mexico, 1889. 

<< Bollettino delle Pnbblicazioni Italiane, ricevnte per Diritto di Stampa," No. 101. 

'* Jomal de Sciencias Mathematicas e Astronomicas," Vol. ix., No. 4 ; Goimbra, 
1889. 

*< Atti della Beale Accademia dei Lincei — Rendiconti/* Vol. vi., Fasc. 1, 2, 3. 

« Annali di Matematica para ed applicata,*' Tome xvii., Fasc. 4. 

*' Sitzang^berichte der Koniglich Preassischen Akademie der Wissensdhaften zu 
Berlin," xxxix.-Lxn. 

« Bulletin International de PAcademie des Sciences de Cracovie — Comptes 
Eendus des Stances de I'Ann^ 1890," F^vrier, 1890. 



On the Properties of some Circles connected with a Triangle formed 
by Circular Arcs. By R. Lachlin, M.A. 

[Read April Zrdy 1890.] 

Introduction^ §§ 1, 2. 

1. Let ABO be a triangle formed by three given circnlar arcs, and 
let the complete circles be drawn intersecting again in A\ B^ G'; we 
obtain three triangles ABC, AB'G, and ABff which may be called 
the associated triangles of ABC, and four triangles A'BCy ABC^ 
A'BCj A* BO which are the inverse triangles with respect to the 
circle, which cnts the given circles orthogonally, of ABO and its asso- 
ciated triangles respectively. 

Each of these triangles has a circnm-circle, an inscribed circle, and 
a Hart-circle, which last corresponds to the nine-point circle of an 
ordinary triangle. In the present paper I propose to exhibit the pro- 
perties of these groups of circles in as complete a form as possible, 
but as some of these properties have already been investigated in a 
paper published in the Quarterly Journal, Vol. xxi., pp. 1-69, and in 
my Memoir on ''Circles and Spheres," in the Phil. Trans., Vol. CLXXVil., 
Part II., pp. 481-625, I shall merely quote results to be found in 
those papers.* 

* References to these papers will be indicated by the letters Q., T., res^ectlveVi. 
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Descriptive properties, viz., those involving only the angles ftt 
which the circles intersect, must obviously be tme, whether the funda- 
mental triangle is formed by three plane circular arcs or three spherical 
circular arcs. Also, since formulae involving the radii of ooplanar 
circles can always be deduced from the general formula (c/. T., § 6 
and § 129), 



/I. 2, 3, 4, 5 \ Q 
\6. 7. 8. 9. 10/ 



6, 7, 8, 9, 10- 

connecting the powers of two systems of circles, which is the same for 
spherical circles, it follows that any formula involving the radii of 
plane circles can be transformed into a formula involving radii of 
spherical circles by substituting the tangents of the spherical radii for 
the radii of the plane circles. It will be sufficient, then, to confine onr 
attention to coplanar circles. 




2. From the figure we see that, if a, /3, y are the angles of the funda- 
mental triangle ABO^ the angles of the associated triangle A'BO 
are a, ir— ^, «*— y ; and that the angles of any pair of inverse tri- 
angles are the same. As pointed out in Q., § 41, from any formnla 
for the triangle ABGy corresponding formulee may be found for the 
associated triangles by changing a, /3, y according to the scheme — 



ABC 


/3 y 


A'BC 
AffC 
ABC 


a w— /3 ir— y 
ir— a /3 ''T—y 
ir— a ir-/3 y 
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But to obtain from a formala for any triangle ABO the corresponding 
formula for the inverse triangle A'B^C, we must take into account the 
position of the orthogonal circle ; in fact, if be the ceiilre of the 
orthogonal circle, we have (see Q., § 5) the theorem — 

If the centre of inversion lie within or without each of two given 
circles, the angle at which they intersect is equal to the angle at which 
the inverse circles intersect ; but if lie within one circle and without 
the other, the angle at which they intersect is the supplement of the 
angle at which the inverse circles intersect. 

In the sequel, unless otherwise stated, we shall suppose the radical 
centre of the given circles to lie within the triangle ABC, and the 
orthogonal circle of the given circles to be imaginary. 



The Group of In-Oirdes, §§ 3, 4. 

3. It has been proved in T., § 45, that the in-ciroles of the eight 
triangles are touched by eight other circles ; the theorem may be 
stated thus : — 

The in-circles of any triangle and the in-circles of the three asso- 
ciated triangles are touched by another circle, which touches the first 
internally and the rest externally. 

Thus each triangle has a circle corresponding to the nine-points 
circle of a plane rectilinear triangle, — it is called the Hart-circle. 

It is easily proved (T., § 46) that the Hart-circle of any triangle, 
whose angles are a, /3, y, cats the sides at angles fi'^y, y «^ a, a>^ fi. 

4. If the inscribed circle of the triangle ABO cat the orthogonal 
circle at the angle lu, we have (T., § 43), 



where 



Z^cos' « = 2 (1 +COS a)(l-fcos /3)(H-C08 y), 
K = cos'a+cos'/3+cos'y-|-2cosacos/3co8y^l. 



Also, if r|, r„ r, are the radii of the given circles, and r the radius of 
the orthogonal circle, we have (T., § 44) for the radius of the inscribed 
circle, 



1 , COB kt 



1^ 



— 1, —1, cosy, C08/3 

— 1, cosy, — 1, cos a 

— 1, coB/3, cos a, — 1, 



= 0. 
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Denoting bj A the area of tbe triangle formed by the oenizesof the 
given circular arcs, we have (T., § 18) 

whence we deduce, for the radius of the inscribed eircle, 
7C 8A a fl y 

— = cos -r-COS -^ cos -hr 



o r.r^r^ 



+ (l + cosa)(l— co8a+oo8/3+coey) — 

+ (l4-cos/3)(l-fcoso— coB/S+coBy) — 

+ (l+cosy)(l4-cosa-f-co8/S— cosy) — . 

^1 



The Qroup of Circum-circleSj §§ 5-7. 

5. From the figure we see that the circum-cirde of tbe iariangle 
ABC cuts the sides at angles 

f +(—«), | + ('-/3), f+(*-y). 

The radius of the circle is given by (jP., § 39) 

2cosg _ 2A sing sin /3 , sin y 



P ^i^'i^i n ^j U 



and the angle at which it cuts tho orthogonal circle is given bj 

4 cos' « = ^ sec' «. 

6. The angles at which the circum-circles of triangle ABC and its 
associated triangles intersect are easily found from tbe figure ; they 
are tabulated below : — 



AliC 


ABC 


A'B^C 


A'BC 


AB'C 


AB'C 


^'^C 


ABC 


AB'C 


w 




a 


$^y 


» 


y-w a 


y 


a-w 


A'B'C 




w 


w-()3-7) 


TT—a 


ir-(y^o) 


W-/3 w-(a^i3) 


y-y 


A'nc 


a 


w-(3-y) 


w 




o+)3-w 


w-y 


a + y-ir 


»-/B 


AB'C 


^-7 


w— o 




ir 


w-y 


o + i8-w 


ir-i8 


tt + y— «• 


AB'C 


^ 


r-(7^o) 


o + )3-ir 


w-y 


IT 




i8+y-» 


»•— a 


A*B(r 


yM a 


»-i3 


ir-y 


a + ^-ir 




IT 


«•— 


fi+yw 


ABC 


y 


»-(cu,)3) 


+ 7— r 


ir-)B 


)B + y-w 


» — 


IT 




A'VC 


aw^ 


»-y 


ir-i3 


o + y— IT 


»— 


)B + y-» 




' 
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We notice that the circles AB^C\ A'B(7, A'BG intersect at angles 

/J-fy — T, y-fa— IT, a+/3— ir, 

and that the circle ABC cats them at angles 

/? ** y, y .M a, a ** /3, 

respectively ; hence it follows that the circle ABC is the Hart-circle 
of the triangle A'B^CT formed by the circular arcs ABf(T^ A'Bff^ ABO, 
Similarly we see that the circle ABtG is the Hart-circle of the 
triangle ABC formed by the circular arcs A'BCy AB'C, AB(T, 

7. This theorem may be otherwise stated, for we know that the 
Hart-circle of a triangle touches the inscribed and escribed circles of 
the triangle; hence — 

The circum-circle of any triangle and the circom-circles of the tri- 
angles inverse to its associated triangles are touched by four circles, 
each of which touches one of the former internally and the rest 
externally. 

We thus obtain a group of eight circles, and if we consider that one 
which touches internally the circum-circle of any triangle, such as 
ABCy we may say that there is one circle belonging to each of the 
eight triangles of the system. Thos that circle of the group which 
corresponds to the triangle ABC will be the circle which touches the 
circles ABC, A'BG, ABC externally. 

In the sequel these circles will be called the T-circles. 

The theorem of this article was communicated to me by Mr. A. 
Larmor, of Clare College, Cambridge, who derived it by considering 
the dual nature of theorems respecting curves described on a sphere. 



The T'Oircles, §§ 8, 9. 

8. To find the angle at which the T-circle corresponding to the tri- 
angle ABC cuts the orthogonal circle of the triangle, let 1, 2, 3 denote 
the given circles, 4 the orthogonal circle, and let 5, 6, 7, 8 denote, 
respectively, the circles ABC, ABC, ABC, ABC ; then, T denoting 
the circle which touches ABC internally and the others externally, and 
la the angle at which the circle T cuts the circle 4, we have, from the 
formula, 

U, 6, 6. 7, 8/ "' 
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ocHi4#, 0, 0, 0, -1 =0, 

— 1, — iiorf— a), — smff— /3), —sin (#—7), etmm^ 

I 1, iriD(#— y), — 8in#, sin (#^a), omm^ 

i 1, sin (#'/?), »in(#— o), —sine, oosw^l 

wbare 

-2oOii#|CO0#= 2cO8M|0C>8(#— a) 

= 2 0O8li»,008(#— /3) = 20CNIli»4 008 (t— y) = JT*. 

H«no0, w« find, 

JP 008 « = —2 OOS ~ 008 -^ 008 -J-. 

2 2 2 

ThoM we see that, if the iDScribed circle of the triangle ABO eats 
the orthogonal circle at the angle O, 

COS = 2 cos t#. 

Ilenoe, if p, p' denote the radii of the T-ciroles corresponding to the 
triangles ABO^ MVO\ and f>, p' the radii of the inscribed circles of these 
triangles, we shall have [see T., § 35 (47)] 

Those two formulsB may be compared with the formnls obtained in 
7\» § 40, viz. : if the cironm-circle and Hart-circle of the triangle ABO 
out the orthogonal circle at angles ^, ^, respeotiyely, then 

cos = 2 cos ^ ; 

and it 72, W be the radii of the circum-circles of the triangles ABO^ 
A'lfCTf and r, r the radii of the Hart-circles of these triangles, 



i_i-2a_JL^ 



0. The radius of the T-cirole corresponding to the triangle ABOmtLj 
be most easily found from the formula 



^/r.l.2,3.4\ ^ 
\0. 6, 6, 7, 8/ 



where B denotes the line at infinity. 
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Denoting the radius by p, we have at once 

J^ J^ 1 1 1 =0. 

P ri r, r, r^ 

-1, — sin («— a), — sin(«— /3), — sin («— y), coscai 

1, — sin«, sin (« — y), sin («— /3), cosw, 

1, sin(«— y), — sin«, sin («— a), cosw, 

1, sin («— /3), sin(«— a), — sin«, cos w^ 



The Hart-circle, §§10-13. 

10. The Hart-circle of a triangle might be defined as the circle 
which cnts the sides at angles /3 ^ y, y ^ a, a ^ )3 ; a, /3, y being the 
angles of the triangle. 

If p be the radius of the circle, oi the angle at which it outs the 
orthogonal circle, we have (Q., § 32) 



cos 



f = 2A cos (g— g) , cosfg— j3) cos (g— y 



r^r^r^ ^ U 



and cos' kt =: K sec' s. 

Starting with this definition we might prove, as in Q., § 32, that the 
circle touches the inscribed circle and the three escribed circles of the 
triangle. 

11. Several interesting properties of this circle may be derived from 
considering that the circle ABO is the Hart-circle of the triangle 
AB'Cr formed by the circular arcs AB'CT, A'BG\ AB'C. 

Substituting the letters P, Q, B for A, B, 0, and A, B, for A\ JT, 0\ 
in §§ 6, 7, we infer that the Hart-circle of the triangle ABC cuts the 
sides in three points P, Q, By such that — 

(i.) the straight lines AP, BQ, OB meet in a point L ; 

(ii.) each of the three groups of points (B, 0, Q, i2), (0, -4, B, P), 
(-4, By P, Q) are concyclic ; 

(iii.) L is the radical centre of the three circles BOQB, OABP^ 
ABPQ; 

(iv.) the Hart-circle PQB is the inverse of the circum-circle ABO 
with respect to the circle which cuts the circles BOQB, 
OABP, ABPQ orthogonally ; 
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(y.) the inverse circles with respect to this orthogonal circle of 
the arcs BO, CA, AB are the circles circnmscribing the 
triangles A QE, BBP, CPQ, 

12. If the circles BGQB, GABP, ABPQ intersect at angles 0, f, *, 

then, referring to the table given in § 6, we have a = ^+i^— «-, Ac 

Sir 
Now the circle BCQB cuts the circle BPC at the angle — — <r, where 

2or = 6+^ + ^; hence the circle BCQB cuts the circle BPC at the 
angle *'—- — —, where 2« = a+/34-y. 

Hence, the triangle ABC being given, we have the following simple 
construction for finding the points P, Q, B; draw the circles BCQB, 
CABP, ABPQ cutting the arcs BC, CA, AB, respectively, at the angle 

-T — ~ ; and then the circle PQR is the Hart-circle of the triangle 

4 SI 

ABC, 

13. The points P, Q, B evidently coirespond to the feet of the 
perpendiculars of a plane rectilinear triangle, and the point L to the 
orthocentre. The circle which cuts the circles BCQB, CABP, ABPQ 
orthogonally, evidently corresponds to the self-polar circle of a plane 
rectilinear triangle. Calling this circle the J-circle of the triangle, 
we see that there is such a circle corresponding to each of the eight 
triangles. 



The I'drcle, §§ 14-17. 

14. Let 0, f, yj/ be the angles of intersection of the circles BCQB, 
GABP, ABPQ ; then, o/j, oi,, d^, being the angles at which the I-circle 
cuts the circular arcs BCP, GAQ, ABB, we have, by § 6, 

4 cos' Wi = 2/ sec' (cr— 6), 

and two similar formulee, where 

2or =6 + ^ + 1/', 

and 2/ = 4 cos or cos {<r — 0) cos (o— -^) cos (a—\l/). 

But a = <l>-\-}l/--ir, /3 = ;f^-f 0— IT, y=tf-f^— ir; 

therefore « = 2or — —, 
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and i = 4co8(|- + ^)cos(j-+a--|-) 

co8(^+/3-|)cos(^+y--|-). 
Hence 

cos* fc»i COs'falg cos* Itffi _ I J 

15. Again, let S, H denote the circam-circle and Hart-circle of the 
triangle ; then, X denoting anj other circle, we have, since 8 is the 
inverse of H with respect to J, 

whence, taking X to be the line at infinity, we have 

1 +-i-=2 



*■«,/ Tj^ir ^j,z 

or, if B, r are the radii of 8 and JET, and f> the radius of J, and w the 
angle at which 8 cats J, 

112 cos itt 

ii^ r p ' 

and we know, bj § 5, that 

4 cos' ia=i L sec' or, 

where L, o- have the same values as in § 14. 

Hence, by § 5 and § 10, 

2/* sec I — + — I 

\2 ^ 4 / ^ J_ 1 



or 



4L.cos(| + ^) 



2 cos 8 2cosg 
— — — ^f 

B p 



= H r2cos (« — a) — sinal 

+ — [2cos(«-/3)-Bin/3] 
*■« 

+ — [2cob(»— y)— siny]. 



272 Mr. B. Lachlan on the Properties of some Circles, ^. [April 3, 

16. To find the angle x at which the I-oircle cuts the orthogonal 
circle, let « and m be the angles at which the circles jS, H cat the 
orthogonal circle, and then, taking X as this circle, the formula given 
in § 15 reduces to 

cos « IV cos «' = cos X cos kt. 

But cos* m' z= K sec* «, by § 10, 

and 4 cos* •■ = IT sec* «, by § 5 ; 

hence JfiT* sec » = 2 cos x I^ sec <r, 

therefore 



«^«f 1 -K" cos* <r 
cos' x = -r -r- r— 
* 4 L cos*« 




i-(T-i) 


K 


4 cos*« 


■ L 



_1 i/T,»\ ^ 

17. We may notice that the 1-circle of the triangle ABO is real 
when L is positive ; this can only be the case when one of the angles, 

i,e., provided that one of the angles of the triangle ABO^ a sa 
greater than i (/3 + y + ^) . 
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Thursday, May 8th. 1890. 

J. J. WALKER, Esq., F.R.S., President, in the Chair. 

The President announced that a member, Lieut. -Col. J. R. Campbell, 
had asked to be allowed to give a donation of £500 to the Society, 
and that the Council had accepted the gift. On the motion of the 
Treasurer, seconded by Mr. S. Roberts, the following resolution was 
carried unanimously : — " That the cordial thanks of the London 
Mathematical Society be given to Lieut. -Col. Campbell for his 
generous gift of £500 to the general fund of the Society." 

The following communications were made :— 

On the Function which denotes the Excess of the Divisors of a 

Number which = 1, mod. 8, over those of a Number which 

= 2, mod. 3 : Dr. Glaisher. 
A Table of Complex Multiplication Moduli : Prof. Q-reenhill. 
On a Theorem relating to Bicircular Quartics and Twisted 

Quartics : R. Lachlan. 
On the Genesis of Binodal Qnartic Curves from Conies : H. M. 

Jeffery. 
On the Arithmetical Theory of the Form su' + ny'+nV— Snajyi?: 

Prof. Mathews. 

The following presents were received : — 

" Proceediogs of the Royal Society," Vol. xlvii.. No. 288. 

** Educational Times,'* for May. 

'' Mathematics from the ' Educational Times,* " Vol. lu. 

*' Transactions of the Royal Irish Academy," Vol. xxix.. Part xni. 

** Annals of Mathematics," Vol. v.. No. 2 ; University of Virginia, Oct., 1889. 

** Bulletin des Sciences Math6matiques," Tome xiv., April, 1890. 

''Bulletin de la Society Math^matique de France," Tome xth.. No. 6 ; Tome 
XVIII., Nos. 2, 3, and 4. 

" Atti della Reale Accademia doi Lincei," Vol. yi., Fasc. 4 and 6 ; Roma, 1890. 

" Journal de TEcole Poly technique," 69th Cahier ; Paris, 1889. 

" Annuario del Gircolo Matematico di Palermo — Rules," &c. 

'' Bollettino delle Pubblicazioni Italiane, ricevute per Diritto di Stampa," Nos. 
102, 103, and 104. 

" Jahrbuch iiber die Fortschritte der Mathematik," Band xix., Heft 2 ; Jahr- 
gang, 1887. 

** Journal fiir die Reine und Angewandte Mathematik," Band cvi.. Heft 2. 

" Mcmoires de la Soci6t6 des Sciences Physiques et Naturelles de Bordeaux,*' 
Tome IV. ; Tome v., 1" Cahier. 

" Obsorvations Pluviometriques et Thermom^triques faites dans le D6partement 
de la Gironde de Juin 1887 k Mai 1888, et de Juin 1888 k Mai 1889 ; Bordeaux. 

VOL. xxr. — Ko. 387. t 
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** EsquiMe Historique sur la Marche du D^veloppement de la G^om^tria dn Tri- 
angle,*' by £. Yigarid ; 8vo pamphlet (read before the French Afsodatiosi for tiie 
Advancement of Science — Gongpr^ de Paris — 1889). 

" Sur lee Axes de Steiner et r Hyperbole de Kiepert,*' et <' Sur les Fojen de SteiiMr 
d'an Triangle, ** MM. J. Neuberg and A. Oob (read before the French AwociaticD 
for the Advancement of Science— Congr^s de Paris— 1889). 

"Sor lee Projections et Centre- Projections d'un Triangle Fixe, et Snr le 
Systtee de Trois Figures directement Semblables," M. J. Nenberg. (Offpriit 
from Tome xliv. of the *' Mteoires Cooronn^s et autres Mteoirea/' pablite 
par 1' Academic Royale de Belgique, 1890.) 



On a Theorem relathig to Bicircular Qti4irtics and Twisted 
Quartics. By R. Lachlan, M.A. 

{Read May 8M, 1890.] 

The present paper deals with a theorem analogous to the theorem 
that : Every plane cabic which passes through eight fixed points most 
pass through a ninth. It will be proved that a very similar theorem 
exists for plane bicircular quartics, and for twisted quartic carves, 
and, as might be expected, the theorem leads to as many, if not more, 
interesting results than the one for the cubic. It has been thooght 
advisable to state for circular curves the corresponding theorems to 
those which are given in Salmon ("Higher Plane Curves," §§30-34) 
for ordinary plane curves, although of course the former may be easily 
deduced from these. And it should be stated that a circular carve of 
the 2n*^ order is always understood to mean a curve of order 2ii, 
having each of the circular points at infinity as multiple points of the 
n**» order. 

The paper is divided into three sections : in the first are given the 
general theory of the intersection of circular curves ; in the second 
section a particular theorem relating to plane bicircular qaartics is 
developed ; and in the third section the corresponding theorem for 
twisted quartics is proved independently, and it is explained how the 
particular theorems in the second section may be translated so as to 
apply to twisted quartics. • 

Oeneral Theorems on Circular Curves ^ §§ 1-4. 

1. The general equation of a curve of the 2n^ order having 
multiple points of the n^ order at each of the circular points, is of 
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the form 

where Ur and Vr are homogeneous expressions of the r^^ degree in x 
and y. 

Such a curve is determined when we have given 

(l-f2-h...-h?i + n + l + n+... + l)-l, 

i.e., n (n-h2) points. 

2. Two circular cui'ves of the 2m*** and 2n*** orders intersect in 
2mn points, excluding the circular points. Hence it follows that 
every circular curve of the 2n*** degree which passes through 
n (n4-2) — 1 fixed points must also pass through (n— 1)' other fixed 
points. 

We may also deduce the theorem : If of the 2n' points of intersection 
of two circular curves each of the 2n*^ order, 2np lie on a circular 
curve of order 2p, the remaining 2n (n— j?) will lie on a circular 
curve of order 2 (»— j?). 

3. Again, every circular curve of the 2n^ order which passes 
through 2np— (p—iy points on a circular curve of order 2p (p being 
less than n) meets this curve in (p—iy other fixed points. 

For through any other (n—p){n—p-{-2) points on the curve of 
order 2n we can draw a circular curve of order 2 (n— /)), and this, with 
the curve of order 2p, makes up a curve of order 2n passing through 

2n;?-(>-l)'-f(n-j7)(n-2) + 2), 

i.e., n(n-\-2) — l points; hence, by §2, it must pass through (n— 1)' 
other fixed points on the given curve of order 2n ; and these must lie 
on one or other of the curves of orders 2p and 2 (n—p) ; but these 
curves can only meet the given curve in 2np and 2n (n—p) points, 
respectively ; hence the truth of the theorem is manifest. 

As a particular case, we see that every circular curve of the eighth 
order which passes through 15 points on a bicircular quartic passes 
through one other fixed point ; and every circular curve of the order 
2n which passes through 4n~l fixed points on a bicircular quartic 
must pass through one other fixed point. 

4. An extension of the theorem in § 3 may be thus stated : — 

Any circular curve of the 2r*^ order (r being greater than m and n., 

t2 
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bot lesfi thmn ■»-*-■ — 1;, vhScli pASses tbroueh &U Imt (m-hu—r^^iy 
of the 2fli» points of interaecdon of tvo cimlar ewmm of orderm 2» 
and 2m^ will p^s miso throuii tlie remminiwg inte rMcii ong, 
For. if ve drmw m circal^r corre of order 2 (r — m) throngli 

(r-») ir-m^i) 

arbitrarr points on the cnrre of order 2ii ; and m circular carre of 
order 2 (r— *) throngh (r — »)/^r — i*-^ 2) arbitrary points on tbe cnrre 
of order 2m : these cnrres make np, with tbe curves of orders 2m and 
2iB. two cnrres each of order 2r. and each passing tbrong^b snob a 
nomber of the 2mii points of intersection of the given corres of orders 
2m. 2n as make up rCr-^2)— 1 points in each case; and hence these 
two curves pass through (r— 1)* other fixed points. 

Bat 

r(r+2)-l-(r-m)(r-m-i-2)-(r-ji)(r-n-2) 

= 2roii— (m-hii — r— 1)*; 

hence the theorem is seen to be true. For the theorem to be applicable, 
it is easilj seen that r mast be at least equal to the gpreater of the 
integers m and n, also r—m most be < n. otherwise it would not be 
possible to draw the auzih'arj curve of order 2 (r—m) ; and, as the 
theorem is nagatorr when r = m + ^~l, we see that we must have 

r < fn+n—l. 



Application to Bicircular Qnartics, §§ 5-12. 

5. The general theorem in § 3 states that every circular curve of 
the eighth degree which passes through 15 fixed points on a bicircular 
qaartic must pass through a sixteenth fixed point ; in other worcTs, if 
two circular systems each of the eighth degree intersect in 15 points 
which lie on a bicircular quartic, their sixteenth point of intersection 
also lies on the qaartic. 

S appose we have three circles A, B, C catting a bicircular qaartic 
respectively in the points a„ a,, a„ ^4 ; 6„ 6„ 6„ h^; Ci, C|, e^ C4; and 
let the circles (a„ 6„ c,), (a^ 6„ c,), (a„ 6„ c,), (a^, 64, C4) meet the 
quartic in the points c/„ c^,, d^^ d^, respectively; then these points mast 
bo coucyclic. For let the circles (a„ 6„ c,), (a,, b^ c,), (a,, 6„ Cj), 
(^4, />4, C4) be denoted by L, M, N, P ; and let D denote the oircle 
((/„ (i„ ci,) ; then each of the systems A, B, G, D and L, Jf, N, P are 
of the eighth degree, and fifteen of their points of intersection lie on 
t he quartic, therefore the remaining point in which the system A^ By 
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0, D meets the qnartic must be the point d^, which is the sixteenth 
point in which the system L, M, N, P meets the qnartic. Hence the 
circle D must pass through the point d^. 

6. Suppose now that the circles A, B, G coincide; then the circles 
Lj M, N, P become the osculating circles at the points o^, a,, a,, a^ ; 
hence we have the theorem that : The osculating circles at four con- 
cyclic points on a bicireular quartio, meet the qnartic in four points 
which are also concyclic. 

The circle D passing through the points d^, d,, d^, d^^ in which the 
osculating circles at aj, a,, a,, a^ meet the qnartic, might be called the 
scUellUe circle of the circle A. 

7. Let us now suppose the points a^^ a^ a^ are cyclic points ; then 
the circle JD must coincide with the circle J. ; and hence the point a^ 
must either be another cyclic point, or must coincide with one of 
the points o^, a,, a,; in other words, the circle which can be drawn 
passing through any three cyclic points, meets the qnartic in a fourth 
cyclic point or touches it at one of the three points. 

Now we know that there are sixteen cyclic points on a bicireular 
qnartic, viz., four cyclic points on each of the principal circles of the 
quartic. 

Let Qi, a„ a„ a^ be the four cyclic points on the principal circle Ji ; 
fiu P%y A* i^4 ^^^ cyclic points on J, ; yj, y„ y„ y^ those on J, ; and 
^1* ^S9 ^8> ^4 those on J^. If a, be the inverse point to ox with respect to 
/„ it is evident that the circles aia,/3i, a^aji^, f^\<hP%y ^i"^* ^^^ touch 
the quartic at the points /3j, /3„ /3^ /B^, respectively. And it follows ft^m 
the theorem that two pairs of inverse points are concyclic, that no 
other circle passing through a^, a, and a third cyclic point, y^ say, touch 
the curve at either of the points Oj, a„ yj. Now sixteen points may be 
arranged in groups of three in 16 . 15. 14/6 = 560 ways ; through each 
pair of points such as cii, a, we can draw four circles touching the 
curve at another cyclic point, and we can take a pair such as Oj, a, in 
6x4 ways (viz., 6 pairs on each principal circle) ; hence, of the 560 
circles that are obtained by taking any three of the 16 points, 
6 X 4 X 4 = 96 touch the quartic ; we have left 464 circles, and, by 
what was proved above, each of these must meet the curve in a fourth 
cyclic point. Dividing this number by 4, we see that 116 circles can 
be drawn each passing through four cyclic points on a bicireular 
quartic. 

It will be interesting to see how these circles may be grouped. 
There are the four principal circles ; and then we know that pairs of 
inverse points are concyclic, thus we shall have 48 circles of the t^^ 
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^i^TiTs> ^i <^^ ^ being inverse points with respect to /^ as also yi and 
y, : we shall also haTe the circles cria^ysyt, >i^ A^a> >i%^f^4 ^ ^-v ^^^' 
circles for each pair of points 0,0, on /j, and soj.4x6x4=:48inall; 
the remaining 64 circles will be circles passing tbrongb one point on 
each of the principal circles. 

8. We know that nine circles can always be drawn through anj 
point a on a bicircnlar qnartic which will osculate the curve elsewhere ; 
let us suppose, then, that the osculating circles at the points Oi, o^ ... Oi 
meet the curve again in the point a ; and let the osculating circles at 
6„ hf, ... 69 meet the curve in 6, the osculating circles at C|, c^ ...c^ 
meet in c, and the osculating circles at <f,, d^ ... dip meet the curve in 
d. Then, if the points a, 6, c, d are ooncjclic, it follows from § 6 that 
the circle passing through three points such as o^, 6^ e^ must pass 
through one of the points d|, d|, ... dip. 

Consequently, though there corresponds but one satellite circle 
P for every circle A, yet corresponding to a circle D there are 
9x9x9 = 729 different circles A, 

9. Let us suppose that the points a, c, d coincide ; then we see that, 
if the escalating circle at the point a meets the curve in the point 6, 
and if the osculating circles at a,, Oj, ... o^ meet the curve in the point 
a, and the osculating circles at 5i, 6j, ... 63 meet the curve in 6, then 
the circle passing through any three of the points a^^ Ot, ,,. a^ must 
pass through one of the points &i, &s, ... 63. In other words, if 
a,, a,, ... a, are the points, the osculating circles at which meet the 
curve in the point a, then the 9 . 8 . 7/6 = 84 circles wbicb can be 
drawn through the points Oj, a,, . . . a,, taken three at a time, meet again 
in eight other points which are also on the qnartic, and the osculating 
circles at these eight points meet the curve again in the same point 
as the osculating circle at the point a. 

10. Returning to the general theorem in § 5, let us suppose that the 
circles A, B, G are bitangent circles to the quartic at the points 
a, a ; 6, &' ; c, c, respectively ; then the circles Xr, if coincide, and also 
the circles N^ P. Hence, if the circles abc, ab'c cut the curve again in 
the points d, i', we infer that the circle which touches the curve at 
d and passes through (f must touch the curve at cT. If the three 
bitangent circles aa\ hb\ cc belong to the same system, t.e., out 
orthogonally the same principal circle, then it is obvious that d, cf are 
inverse points with respect to the same principal circle ; but in the 
above reasoning it would seem that the three bitangent circles A, B^ 
need not necessarily belong to the same system. 
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11. Further, let as suppose that the points a, 6, c coincide ; then we 
see that, if three of the bitangent circles at the point a touch the curve 
again at the points ap Oj, a„ respectively, and if the osculating circle 
at a and the circle at^a^a^ meet the curve again in d, d!^ then d, d! are 
points of contact of a bitangent circle. 

Now there are four circles which touch at a and touch the curve 
elsewhere ; let a^, o^, a,, a^ be the points of contact (t.e., the inverse 
points of a with respect to the four principal circles), then we infer 
that the four circles which can be drawn through these four points meet 
the curve in four points (2,, d^, c2„ d^ which are the points of contact 
of the bitangent circles which touch the curve at i, the point where 
the osculating circle at a cuts the curve. 

12. Again, let the points of contact of the bitangent circles at a, 6, 
c, d be respectively a„ Oj, a,, o^ ; 6„ tj. K K\ Ci» Ci» c»» c* ; <^» ^i d^, d^ ; 
then, if a, 6, c, d are concyclic, we see, from § 10, that any circle such 
as a, hfCu must pass through one of the four points c2„ d^ d^^ i^. 

Hence these 16 points lie on 64 circles, each circle passing through 
one and only one of the points corresponding to a, 6, c, (f, respectively. 



Analogous Theorems in connexion tuitk Twisted Quartics, §§ 13-15. 

13. Since the equation of a bicircular quartic may be written in the 

form 

ax^ + by^-^cs^-^-du^ = 0, 

where x^ y^ z, w are the '^ power-coordinates '* of a point referred to 
four mutaally orthogonal circles, so that they are connected by the 
identical relation 

aj«+y'+«*+ti;' = 0, 

it follows that, corresponding to all theorems connected with bicircular 
quartics, there exist analogous theorems concerning quartic curves in 
space. In fact, we have merely to substitute the word ^* plane " for 
" circle " in the enunciation of theorems concerning bicircular quartics 
to obtain the corresponding theorem for twisted quartics. 

Thus, in place of the theorem in § 5, we shall have the theorem : 
Every quartic surface which passes throagh 15 fixed points on the 
curve of intersection of two quadrics must pass through one other 
fixed point on the curve. 

14. It may be as well to give an independent proof of this theorem. 
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Thus, let II, V doDote two quadrics, and S any qoartic snrface passing 
throngh 15 fixed points on the curv^e of intersection of u and v ; we 
have to prove that any other quartic snrface which passes through 
these 15 points mnst pass through the remaining point of intersection 
of 8 with u and v. 

Now, throngh any 8 arbitrary points on the carve of intersection of 
u and Sf and throngh an arbitrary point P on fif, we can draw a qoadric, 
V say ; also, throngh 8 arbitrary points on the curve of intersection of 
8 and v, we can draw a quadric, u' say, also passing throngh P (P 
being supposed not to lie on either uor v); then we have three quartic 
surfaces, fif, uu\w\ each passing throngh 15 + 8+8 + 1 = 32 fixed 
points, and every quartic which passes through these points most be 
of the form S-j-Xuu-^fivv, and therefore must pass through the 
remaining 32 points in which 8, uu\ and vv intersect. 

Hence every quartic surface which passes through 15 of the points 
of intersection of 8, u, v must pass through the remaining point of 
intersection. 

15. We have at once the theorem, that if three planes ^, jB, be 
drawn cutting a twisted quartic in the points a,, a,, a^ a^ ; 6i, ^, 5^, 64 ; 
€1, Cj, C|, C4, respectively ; the planes ajbiCx, (h^iCn ^^s^t^f ^4 ^4 ^4 '^^ ^^^ 
the quartic in four coplanar points dj, d^, d^, d^. 

Consequently, all the theorems stated previously may be at once 
translated so as to apply to twisted quartics. 



On the Arithmetical Theory of the Form aj'+ny' + nV— 8najy». 

By Professor Mathews, M.A. 

[JSead May Sth, 1890.] 

In the last four papers contained in Vol. i. of Dirichlet's collected 
works will be found some remarkable propositions relating to certain 
arithmetical forms of higher dej^rees.* 



« Dirichlet's JFsrke, I., pp. 619, 625, 633, 639. The tides of the papen axe~ 
*' Sur la Throne des Nombres " (Comptea Rendus, 1840, p. 285, or LiouviM^ Sir, I.» 
t. y., p. 72) ; *' Einige Resultate von Untersuchuogen iiber eine Olaase homoganer 
Fonotionen des dritten und der hoheren Grade " (BeriehU uber die VerJumdhmfm d. 
JCmi^L JPreuta. Akad. d, Wiuenteh.^ 1841, p. 280); " YerallgemeiQeraiig mwm 
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In the following note I propose to illustrate DirichleVs method bj 
applying it to a special case, which is otherwise of interest in con- 
nexion with an algorithm of Jacobi's {Crelley Vol. LXix., p. 29). 

The form to be considered is 

F{x, y, js) =aj»-hny*-hnV— Swajyz, 

and it will be shown — 

(i.) that if an integer m can be represented by the form F (x, y, z) 
at all, it can be so represented in an infinite number of ways ; 

(ii.) that the Diophantine equation F (x, y, c) = 1 can always be 
satisfied by integral values of x, y, z; 

(iii.) that all the integral solutions of ^ (x, y, z) = 1 can be derived 
from a single fundamental solution in a manner analogous to that 
in which the solutions of the Pellian equation are obtained. 

1. Let n be a positive integer, t the real cube root of n, a complex 
cube root of unity ; then 

F(x, y, z) = (a;-hy*-hi80(«+y^^+«^0(«+y^^+«^^) 

= («+y^+«0((«'-wy«) + («2*-«y) ^-hCy*-**) t*} 

= 35* + ny* -h n^z* — Snxyz, 

Dirichlet has shown (Werke I., p. 635) that we can choose, in an 
infinite number of ways, a set of integers x, y, z, so that 

I x-^yt-^zf I < l/fi\ 

where fi is the greater of the quantities | y {, {z\. (Here, as in what 
follows, \z\ denotes the absolute value or modulus of z.) 

His proof is as follows : — Choose for y, z all pairs of values, the same 
or different, which can be obtained from 

—Py — (P-1)> ••• -1> ^> h ... (p— 1)>1> 

where p is any positive integer. Having chosen any pair, let x be 
determined so that x-^-yt-^-zf jaskj be less than 1, and not negative ; 

Satzes ans der liohre yon den Kettenbr&chen ..." {ibid,, 1842, p. 93) ; and " Zur 
Theorie der Complexen Einheiten" [ibid., 1846, p. 103). 

See also EisenBtein's memoir on cubic forms {Crglle, t. xxtui., p. 289, and 
XXIX., p. 19) ; Sylvester, " On the Q^neral Solution in cexiain cases ol toe Equation 
x^-t-y^ + uiz^^ Mxy%;' &c., Thil, Mag., xxxi. (1847), pp. 461-7, and "On certain 
Ternary Cubic Form Equations," Afiur, Math. Jour., t. lu. (1880), pp. 58-88 and 
179-189. 

For the last two references I am indebted to Professor Oayley. 
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we tlms obtein for tbe ezpremon one rmhie zero, and (Sp+l)"— 1 
otlier rallies wfaidi are all poaitiTe proper fraetioDa. Kov ooosider 
the ieries of terms 

"' V* v V ' 

these diride the intenral ... 1 into 4^ equal paHa ; and, since 

(2p+l)«-I>V. 

it ioUovrs that, of the proper fractions preTionslj obtained, it will 
alwajs be possible to find two which are in the same one of tiie 4^ 
intenrals. Let 

«,+y,< + r,f* and a^-hy,/+«if 
be two SQch fractions. They are not equal, for this would imply 

Xi =^ x^ yi ^ yr *i = ri » 

hence their difEerence is less than 1/^ and not aero; forther. the 
differences (yi-*ys), ('1—2,) are both numerically not greater than 
2p ; hence, if we put 

« = «i— ^ y = yi— yt. * = *i-«r 

|a;+y<+«<*.< l/4p*, 
and therefore a fortiori Kl/fi^ if fi is the greater of the quantities 

Since p was chosen at pleasure, it follows that an infinite number 
of integers x, y, z can be chosen in the manner stated. 

If (x, y, t) be any such set, 

|«-hy*f+za*^| = |a;+y^+r<* + (e-l)y<-l-(a'-l)*f* 

<|«+y*+^<»H-{lyM + ;^;}v^3 

(since 1 0-1 1 = I 0«-l | = ^3), 
and afarUari < -\ +((»+0a*v^3. 

SimiUriy, , «+ya^+««^ | < ^ +(t»+0Mi/3; 
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and therefore \F {x,y,z)\ < -^ {(<"+0 /'-/S-h 1/Ai*}' 

Since fc is not less than 1, it follows a fortiori that 

\Fix,y,z)\< {^SCf+O + l}'- 
If, then, M is the integer next greater than 

there are an infinite number of sets of integers x, y, z snch that 

\F{x,y,z)\<M. 

But F (x, y, z) is always an integer when x, y, » are integral ; 
therefore at least one valae of ^ must correspond to an infinite num- 
ber of sets (Xf y, z) : that is, there most be at least one integer m snch 
that the Diopbantine equation F (a;, y, z) = m admits of an infinity 
of integral solutions. 

2. Let {xy y, z), {x\ y\ z) be any two sets such that 

F{x\y\z') = F{x,y,z)^m, 

The expression 

x-\'yt'\'ze _ (a?>y <-f gy)(g-f y6^-f g^OCg-f yff^-f gOQ 
x-^-yt-^zt^ F{x,y,z) 

X'\'Tt'^Zi^ 



m 



where X, Y, Z are integers, the reduction in the numerator being 
made by help of ^ = n. 

Now we may suppose (x\ y\ z) congruous (mod. m) to («, y, s) : 
that is to say, 

x' = iT, y ^y, z' ^z (mod. m) ; 

for not more than m' sets can be incongruous, and there are oo sets. 

This being so, we have 
(Z-m) + r^+Z^« = {(aj'-«) + (y'-y) ^+(/-«) f} 

(«+ytf^+«^e')(a;+ya«^+«60 

= m (a-h/3^+yO(»+y*^+«**0(«+y^<+«^) 
where A, B, are integers. 
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Henoe X=Y=Z = k> (mod. m). 
«otiiat 2 — = c-r^^-^cr 

-where 4 9? ( u« intagen ; and llierefbre 

ihat is, (^ i|, C) is an integral solution of 

¥ {x. y, r) = 1. 

3. It is clear that, if (^, v, O is i^J solntion, and we pat 

where k is any integer, then (^ f^^ C&) will also be a solntioii. It will 
now be proved that OTery iDt^;ral sohition can be derived in this way 
from a certain fundamental eolation. 

Write « =*-|-y/-|-rf", 

r = x+yft+2eV, 

80 that, if 2, y, £ are taken to be ordinary rectangalar coordinates, 
M =: represents a resl plane, and = 0, to = two conjogate 
imaginary planes intersecting in a real line. The sarfMse 

f(x,y,r)-l=0 

has a real asymptotic plane « = and a real asymptotic line (« ^ 0^ 

IO=rO). 

It may be conceived to be generated by the intersection of the plane 

a = c 

with the elliptic cylinder np = — , 

c being a variable parameter. 

For real points on the sar&u)e mr, and therefore c, is essentially 
positive, so that the real part of the sorface consists of a single sheet 
on one side of u = with a fnnnel-shaped depression extending to 
infinity in the direction of the line (v = 0, tr == 0). 
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If Xy t/y z are whole nambers, let (a;, y, z) be called an integral point ; 
and if, moreover, 

F{x,y,z)^\, 

let it be called a radical point. 

The plane t^— 1 = 

goes through the radical point (1, 0, 0), and cuts the snrface in an 
ellipse. Let the plane be moved parallel to itself nntil it^r^^ passes 
through another radical point (f^, V^^ (o)- This point is not infinitely 
near (1, 0, 0), and (on account of the shape of the snrface) it is not 
at an infinite distance from the origin. Hence the plane will have- 
moved through a finite distance ; i.e,, 

1... («o + '?o^ + foO 

will be a finite interval, and there will be no radical point (£, i|, (} 
for which 

(where the signs of inequality must be reversed if £o+''o^ + io^' < ^)* 

Now, let (», y, z) be any other radical point ; then, if h is any 
integer, and we put 

then (a, /3, y) is also a radical point. 

Denoting by log(a;+y^H-x?^*) the real logarithm of a;H-y/+2f^*, we 
have 

log(a+/3* + y^) = log (x + yt-^z^)'~h\og (4o+'?o^+foO- 

If log (x-^yt-^-z^) is not a multiple of log (4o + '?o^ + foO> ^^ ^^^^ ^® 
possible to determine h so that the expression on the right-hand 
is intermediate between and log (£^jH-iyo^H-4'oO> *^d therefore 
a-^fit-^yt^ intermediate between 1 and io+'7o^ + ^o^' • but this has 
been shown to be impossible ; therefore 

where k is some positive or negative integer. 

If , ^ \^^ =i^Wot-\^iit, 

then ($0, ri'oy C) has just the same right as (^q, ly^, {©) ^ ^ called a 
fundamental solution ; in the geometrical theory we see, correspond- 
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ingly, that the plane u— 1 = may be moved in either directum in 
order to come to a fandamental point. 

4. Various conseqaences of the preceding theory are immediately 
evident. Thus all numbers representable by F are cnbic reBidnes of 
n ; the prodnct of any number of sneh integers is representable by ^; 
and if F(x^ y, z) be any representation of m, then all the repireeenta- 
tions are fonnd from 

Moreover, this relation between {x\ y\ z') and (2, y, z) gives an infini^ 
of linear transformations of the form F into itself, the coefficients being 
integral, and their determinant equal to 1. 

The direction cosines of the asymptotic line of the surface 

are given by X : /jl : v =: ^ : t : 1 ; 

from which it may be inferred that, among the solutions of 

F («. y, «) = rn, 
there are an infinite number for which x, y, z are all positive. 
If we take a solution (£, ri, of 

F(x,y,z) = l, 

for which £ + iji + ^^ > 1, 

and put, as before, (£ -h »y^ + i^)* = £* -h 17* ^ + ik ^', 

k being a positive integer, then, as k increases indefinitely, we have 
at last 

that is, Jt/C», Vk/ik 

are approximations, more and more accurate as k increases, to ^ and t 
respectively. By successive squaring, the approximation may be 
made with considerable rapidity. 

For example, if n = 5, we may put 

i = 41, 17 = 24, f=14, 

and hence {, = 5041, 17, = 2948, f, = 1724, 
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and 80 on ; where, in general, 






It will be found that j,^f, = 1709976 ... , 
the true value of X/b being 17099759 .... 

For some of the simplest values of n, I have calculated the follow- 
ing solutions by Jacobi's method ; I believe they are fundamental, 
but this remains to be proved. 



n 


«. y. 


z 


, 2 


1, 1, 
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1 3 


4, 3, 
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5, 3, 
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5 


41,24, 


14 
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4, 2, 
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11 


89, 40, 
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On the Genesis of Binodal Qiuirtic Ourves from Conies. 
By Henet M. Jeppbet, P.R.S. 

[Bead May 8M, 1890.] 

1. In this memoir I propose to generalise Laguerre's method of 
generating bicircular quartics for two distinct families of binodal 
quartics — (1) those which pass through two assigned points, (2) those 
which touch a given conic in four assigned points. The processes 
used in (1) and (2) are adapted from those employed for plane 
bicircular quartics and spherical sphero-quadrics respectively. 

In a second memoir I hope to explain the classification of binodal 
quartics. 
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I. On Binodal Quartics which are to be dravm through two custgned 

points, 

2. Def. — Two conies P, Q intersect a third 8 in the same two 
points, and therefore all three P, Q, S also intersect in three con- 
current chords ; anorthotomic intersection of P, Q oconrSy when the 
pole of the common chord of P, Q, S with respect to P or Q is also 
the pole of the second chord of intersection of P and Q with respect 
to Q or P respectively. 

This may he better understood by considering the special case of 
orthotomic intersection. 

Two cirdles P, Q, which pass through the same two points at 
infinity, intersect orthogonally, when the pole of the line at infinity 
with respect to P or Q is also the pole of their common chord with 
respect to Q er P respectively. 

The definition is founded on the following theorem : — 
" Two conies P, Q, intersecting in four points A, P, C, D, may be 
such that the pole of AB in regard to Q = the pole of CD in regard 
to P ; and when this is so, then also the pole of AB in regard to P = 
the pole of CD in regard to Q." 

The third conic S is introduced for analytical convenience only. 

The term ''anorthotomic " is used in a definite sense, both here and 
in Part II. (where it differs, but is also definite), and is not the mere 
negative of *' orthotomic." It has been coined after the analogy of 
*' anharmonic," by which Chasles denoted a definite ratio. 

" Prof. Cayley would rather use ' orthotomic,' explaining the 
generalised sense in which the word is to be taken. And so in other 
like cases, he would retain the words ' circle,' ' centre,* &c., explaining 
by way of definition the generalised senses in which these words are 
to be taken, viz., considering any two points /, /, a conic through 
these two points is said to be a circle, and the polar of IJ in regard 
to the curve is said to be the centre, Ac. Two circles intersect in the 
points J, cT, and besides in two other points ; the line joining these is 
said to be the common chord. And then, for orthotomic circles, two 
circles may be such that the centre of the first is the pole of the 
common chord with respect to the second of them, and, when this is 
so, then also the centre of the second is the pole of the common chord 
with respect to the first of them ; two circles thus related to each 
other are said to be orthotomic," Ac, &c. 

The readers of this memoir may substitute " circles " for " con- 
chordal conies," which has been retained in the text as a distinctive 
term. 
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Bicnspidal (§ 14) and iacnodal (§17) qnartics are generated from 
conies as a particnlar case and the limiting form respectively of 
binodal qnartics. 

3. To find the condition of anorthotomic intersection for the two 
conohordal conies 

iSf+(Za + m)3-hny)(ia-he/3+/y) =0 (P), 

Sf-h(ia-hmi3+ny)(^a + A/3+A;y)=0 (Q), 

8 = (tt, t?, Wy u\ v\ w'Ja, /3, y)'. 

The polar of a point (x, y, t) with respect to (P) will be the common 
chord 

[x(d'-g)+y(6^h)+z(J-k)] (ki+wi/J+ny) = 0; 

and the polar of the same point (Xj y, z) with respect to (Q) will be 
the second chord of intersection 

(Zaj+my-fw2;)[a(<7-rf)-h/3(fe-e) + y(A;-/)] =0; 

provided that the following relations sabsist between x^ y, z : — 
(2t* + Zgr + W) oj -h (2ti;' + Zfe -h WM?) y + (2©' + 2i + nci) iK = 0, 
(2tt;'H-mgr+Ze)a;+(2t; + mAH-??ie)yH-(2tt'+«»A;H-n«)« = 0, 
(2t?'+ngr+Z/) «H-(2tt H-nA-hm/) y-h(2w+nA;-f«/) « = 0. 

The determinant, which expresses their compatibility, is the required 
condition for anorthotomic intersection. 

This determinant may be given as the difference of two others 

2K tt, w\ v\ I — U, TT, r, nfe-mfe =0. 

TT, F, U\ Ik-ng 

r, IT, TT, mg^lh 

we — m/, If—nd, md^le, 2 

The polars of another point with respect to (Q) and (P) will be the 
same chords in reverse order — under the same condition. 



w, 
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d-^-g, e-k-hy f-\-ky — 1 



4. A binodal quart ic may be generated in four different ways, as 
the envelope of a variable conic ((?) always passing through two 
fixed points, and intersecting anorthogonally a given conchordal 
conic (J) through I>, J57, so that the pole of the chord DE with respect 
to moves along a given dirigent conic. 

5. The following system of conchordal conies is coanorthotomic, 
VOL. XXI. — NO. 388. u 
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and each ia the Jacobian of the other three, and 0, il, JB, are the 
poles of the common chord DE with respect to the Jaoobians : — 

tiaV+t;6'/?-hwc'y* = (J), 

Za(uaVH-t;6*/P+wc*y*) = 2t*a*a (laa+mbj8+ncy) (/i), 

mftSuaV = 2vV(Mlaa W* 

ncStcaV = 2wc^ySZaa (/J. 

The conditions of coanorthotomy are satisfied ; for the two polan 

of the two points A and ( — , ^, — ) with respect to 7 and J, 

'^ \ua vb toe/ 

are the same, when taken in turns, viz., their common chords BO 
and DE (laa-^-mbfl-^-ncy = 0). 

So also the two polars of A and B with respect to /j, /| are ihdr 
two common chords, when taken in turns. 

6. The four corresponding dirig^nt conies are 

LaV-hKfe'/3»-hi^c»y* = {¥), 

or, in the tangential form, 

i^+j^ + — = cn 

and three others F^, JP,, F„ corresponding to /j, /„ /„ will be pronred 
to be of the type 

1/ Jf 2V * • 

That is, all four dirig^nt conies will be proved to be inscribed in ilis 
same quadrilateral, of which the two fixed points JD, B (here denoted 
by Wj, Of,) are vertices. 

These two points (ctfj, W|), through which all the Jaoobians pass, ai« 
thus denoted by tangential coordinates 

\t* V w / \ u V w / \ u V to/ 

7. To determine the equation to a binodal quartic, which it 
generated by a variable conic ((?), coanorthotomio with the con- 
chordal (cT), in such a way that the pole (X, /i, y) of the oommoa 
chord with respect to (0) moves on a dirigent conic (F), 

Such a variable conic is thus denoted : 

(\la'\'fimb-^vnc) SwaV = 2 (uXa'a+v/i&'/S+Wi^) S2aa...(0)i 
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or, as it may be written, 

X/i+M+v/, = (0). 

— , — , — J for Q 
u V w I 

and /, when taken with respect to / and by tnms, are the same, 

viz., their two common chords. 

Since the pole (X, /i, v) lies on (F), 

La'X' + Mby -h Nc^v" = 0. 

The variation of G, subject to this condition, determines the binodal 
qnartic, whose nodes are D, E^ 

La' ^ MV Nc' 

8. If the qnartic be compared with the tangential form of (^F)^ a 
qaadric transformation is recognised, 

Ji : /, : /i = op : 69 : cr. 

In the special case of bicircalar qnartics, Z, m, n become 1, 1, 1 ; u^v^w 
become cot A, cot B, cot G ; a factor is removed in each case, and 

/j : J, : /, = j> : g : r. 

This is Dr. Casey's theorem for qnadric transformation. 

9. The following identities connect the four Jacobians : — 

-Jx+^-Jt+—J,+2(laa+mbli+ncyy=(-^ + ^ + ^)j, 
ua vo wc \ u V w / 

lur vcr ' wc^ u 

10. The poles of the common chord DE for the four (/) conies being 
O, A, B, 0, the four triangles ABC, OBG, OGA, GAB are autopolar 
with respect to the four (J) and the corresponding four (JP) conies, 
respectively. 

This theorem is established geometrically by Dr. Casey for Bi- 
circular Quartics. See his Memoir, § 24. 

11. To show that the same binodal quartic may be generated by 
another variable conic (6^0, coanorthotomic with (/j), and having its 
pole of DE on (jP^). 

It will be necessary first to establish the equation to jF\, which 

U 2 
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was assumed in § 6 to be 



Assume its equation, when referred to its antopolar triangle OBC^tohd 

w. 



^+4e+^=o 



L^ Ni Ifi 
Then P is thus related to the coordinate system of ABC : 

Vf* V W I U V to ' 

or, in terms of the fixed points uf^uf^, by § 6, 

\ u / \ U V to / u 

Substitute for P in (l^i), and compare the coefficients in the two 
assumed forms of (F^) : 

^^ u L' M L V N^' N L w 3f/ 

if ^(sAV^lsZ. 

L ^ u I u u 

If those values of L), 3fi, N^, and those of a^iw,, be replaced in (PJ, 
it brcoinos 

i^i^i-i^i^'i'i)'-" w. 

or, if for brevity wo write 

r_l u _L — JL — JL 

r, if Zr' r, ^ In(; ' 

1 ,^e+ 1 ,.+ (?p + !r^+2r)' = o (F.). 

Doth thin form mid its cquivnlent equation in point-coordinates 
exhibit 0//C^na an nutopolar triangle, 

a'+r,Mf - ) +''»^ ( - -1=0 (Ft). 

\ vb M(i/ virr «a/ ^ ^ 

Tho Jftoobinn 

/n (iifiV + W.-p^ + trcV) = -Mfl"" (/ua + w6/3+fMjy) (/J 
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may also be written to exhibit OBG as antopolar, 

u \vo ual \wc uat 

The generating conic, which is coanorthotomic with J^^ is 

M+M-i-''«^»+ jXMa(Zaa-hm6/3 + ncy)* = (GO- 

For the two polars of the pole of BE for G^„ viz. (X, ^, y), and of A 
when taken with respect to J^ and 0^ by turns, are their two 
common chords BE and the line 

Since the pole (X, /i, v) is to lie on (JF^), 

The envelope of 0^, subject to this condition, is the binodal quartic. 
By differentiating 0^ and Fi^ we find 

/. + ^ (2Za«)' « X + '^ii f !?^ - iiL V — * r- - -1. 
I V \t;6 ua/ w \wc uaj 

ua \ vo wxj 

J^cc '( ). 

ua \wc ua/ 

Multiply by — , — - , — in succession, and add ; by § 9, 
" ua vo wc 

J 2, QC — . 

u ua 

Hence /, + — « J2 - oc -^ ,*ZV„ 

17 u u^a' 

w u ua 

Substitute these values of X, /i, v in ((?i), the envelope may, by the 
aid of § 9, be thus expressed : 



<'i)'*w/'^ -);/■='■ 
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But, by the second identity given in § 9, 

Therefore, after replacing also tlie values of r^ r^, and r, we bave 

the same form which was found in § 7. The assumptions made with 
reference to the forms of the (F) dirigent conies are therefore 
Terified. 

12. To determine, in binodal quartics, the property of which 
anallagmatism in bicircular quartics is a particular case. 

Let a transversal pass through the pole of DE for /, whose 
coordinates are given in § 5, 

uaf ^ vhg _ wch __ ua*\f-\-vV/ig'\'We?vh ^ ua*f* -f vV^^ -H vftfV 
I m n alX-^-hmfA + cnv laf-^mbg-^nch 

1i\ fij y are the direction-sines of a transversal, 

— — — p. 

To determine its intersections with /|, 

= ^(^P+/)(p2ZaX + 2Z/a) (A). 

Next, to determine its intersections with /, 

Substitute in (A) the two values E^, 22, thence derived, aud remember 
the various values of *^ , 

p'-(E,+B,)p+E,B,= (^+l) [-p(5. + B,)+2B»B,], 
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or 



p'-B,E, = ^[-p(E^+E,) + 2EiE,]. 



Similar valnes of the vector are found for the intersections with /,, 

Ji, by writing -^ ^ -7-% instead of — . 

^ * / 

We have to determine snch a relation between these values of p and 
those of another o- on the same transversal, that the one maj be sub- 
stituted for the other, without altering the binodal quartic 

that is, p^—E^E^ : a^-E^E^ = P [-p (JBi+E,) + 2EiB,] 

: cr[-cr(^-|-E,) + 2Ei^]- 

This relation may take the simpler form 

(^-Ei-E,)(2<r-^-E,) = (Ej-E,)'. 

The values of E^, E^ vary with the direction of the transversal, 
whereas in the case of the bicircular quartic, where E,+i2, = 0, the 
relation of inversiou (pa- = E*) is immutable. 

There are four centres or poles of this modified form of inversion, 
viz., 0, A, By (7, the poles of BE the common chord of contact for the 
several Jacobians. 

13. To determine the equivalent tangential equation of the binodal 
quartic of § 7, 

The tangential equation of a quartic (U) is a function of (£>), 
(T), its quartic and sextic contra variants, 

i8»-27T' = 0. 

It has been proved {Quarterly Journal of Mathematics^ Vol. xxiv., 
p. 251) that the nodes of 8 and T are identical with those of U^ but 
that in the case of T only these are bifiecnodes. In binodal quartics 
these nodes are the fixed points P, E^ {m^, oi,) ; and all four {F) dirigent 
conies have been shown in § 11 to be inscribed in the same quadri- 
lateral, of which By E are vertices ; i.e., their equations differ by a 
multiple of oiioi,. 

Hence it was anticipated that 8 and T, when taken of U (Salmon's 
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Higher Plane Curves, p. 251), conld be expressed so as to exlubit this 
nodal property. 

The tangential equation required may be deduced from that to the 
bicircular given in the above-cited Vol. xxiv., p. 253, by making the 
indicated substitutions. Denote by 

uvw \ u V iff J \ u V to / \u V w I 

= '^i*'!, by §6, 



UVW 



uvw 22, \ u V tr/'- 

+ A"" (t?p* + uq*) ] — (Lvw -j- Mwu + Nuv) i*i Vf, 

-l^ + ei + 'ny, 

\ U V w / 

With these values of 0, (j>, x» and 22, 

LxIl If N)^ M\M N l) N\N L M/J 
, /^ 4- ii! j_ !£l_ t;t^; tgu uv \ / vw . wu , j*r \"*4iS* 

The equivalent tangential form for the binodal U, iS*— 272*, may be 
simplified, after removing the factor 41? or (wl<■»s)^ to 

0' (if'-ox) +**-f e^x-¥x' = 0. 

The form of the conic shows that it may be inscribed in the same 
quadrilateral as the four dirigent conies. 

The nodes D, E are common to /S, T, 27 ; the nodal tangents in all 
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three curves constitute the quadrilateral, which touches the four F 
conies ; but no single tangent can be drawn from D, E to touch /S, T, 
In Uj besides the same nodal tangents, four single tangents can be 
drawn from D, E each to U, i.e., to the class-quartic 

0«-46x = 0. 

These two pencils of single tangents are homographic. (Prof. Caylej, 
Higher Plane Curves, p. 232.) 

14. Bicuspidal quartics are genei*ated from conchordal conies, hy 
coanorthotomj, when the pole of their common chord with respect to 
the generating variable conic lies on another conchordal conic. 

Assume, as in § 7, the fixed conic and generator to be 

raH*/? + «y' = (/), 

JSiX-2SXraSio = (0), 

or X/, +A*/t+>'/t = 0. 

They satisfy the conditions of coanorthotomy (§ 7). 

The pole of the common chord (X, /i, v) must lie on a dirigent 
conchordal conic 

/+((ia-|-e/3+/y)(Za+m/3 + ny) =0 (JP). 

Write this for the moment 

(u, c, M7, u, v\ w Ja, /3, y)' = 0, 
and its tangential equivalent 

(CT, TTJap, bq, cr)* = 0. 

The quartic thus generated is, by § 8, 

(l^, TF'][/„J„/,)«=0, 

or (U, Tr]5;i/-2raSZa, w/-25/3SZa, nJ'-2«ySZa)« = 0. 

This may be expanded, and take the form 

{J2([7P+2[rrnn)-2SZaS [ra (ZC^+mTT+nF)]}* 
+ 4LB:(SZa)»2 [f^a^ (m*tD+n'v-2mnu) 

-2«^/3y (ttmn-v'Zm— tr7n+t*'P)] = 0, 
where K is the discriminant of F, 



298 Mr. Henry M. Jeffery on the [May 8, 

When the values of u, v, ... are substituted, the coefficient of K 
becomes 

-r*f(2Zo)*+J2(P«0- 

The qnartic is seen to be bicuspidal when it is written under the form 

{D/-22Za20a}* 
-h ^ (2Za)« {^Drst (2Za)« + 2S^ 20a l^Pst + (D/-2SZa 20a) liPst] = 0. 

15. Bicuspidal quartics, whose cusps are at infinity, may be 
generated by coanorthotomy from a system of homothetic conies. 

Let there be three homothetic conies, 

^(«+a)» + Py» = «' (/), 

yaj« + Py« = r« (F), 

V{x^ay^P{y^Py = p' ((?). 

The variable conic ((7) is to be coanorthotomic with (J), and its centre 
constrained to lie on (F), (J) and {F) being fixed ; the envelope of Q 
is a bicuspidal qnartic. By § 2, Def., the centre of (J) is the pole 
for Q qi their common chord, if the condition of coanorthotomy be 

Hence 2aA;«(aj+o)+2/3Py = ifc'aj' + Py'-Ai'a'H-*' (1). 

Also, l^af+l}^^i^ (2). 

The envelope of (1), subject to the condition (2), is 

or (y»* + Py'-ya*+«'-2r*)« = 4r» (t^-«') 8A:'aV-|-8A;'at^aj. 

In Pig. 1, y = 1, P = — 1 ; so that the cuspidal tangents at D, B 
intersect in (7, the origin ; AG^ BC are harmonic conjugates of the 
cuspidal tangents. 

The equation to the bicuspidal quartic may be written 

The constants are selected combinations of d, e,/, that is, of (7JF\, OF^ 

OF.: 

p^ = d+eH-/, p, = ef-^fd-{-de, p, = def. 
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From eacli cusp three (parallel) single tangents can be drawn, 

DFi, DF,, DF^'y EFi, EF^ EF^. 




Pio. 1. 
Their equations are 

For if the line (aj+y + 6 = 0) be drawn from a onsp, it will meet the 
qnartic in two coincident points, if 

6»-j?i^+i?,0-p,= (A). 

The discriminant of (A) is also that of the qnartic 

(«'-i'.)' = #. (a^+p.) (B). 

Since the reducing cubic, in Euler's solution, is 

the roots of (B) are ± ^ (e/) ± y/(Jd) ± ^{de). 

There are therefore four apses of the figure, thus defined, besides the- 
bitangent (2aj4*Pi). 
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The assnmed qnartic is the expansion, when cleared of radicals, of 
the following form : — 

-h/f((i-e)y[y(a:+/)«-Py«] =0. 
This form exhibits the property 

where p, q denote pairs of perpendiculars drawn from a current point 
of the qaartic on the single tangents drawn from the cnsps ; L, M^ N 
are known functions of d^ e, /. 

16. In the general equation of § 15, if /^ = 1, and 2* = 1, the cnsps 
are imaginary, and the Cartesian is given, whose four collinear cusps 
correspond to the intersections of pairs of tangents in § 15, when 
P=-l. 

Just as the Cartesian becomes the Lima9on and Cardioid, when t?ro 
and three of the focal distances from the triple focus coincide, so this 
bicuspidal quartic becomes nodal and tricuspidal, according as two 
and three distances d, e, f become equal. 

17. The two nodes D, E, or the points in which the chord 
(Za+m/3 + ny) intersects the conic 8 (of § 3) will be real, coincident^ 
or imaginary, according as (CT, ... TFJZ, w, n)* < = > 0. 

In the second case, the generated quartic is tacnodal. 

II. On Binodal Quartics, which are to be draum so as to have quadruple 
contact with a given conic in four assigned points. 

18. Def. — Two conies, which have double contact with another 
conic, intersect each other anorthogonally, and such intersection is 
anorthotomic, when the centre of contact for one conic is the pole 
with respect to the other conic of a chord of intersection of the two 
oonics. 

19. To find the condition of anorthotomy for the two oonics 

Za+tn/3 + ny = & (1), 

Xa + /ti/3 + vy =6'* (2), 

where 8 is the conic 

(t«, 17, w, h\ v\ w'Ja, /3, y)' = 0. 

The centre of contact in (1), or pole of (Za+fn/3+ny = 0) with 
respect to 8^ is 

g^ = /3' _ y 

m+Wm-k-rn^ Wl-k-Vm^^rrn" ri^-TTm+Wn 



1890.] Genesis of Binodal Quartic Curves from Conies. 801 

where JT", ..., [T, ... are the minors vw—u^, ..., vW— t*u, .... The 
polar of this point with respect to (2) is 

a [(X«-u) a'+(XfL-w) p^(\v~v') y] + ... = 0. 
This maj be written, if K denote the discriminant of 8, 

{a (X-0+/5 (/^-m)+y (y-n)] K 
+ (Xa4-/i/3 + vy){-^+inX+...4-l7'(mi' + n/i)H-...} =0. 
The factor of (Aa+/i/3 + vy) may take the determinant form 
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If this determinant be zero, it is the required condition of coanor- 
thotoniy ; for a chord of intersection is the polar required. From its 
Sjrmmetry, the same condition is necessary and sufficient that the 
centre of contact of (2) is the pole with respect to (1) of that same 
chord of intersection. 

Dr. Casey gave this condition {Bicircular Quartics, § 129), and thence 
deduced the theorem on which the definition (§ 18) depends. 

Cor, — The conditions of coanorthotomy for the two conies, 

la+mfi+ny = S* (1), 

Xi8fi+/iS,+ vS, = iS* (2), 

is ZX+m/i+ni' = 1, 

da dfi ay 

Hence a conic (2) can readily be found, which shall be coanorthotomic 
with three others of the form (1). 

20. The following forms* of coanorthotomic Jacobians, which are 
employed to generate binodal quartics touching a given conic in four 
points, were suggested by the corresponding coorthotomic Jacobians, 
which are used to generate sphero-qnadrics (Proceedings of the 
London Mathematical Society , Vol. xvi., p. 116) : — 

<S,- ^SV(«V«>') =0 (/,), 

s,_2_sV(«v«') = o (J,), 

* See below, } 33, for a second set of coanorthotomic Jacobians, which are applic- 
able to the genesis of bmodal quartics. 
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ii-i.s»y(.v.-) = o (/J, 

rV.+»V3-.^.V,-Sy(.V.-) = (J). 

This last JmoIub (J) maj be w riue a in die fonns 

> r « 

It wiU be Ken that the Totkca of ABC are the eentna of ooolMi 
of J^ /n Jf ; and also otntrea of STinptoKia of the dioids of iatoraectiait 
of ^ /» J-, J. Ji. /; /., J, J- Mpectirely. 

The point {jra= K^ = ITr) is Q, the centn of contact (rf / and 
aUo a centre of ajmptoais of the chorda of intetaectioD of /„ J*, J^ 

21. The centTM of contact J, £,C, Ooftbefbar conical,, /.J./, 
are the vertices of the quadrangle, in which anj J and P (§ 24} pair 
intersect, and, taken by triads, aie the vertices of tarianglea, which are 
aatopolar with respect to both the / and P conies. 

In the acoompanjing fignre (2), 5 is a circnmscribed ocmic, andtiie 
-centres of contact A, B, become points of contact. 




The Jftoobian (J) is in this case imaginary, althoagh its (diord of 
ooiitaot with 8 is rual, vie., the harmonic of 0, its centre of contact, 
with rvopoot to AltU. 

82. To flni) tho wgnation to a binodal qoartio, which tonchee the 

tHtiiio (N), by iwtiHiduring it as the envelope of a variable conic, which 

has double oontnot with (S), and whoso centre of contact moves on a 

llirlKOiit ooiiio (K), nii() which outs another conic (J), also having 

^H|bl« oouUuit with (6'), anorthugonally. 
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The equation to tlie generating conic, whose centre of contact is 

where jS^i, 8%^ S^, as before, are the partial differential coefficients of 8» 

The dirigent conic (F), when referred to tlie same antopolar tri- 
angle as (J) J is 

ZaV + m6*/3*+ncV=0 (F). 

Since the centre of contact is constrained to lie on it, 

la^*+mby-\-n(?t^ = (1). 

The condition of coanorthotomy of the generator with / is, by § 19 Ochr.j 



The equation to the generator may assume a linear form in X, /a, y, 
XS,+/.S,+vS.-y(«'t;V)(-, + ^.+ -?;) S»= 0, 

\t* V MO I 

or XJi+/uJ,H-v/,= (2). 

The envelope of (2), subjected to the condition (1), gives the binodal 
quartic 

i^"^+i^«^+^-^.=« (3>- 

Let this be compared with the tangential equation to tbe dirigent {¥) 

^• + 2! + ^ = 0; 
I w, n 

it appears that the quadric transformation from the dirigent conic to 
the binodal quartic is bere also 

op : 6^ : cr :: /| : /a * «^t* 

23. If the values of /j, /a* <^8 ^® substituted in (3), and the result 
expanded, it will be seen that the conic of contact (S) touches the 
quartic in four points, in which it intersects the conic 

And that tbe line of nodes is 

"®i+ r"7r^^«+ ~l^ 8s = 0. 



I'cu lub V nc-w 
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Tlie four pcutti of eostacs o^ ciie braodal wxsk 5 mie tiioae at wliidi 
8 and P bare coibbcbi taascnss. 



This ia seen bj eompariitg the eoeffrwnta of dieir eomnum tangents 



^ Oj d, 

Sabstitnte tbeae Tahiea of Cj. ^i, 7i in JP: 

ii?^+ i^ ^-^ i? -^ = ^• 
The intersection of this conic with S determines the points of contact. 

24. The following identity connects the Jaoobans of §20 : — 

— 7* -4- — T*-l- — F*= -^ n 

U'^x^ y^t^ ffr-'. imp ■ 

This is proved bj comparing the coefficients of the Tariables on either 
side by aid of the identities 

\ir V Wl \ Cr F' IT/ \ IT V W'l 

» » / 0*0 

_uu , tv t rip o __ tf gfp w- 
""0^ r IF' ~ 17'F'FF' ' 

Hence A + A + A = _^^ (at;'u:'+/3trV+yttV') 

^Sj+ ^.S»+ ^^= ^^"'^' (cwV+ZnTV+yurO*— S. 
By the aid of these relatioDS the proposed identity may be proved. 

25. To express the three dirigent conies F^, JFj, F^ in terms of F. 
Assume F^ to have the form 

F* a^ 7^ 

wlion it is referred to the autopolar triangle OFG. PiP, the perpen- 
dicalar from on any tangent of Fi, is known in terms of p, q^ r i 






1890.] Genesis of Binddal Quarttc Curves from Conies, 305 

We have also the identity 

The last term denotes the tangential equivalent of S, and will be 
■written % By aid of this identity the value of P may be irritten 

Now make this snbstitntion in the assumed value of Fi, 

Assume, what will be proved below, that F^ and F have common 
tangents with iS or S ; their tangential equations c£in th^foi^ ohly 
differ by a maltiple of S. 

Equate the coefficients of F^ and F^ or 

| + 2! + !^ = 0. 

The equation of F^ may be now written 

I tn n u a iLv 
It may be presented conveniently in another form, if 

Kd = ^, Za* = mVs = ncft, 
u 

aV(n-ecr)+6V(«+on+cV(<+eTr) 

+2eirbcqr + 2eVcarp'\-2eW'ahpq^ (^0- 

26. To prove that the dirigent conies F, F„ J^„ F, are all con- 
tangential with 8. 

VOL. m. — NO. 389. x 
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The proof is of the converse proposition: if we assume the 
tangential valae of F^ given in § 25 to be tme, it can be shown that 
the preceding binodal qnartic can be generated from the Jacobian (/J 
and the dirigent (F{) as it was generated in § 22, from / and F, 

A generator of the same form as in § 22 
will cat anorthogonally 

if, by § 19, Oor., 

\u-\-fiw'-{-yv' = — r y/(uvw') = r (suppose) ; 

u 

so that 8^(\u+fiw'-\'yv')-r(\8,'\-fJi8^-\'y8;) (1). 

Assume the equivalent equation to (JF\) in point-ooordlnates to be 

The coefficient of 2/3y is 

Since the centre of contact of the generator must lie on 1\, 

(x, 2/, z, 0, y\ /JX, /i, ry = (2), 

The envelope of (1) varying and subject to the condition (2) will be 
found to be the same binodal quartic. 

By proceeding in the usual way, 

x\+z'fji'\-y'vQC uS^—t8i 

y\ ■\'x'fi'\' zy <x v'/S* — r Sg. 

Then, remembering that yz—x** = l+OUy ... = ... , 

Xoc (l^eU)(uS^-T8,)'}-dW\w'S^^T8,)'\-driv8^-r8^) 
a e£:(l-ar) + u5*-riS„ 

y(X -eKyT'\-t(v8'-T8^). 
Substitute these values of X, /i, y in (1) : 
(uS^'-rS^y+a (w'iS*- T8ty+t(v8^-T8.y-\'eK (uS»-2rSt+r«S) = 0. 
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This may take the form 

(^'iS*-rSi)V«(tr'iSf»-rS,)Vi(t^'S»--rSf,y==0, 



since 



0K = ~, ru = vtCy and -r [u-\ ^)+t*' = — ;r-. 



Finally, it takes the preceding form of the binodal (§ 22), 

1 /;+ 1 Jj+ 1 jj = 0^ 

The assnraption is therefore true, that F^ and F are oontangential 

with S or S. 

27. If a quadrilateral be circumscribed about a Jacobian and its 
corresponding dirigent conic, the other three dlHgent conies pass 
through the three pairs of opposite intersections of the quadrilateral. 

The tangential equations of such a / and F dirigent conic are 

I aY-\- ^ 6V+ ^'?f'= (7), 

^' + « + ^ = <^-" ^^' 

i fn n 

The sides of ABG are the diagonals of the circumscribed quadri- 
lateral. The sides of the quadrilateral are denoted by tangential 
coordinates : 

I m n V W 

: i^c'nu;'-— a'Ztt' 

: ~ aHu— =7 h*mv. 

The sides of the quadrilateral are thus defined by point-coordinates : 

cwp ± hflq ± cyr = 0. 

Then, for two points of intersection, 

a = 0, V^q'-<?y^7^:=0. 

It will next be shown that the dirigent (F,) passes through thecL^ 

x2 
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two points. By § 26 its equation is 

(«i y, «, 0, y , /J a, /3, y)' = 0. 
At its points of intersection with BG^ 

That is, if the values of y, b be deriyed from the coefEcienis o^ 
the tangential equivalent of (^i), given in § 25, 

or, since 6uK = U\ 

riy itjr^Kw'e) + tt/ (<r-j&'e) = o. 

That is, 

VIP (U^_W^\ _ TF V / r v^\ 

the same pair of intersections as before. 

Similarly, it may be shown that the dirigent conies F^ F^ pass 
through two other pairs of intersections of the circumscribed quadri- 
lateral, which lie on AO^ AB, severally. 

28. To generate a binodal quartic, which shall haVe dottble oontact 
of the third order with a given conic 8. 

In this case, to which Sphere- Cartesians, and all other' sphere-' 
quadrics, whose dirigents are small circles, are analogous in Spherics, 
the dirigent conic F must also have double contact with 8, 

As in § 19, let 

8 = (w, t?, w, u , v\ w 5 a, ft y)« = 0, 

P = ra-f«/3-h«y-S* =0; 
the generating conic 

25. = f, 2S. = |. 2S. = |. 
The centre of contact of Q with 8 is («, y, z). 
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The condition of coanorthotomy of Q and J" is, by § 19, Gor.^ 

fa+gy + hz = 1 (1). 

We have, then, to determine ti^e enyelppe of the generator 

«(S,-/S*)+2/(S,-^S*)+z(^,-W = (2), 

subject to the condition 

(raj+«y+<a)»-(tta!»-H...+2M/«y) = 0, 

By differentiating^ and using an indeterminate multiplier 0^ 

X (r'-i») + 2/ (rs-w')+z (rt^v) = 6 (Si-/S*)» 

The values of x, y, z hence determined^ and substituted in (2), wil) 
determine the binodal quaptic in terms of assigned fipictio^ o^ a, /3, y, 
viz., 8i—fS^y ... . 

£_= [l7'-t;^-w5?+2u'«i](flfi-/S*) 

-^[V^urs-'iD8t-\'Vif+vH] (S,-AS*) 

= -K:a+5»(Tri8-7a) + ?(ry-Tra)+«^(-2qir+F/3+TrV) 

+re(l7y- ra) + r«(l7/3 - Tra)-(?i/S*, 
y, z have similar linear values. 

— (tt»+ try +«';») =:Zr(ra+«/3 + ^y) + JK'(tia-irU^'i9+t;y) 
Hence 

= i [*(^i-/^^*)+y(a.-l/^*)+^(^.-^«*)] =0 by (2). 

The binodal quartic touches both 8 and F at the en48 of their chord 
of contact, and has, therefore, double contact of the third order with 8. 

20. Let two line^ of reference be adopted, so, that, for the conic of 
poutact, 

S=Laj« + Jlfy' + J^. 
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Let one (J) conic be 

whose centre of contetct is 

\hL' hMl' 
Let the generating conic be 

cLLa;+/33fy+^'=fif^ 

whose centre of contact is (a, /)). 

The condition of coanoi-thotomy for these conies is, by § 19, Cor,, 

Hence the linear relation is dedaced, as in former investigations, 

a{Lx-fS^)'j'fi(My-gS^)'^N-hS^^O (1). 

Let the dirigent conic (F), on which (a, /3) is constrained to lie, be 

4 + ^ = 1 (2)- 

or 6* 
The variation of (1), subject to (3), determines the bin( dal qnartio 

a« (Lx-fS^y + h\My-g8^y = (N-h&)\ 
or, when expanded, 

a«L V + b'Wy' - 2Sr« + (a'f -H Vg^ -V)S = 2S^ (a^fLx -H VgMy - hN). 

Two conclusions may be drawn : 

(1) The four points of the quadruple contact are the intersections 

of S with the conic 

a«LV + 6«M't/«-JV^ = (3), 

They are, therefore, points of 8^ at which the tangents also touch F. 

(2) The line of nodes is in this case the polar of the centre of 
contact of any (J) conic with respect to (3), which itself vanes with 
(^F) the dirigent. 

Another dirigent (Fi) must have the form in tangential coordinates 

since F and F^ are contangcntial with 8, If a\ V denote its aemi« 
axes. 

Hence A' + La? : iV+ La"" :: N-\- Mb^ : N-\- Mb'', 
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It appears, therefore, that the coordinates of the points of qnadruple 
contact are 

and they are independent of any particular dirigent, as they shonld be. 

30. To generate a binodal qnartic, which shall have triple contact 
with a given conic S^ one contact being of the third order. 

Since the points of contact, by § 23, are those points in S at which 
the tangents also touch the dirigent conic F^ two of these tangents 
must unite in this case, and 8 and F must touch each other. 

Let jS = t«j' + r2/' + 2ti7«y + 2t;« = 0, J'=aaj" + ?y+2cajy + 2t;a = 0. 

Assume the fixed conic 

The generating conic, whose centre of contact is (a, /3), is 

6? = a/S,+j3/8f,+ iS,-S» = 0, 

if 2^1=^, 2fif, = ^, S, = t;'«. 

ax ay 

By § 19 (7cr., the condition of coanorthotomy for Q and / is 

/a-|-sri3-hA=l. 

Hence the linear relation is deduced, 

a(Sf,-/S*)+/3(S,-(;S0 + S,-AS» = (1). 

Also, since (a, 0) must lie on F^ 

aa«-H6/3»+2caj3 + 2v a = (2). 

The variation of (1), subject to the condition (2), determines the 
binodal 

At the points of contact with jS, iS =: 0, 
and \^vy -{- (w' -^c) x^'' '\-2hx (iiX'\'w'y -k-v*) ^dbaf =. 0, 

or u;^[(w?'-c)« + fe(2u-a)] +2a;y [hw'-{-v{w'--c)] +i?y + 26t?« = 0. 
Again, combine with (S = 0), 

aj^ [(u7'-c)*-h6(tt-a)]+2t;ajy (w7'-c)+v(i;-6)y» = 0. 
These two lines determiue, by their intersection with 8^ the tw<i 
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poinds at which the binodal has contact of the first order with 8. M 
the origin the contact is of the third order. 

It may be simply seen that, at the first-named two points, 8 and F 
have common tangents. The tangents to the two conies are 

X (iia-|-ti?'/3-hr')-hy (tra-hv'/3)-f r a = 0, 
^qaate their coefficients. 
When these values of a,, /3|, y^ are sabstitated in F, 

which determines the points of contact in the binodal. 

31. To generate a binodal qnartic, which shall have donl>le contact 
with a given conic, one contact being of the fifth order. 

Assume iS> as in § 30, bat write v for h in F; then, at the origin, 8 
and F have contact of the second order, and tlierefore the binodal 
generated, as in §30, l^as, at the origin, contact of the fifth order withiS. 

32. If both 6 = i», and c = w\ i,e., if S and F have a contact oi 
the third order, the binodal qnartic thus generated has with 8 a con« 
tact of the 3evenlh order, or 8-pointic. Its equation has the form 

if Ui denote the line of nodes. 

33. A second wet of cpaijorthotomic Jaoobians is suggested by coor- 
thotomic Jacobians, which are employed to generate sphere- quadrics, 
when the polar triangle is used for reference (Proceedings of Land. 
Math. Soc.y Vol. XVI., p. 117). 

If 8j Kj u, ... u\ ... U, ... U' ... have the s^me meaning as in § 19, 
the following conies, which have double contact with 8, are coanor* 
^hotomic, and any one is the Jaqobian of the other three. 

yKU'a=^(U'r'W')^s (/,), 

^Kr'i3=yiV'V'W')^8 (/,), 

^KW'/i= ^{u'v'\r)^s / (/,), 

^K(v'wa+ic'u)3 + u'o'y) = ^(U'V'W')^8 (/). 

Their centres of contact are ([7, W\ F'), {W\ F, U'), (F', IT, W), 
(V'W\ W'U\ U'T) respectively (the last being the same as for /in 
§ 20), and poles, with respect to any other Jacobian of the system, of a 
common chord of buch a pair. 
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Assume the generating conio to be 

Xa+/i/3+i'7 = S* (O). 

The condition of coanortliotomy with (/) is, by § 19, 

since Z7t;V-h W'wu + Ft»V = TW\ 

Hence ^ J ^j'a- ^ ^{U'V'W) ]+...= 0, 

or ^ + ^ + ?:!?5 = 0. 

u v w 

The Jttcobian (/) may be presented in th« fprm 

'^, (tta+w'/3+»V)'+ ^(«'a+»/3+»'y)'+ ^',(»'a + «'^+wy)» = 

(J); 

The equation to the corresponding dirigent conic (J^), on which the 
centre of contact of the generator {Q) mast lie, mast be, when it is 
referred to the same antopolar triangle, 

Z(Ma+u-'/J+t;V)'+w(ti7'a+t;/3+i*V)'+»(vV+t*'/3-hu7y)' = .(F|. 

Now the coordinates of the cen,tre of contact of ((?) vary as 
l7\-fT7V + F>, TrX+F/i + l7V, rx^lTfi-^Wy. 

Since this is constrained to lie on (F), 

ZX'+m/i'+ni'' == 0. 
The yariables are subject to the other condition, 

M + fi:L» + !:!?? = 
U' V W 

By differentiating, we obtain the equation to the bii^odal quartic, a^ 
the envelope of the generator ((?), 

f f f 

When developed, if . t^K= ^{UT'W), 

The foar points in which the given conic {S) intersects 

-^a'+-/?+ -y' = 

L w, n 

B,VQ the points in which S touches the binodal quartic. 
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It nutj be sbown, m in §§ 20, 2d, tbmi » binodal qvaitie cut be geoe- 
r»ted in foar wmjs, which thiJI toach » giTen eonic (S) in four aaDgned 
pcimtCy at which the tangents at <S mnd jP mre eommoo. 

34. The theorems, established in this memoir, mre eqnaOj applicable 
to Spherical Greometrj, and their proofs identical, if the coordinates 
41, ^, y be interpreted as the sines of perpendicnlar arcs, and the Car- 
tesian coordinates a;, y as tangents of intercepted arcs in Ghidermann*s 
system. 

On the Oenens of Closi-quartics tcith two Bitangentt from Camict, 

35. This genesis is yirtnallj determined in the preceding pages, 
and the analytical processes therein employed are identical, if the 
coordinates be interpreted as tangential. 

The definitions of coanorthotomj in the two &milieB of binodal 
qaartics should be thas dualised: — 

Dep. 1. — Two conies P, Q have each the same pair of tangents as 
a third conic 8; a certain definite tangencj exists between a second 
pair of common tangents of P and Q, when the polar of the intersection 
of the first pair, with respect to P or Q, is also the polar of the inter- 
section of the second pair with respect to Q or P respectiYely. 

Dxr. 2. — Two conies P, Q have each doable contact with a third 
conic 8 ; a certain definite tangencj exists between P and Q, when the 
chord of contact for P or Q is also the polar of the intersection of a 
])air of common tangents of P and Q with respect to Q or P respec* 
tiveij. 



Thursday, June 12th, 1890, 
J. J. Walker, Esq., F.R.S., President, in the Chair. 

Mr. R. A. Sampson was admitted into the Society. 

The President announced that the Council had nnanimonslj 
Awanlod the Do Morgan Gold Medal to Lord Rayleigh for his papei-s 
And other writings on Mathematical Physics. 

The following papers were read : — 

Further Notes on Simplioissima : Mr. W. J. C. Sharp. 

Rotatory Polarization : Dr. J. Larmor. 

Some lhx}pertio8 of Conormal Points on a Parabola : Mr. Tacker* 
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Prof. Greenhill communicated papers — 

On the Expression of the Square Root of a Qaartic as a Con» 

tinued Fraction : Prof, Gr. B. Mathews ; and 
On Modular Equations : Mr. R. Russell. 

Tlie President gave a brief sketch of a paper- 
On certain Concomitants of a System of Conies and Quadrics, 
and on the Calculation of the Covapiant 8 of the Ternary 
Quartic : Mr. A. R. Johnson. 

The following presents were received : — 

* * Educational Times, ' * for June. 

Royal Irish Academy : Cunningham Memoirs — ** The Red Stars, Observations 
and Catalogue/' by J. Birmingham ; New edition, by Rev. T. £. Espin ; 4to, 
Publin, 1890. 

** An Elementary Treatise upon the Method of Least Squares, with Numerical 
Examples of its Applications," by G. C. Comstock, 8vo ; Boston, 1890. 

** Bulletin des Sciences Math^matiquee," Index to Vol. xui., Tome xit. ; May, 
1890. 

** Bulletin de la Societe Math6matique de France," Tome xviii., No. 1. 

" Beiblatter zu den Annalen der Fhysik und Chemie," Band xrv^., Stroke 4 ard 6, 

**AcU Mathematica," XIT., 2; 1890. 

^* Atti della Reale Accademia del Lincei — Rendiconti," Vol. tz., Faao. 6 and 7 ; 
1890. 

** Annali di Matematica/' Tomo xrin., Fasc. 1 ; 1890. 

** Sitzungsberichte der Physikalisch-medicinischen Societ&t in Erlangen," 21 
Heft, 1889; Monchen, 1890. 

*' Berichte iiber die Verhandlungen der Koniglich-Sachsischen Gesellschaft der 
Wissenschaften zu Leipzig," 1889, n., in., it. ; Register zu den Jahrg&ngen, 
1846-1885. 

'* Vierteljahrschrift der Naturforschenden Gesellschaft in Zilrich," xxxit., 
3 and 4; 1889. 

* < Bollettino delle Fubblicazioiii Italiane, ricoTute per Diritto di Stampa," Nos. 106 
and 106. 

'' Rendiconti del Circolo Matematico di Palermo,'* Tomo it., Fasc. iii. and it. ; 
1890. 

** (EuTres de Fourier,*' publiees par les soins de M. Gaston Darboux, Tome 2, 
4to ; Paris, 1890. 

*' Ueber den Schwerpunkt des Menschlichen Kdrpers," by W. Branne and 
O. Fischer, 8vo ; Leipzig, 1880. 

*' Die Formentwickelung des Menschlichen Vorderhims Tom Ende des ersten bis 
zum Beginn das dritten Monats," by W. His, 8vo; Leipzig, 1889. 

'*ZahI und Vertheilung der markhaltigen Fasem im Froschruokenmark,*' by 
Justus Gaule, 8to ; Leipzig, 1889. 

** Le9on8 sur la Theorie Gen^rale des Surfiaces," by (}aston Darboux, in. Partie, 
Fasc. 1, 8vo; Paris, 1890. 

** Annales de la Faculty des Sciences de Toulouse pour les Sciences Math6mati« 
ques et les Sciences Physiques," Tome in., 1-4 fascicules ; 1889. 
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On Simpltcissima in Space of n IKmensicns, (Third Paper.) 

By W. J. CiiBSAH Sharp. 



IMmd Jmm UU, 1890.] 

SUMMARY OF THE PAPER. 

Addenda to ArU. X«, XUI^ XXVn., XXIX., and XXXVI. 

ArtidM. 

XXXVII. Content of sabeidiary simpliciflsima in terms of the cor 
ordinates of the vertices. 

XXXVIII. The angle between two right lines. Condition of perpen- 
dicalaritj. Shortest distance between two right linos. 
Principal axes of a quadric. 

XXXIX. Content of the simplicissimam yertices at any point and 
all bat one of its projections on the faces of the simplicissimni^ 
of reference; of the pedal simplicissinmm. Condition tha^ 
this shonld vanish. 

XL. Interpretation of yarioos equations bj the help of XXXIX., 

especially y+— + — +--=^- The poles of infinity. All 

lines through these are such that the snm of the reciprocals 
of the intercepts is ^erp. 

XLI. The identical relations between the products of oomple- 
mentary simplicissima of n vertices, situated at 2n points in 
space of n— 1 dimensions. Triangles haying their vertices 
at six or five points in a plane. Tetrahedron with vertices at 
eight, seven, or six poipts. Various classes of an harmonic 
systems. All up to the n— l^^are applicat)le in the Geometry 
of 9pace of n dimension^. 

XLII. Analogue to harmouical progression. Complete systenoi of 
2**'* points harmonically related ^ t^ points. Properties of 
such systems. 

XLII I. QuadricB intersecting in two linear loci, one of which is 
infinity, are sin^ilar and similarly situated, and have twQ 
centres of similitude. 
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Articles. 

XLIV. Any two qnadrics have a common self - conjngate simpli- 
cisdimam. Its vertices. When these become indeterminate. 

XLV. The value of the discriminant of 

XLVI. The invariailtB, contravariante,' and co variants of tw6' 
^iiadrics. 



1 

Addenda to Former Papers. 
(Vol. xvui., pp. 325-59 ; Vol. iix., pp. 423-82.) 

then S-(x'|+/|+.'f+...)(X+^ + .+ ...)=0 (i) 

represents the spheric with centre at (V, fi', v' ...)i ^^^ ^Ifich cuts 
2 =1 orthogonally. For at the centre of (1), 

d^_dX_d^_dS_dl,_d^_ 
dk d\' dfi dyL dv dv 

and the radical locas of (1) and S = 0^ is the polar of the centre of 
€ach with respect to the other. 

XIII. The proof of this proposition, which is equally true if instead 
tA spherics we say similar circumscribed quadrics (Art. XLIII.), is 
incomplete as it stands, as it is not proved that the common point on 
the radical loci lies upon the spherics. This is easily proved by 
multiplying the equations to the radical loci by X, /k, v, ..., respectively, 
and adding, when the result is £• = 0. 

XXVII. The central axis.is at right angles to the common radical 
locus of the spherics 

for the equations to the axis may be written 

. F Y ^ 

X r A* -^ V— 



^ + 1 ^ J^n + l n^\ ^^^ 



A^ n-l-1 -4, -4, n + 1 A^ A^ n+1 Ay^ 
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for which yalaes of a, h, c ... (Art. XVIlL), 

Therefore 



— 8 (a, hf c ...)j — 8 (a, 6, c ...), — 8 (a, 6, c .•.)^ ••• 

da do dc 

Aij A^ ^j, ••• 

If 1, ij ••. 



= 0, 



therefore the axis is at right angles to the radical locus, and the 
centres of all the spherics lie upon it. 

The shortest distance between two non -intersecting edges (p^ q) 
and (r, s) of a rectangnlar simplicissimum is the square root of 



Let (X„ fi}, 0, 0), (0, 0^ ir„ p„ ...) be the points where the shortest 
distance between (1.2) and (3 . 4) meets these lines respeotivelj ; 
then, if d be this distance, 

+ /*. {'.(^+^)+Pi(^+^«)} 
= _ X, (7-X,)(^,+^)-,r, iV-w,XA,+A,) 
+ \ {'.(A+^.) + (F-T,)(^+^«)} 
+ (7-X,) {T,K+^) + (7-ir,)(^+JJ} ; 

and, by differentiation, 

= - 2F^+2Xi (.4i+-4,), = - 2Fil4+2ir, (^4-4,), 

and (P = ^>^» + -^^^- . 
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XXIX. If 2' = be the biBecting spheric, 2" = the spheric 
through the centres, and 2'" = the orthogonal spheric, they are 
coaxal ; for, from the equations as given, 

2'+ 5" = 2S-2 { ^" If + fL±t: ^ + ... ] ^±^±^ 

C 2 OA 2 a/i ) V 



d^ • n V 



+ Z!r2+^' (X +^ +...)» = 25". 

XXXyi. If the equation to a linear loons be pnt into tbe form 

. dS , , dS , M d8 , r\ T 

and X' : / : v ... :: A^: A^: -4„ 

[in other words, if (X'/iV...) be the pole of the linear locus with 
respect to the circnmspheric], the equation may be written 

X d8 . dS , dS , A 

the determinant of which is (Art. XII.), (-2)-*' (»!)» 7*(P, where d 
is the distance from (\\ fi .»>) to the circnmcentre. 

And hence the perpendicular from (Xj, /^i, v^ ...) upon 1/ = 

_ /C_J_ (-2r-'(n!)' J^l 
V I (24,)' ■ (-2)'*' (n!/ • F»«? ) 

^ 1 A 

2Sil, ■ Vd ' 
Hence the perpendiculars from (X„ /(i ...) upon 

the tangents to the circumspheric at the yertices, are 

1 dS, 1 d8^ . 
2VB'dK,' 2VB'd^,' ' 

and the coordinates in the system menticmed in Art. XXXYI* are 
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proportional to perpend icnliirs npon the faces of a situplicissimam 
and analogous to trilinear or qaadraplanar coordinates. 



[The following Articles are nambered in continnation of the 
former papers.] 

XXXVTI. Professor Sylvester's fandsmental formula (Art. i.. 
Vol. XYiii.,p. 325) for the squared content of a simplicissimnm of n + l' 
vertices, viz., 

0, 1, 1, 1, ... 

1, 0, (1.2)«,(1.3)«, ... 
1, (2.1)«, 0, (2.3/,... 
1,(3.1)', (3. 2)«, 0, ... 



-1 
(-2)*(1.2...n)« 



may be transformed so as to give the squared content of any simpli-' 
cissimum in terms of the coordinates of the vertices. 



For 



r(r.,)' = -«,-s.+ (x,f;.+.,f;+...) 



at 



= -Sr— S. + iSr.., say; 
therefore the squared area of the triangle, the vertices of which ate 





0, 


1. 






1, 


-1 

16 


1. 
1. 


0. 

yt 


-«, 


0, 




1, 


y. 


-s. 


—8,+8t.i 






0, 


1. 


1, 1 




-1 


1, 


2S„ 


^i.j. S^i.» 




16V* 


1, 


S'l.j. 


2S„ 8,., 








1. 


^i.». 


«,,„ 2S, 



8, —8t+8t,z 
V* 



0, 



In the same way it may be shown that the squared content of the 
tetrahedron,- the vertices of which are at 
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0, 


1. 


1. 


1, 


1, 




1. 


2S„ 


«... 


«..«. 


iS,.4 


-1 1 

(-2)' (3!)' y 


1. 
1, 




2-S,, 


2S„ 


S..4 




1, 


S,.«. 


St.t, 


Si.i. 


2S« 



and more generally that the squared content of the simplicissimnm of 
p -|- 1 vertices, sittiated at 

0, 1, 1, 1, ... 1, 

1, 28i, 0|,t, fi^i.8, ••• ^i.#+i 
1» S*i.j, 2fif„ St.i, ... Sj.,+i 



-1 



{-2y{piy v^ 



1> ^iF+i. ^i'P*h Sj.^+i ••• 2a>«.i 



Prom this formula it appears that the locus of the p + 1*** vertex of 
a simplicissimum of j7 + l vertices, the content of which is constant 
and the base (the other p vertices) fixed, is a locas of the second 
degree. The simplest examples of this class of loci are the circle 
(or spheric) and the right circular cylinder. Such loci pass through 
the intersection of the spherical locus at infinity, with the linear loci 



aA| dfii avi 
dK^ (2/i| dv^ 



= 0, 



= 0, 



d\p dfXp dvp 

If 2? = n, in the formula of this article, the squared content of the 
simplicissimum vertices at 

0. 1, 1 1 

1, 2a>|, Oil. 2, o|.H*i 

1, Si.i, 2^', Sj.n+l 



-1 



(-2)-(n!)«F*' 



•». •*• ... ... 
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1, Oi.„4.|, O2.M + I, ••• ^^n + l 
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-1 



1 



(-2/(nI)«P"^» 



1, 0, 0, 







••• ••• ••• ••• 



1> K%*\, A*»^l, ••• ^n+l 



0, 

1. 
1, 



1. 



1. 

08, 



. 1 



• •• ••• ••• ••• ••• 



nnd (Art. VI.) 



1 



1. 0, 0, 



... 

... T'j 

a*. ^1 



• • • ••• •.• ... • < 



1» ^♦l. /*»4l. 



''-♦I 



in CHiuiil (-0 the coniont of the simplioissiinam ; therefore this is also 

0. 1. 1 1 



-l 



d8^ 






!•• %•% 



••• ••• 



1 4:5ii> *^^«*» dSm*,i 
dK^ 4^«4.i *"•♦! 

%)uoK ];ivt« an ^'xpi^Ntsk^ in t^nns of the cooidiiiatea of Art. XXXVI. 



XXXVUl U 



avt<) 






X — X ^^ M'-^m __ 
41 '^>"^4' -- .„ 



C 
• — 1 



(1). 






(2). 



% * * X 



A>*i/ 






d> 



• ) 



ix s ^iw. k c .. > V*- i - ^ —i 
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The angle between the lines is the same as that between the parallels 
to them through (F, 0, 0, ...) the vertex opposite X = 0. Let those 
lines meet \ = in -4i(\i, /i^, v, ...) and A{ {K[, /ij, y{ ...) respectively. 

Now, at Aij 



and at -4[, 



^1 = 0, fii = F, Fi = — — F, Ac. ; 

a a 



a a 



therefore rA4j = -^i + F^ (X.) 

F' F' i 

= t8 (o, 6, c ...)+ — 8 (a, 6, c.) 

a' a aa 

F* d 
— — -— iS(a, 6, c ...) 
a act 

F' 
a 

and ^^J = — -y S (a, 6, c ...). 

Similarly, AA^ = j^8 (a\ h\ c'...) ; 

a 

also, 

F' F* (Z 

= ^ 8 (djh, c ...) + — —-8 (a, 6, c ...) 

a a da 

T^S (a\ h\ c'...)+ -7 —,8 (a , 5', c' ...) 

a a aa 

oa ^ -^ 

F' F* / , 

= r-S (a, 6, c ...) rr S (a', 6', c ...) 

a a 

therefore 

AA] + AA?-A,A? = -^,\a' f +6' ^ +c'-j- +... \ S (a, b,e...) ; 

aa t da do do i 

y2 
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therefore 

(a^4-6'fr+...iiSf(a,6,c...) 



cos 



e = A^i-^A^] 



2,AA^. AA{ 2y/Sia, h, c .,.)Sia\ b\c,..) 



Hence, if AAi^ BB^, CG^^ Ac. be. parallel lines through the vertices 
Ay By C ... J meeting the opposite faces in Ai, 5„ C'l, &c, (Art. XVIII.), 

AA, ^ BB\ ^ GO," y-;Sf(a, 6,c..r) ' 
and 



_(1.2)« (2.3)« ri 

Also, if the lines be at right angles, 
d .-ltd , , d 



.GG, -ig(a,5,c,...) 



\ da do dc ' 

(Comp. Art. XXXV.) It appears too, that, if the line (2) lie npcm 
the linear locas 



U If 



to which = ^ ^ = - — ^— = 

a h c 

is at right angles, the two lines are at right angles. For 

A^a -V A^y '\- A^c '\- ... =0, 
and a' 4- 6' + c' + . . . = ; 

therefore (i4j— -/li) ?)'+(-/lj— ^i) c'+ ... =0, 

and therefore (XVIII.) 

and any right line at riglit angles to a linear locas is at right angles 
to all right lines in that locns, and conversely. 

Again, the shortest distance between two non-intersecting straight 
lines is at right angles to each of them. Let these be 



X — X' /i — // v — v 

a c 



;?say, 



A A* — /A V — V , 

= --.-,- = - - = ...=p say, 

V c 
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and if (Xi, fii ...), (Xj, fi, ...) be any points in these respectively, and d 
the distance between them, 



c / ^S'.dS' dS' \ 



JO/ r \ o" ' / ' d/S»" , » / dS . f dS . \ 

-^ S(a.6,c...)+(X -,-+^ -^ + . ^ + ...j 

, / dS" ..dS", dS'' \ 
+n''di7'+''diZ'+'dir+-) 

, ,/ ,'i8',.JS' ,d8' \ 
+P[''dK'+^d^'+'d^'+-) 

+^/(a'£+6'|+c'£+...)S(a.6,c...). 

which is to be a minimam by the variation of p and p\ which are 
independent. This leads to two simple equations in p and p' which 
determine these and <P and (X^, fi^ ...) (X„ ^, ...), and which can be 
transformed into 

{ (^«-^>) £ + <^«-'*>) I + ("«—'>) £+•••] '^ <"' ^' "• •••) = ^' 

and 

So jb^Qit the shortest distance is at right angles to both lines, 

liy the help of this article, the theory of the principal axes of a 
quadric locus mny be completed. It has been shown (XXX,) that 
tliey are generally n in number j (XXXVI.) that they are matually 
at right angles ; and now, since they are by deQnitipn at right angles 
to the diametral loci which bisect chords parallel to them, it appears 
by the above the diametral locns which is conjugate to ^ny principal 
a^is contains all the others. 

XXXIX. If P (X', fi\ /.,.) be any point, and A\ B', C... its pro.- 
jections on the faces of the simplicissimum of reference ; (^PB'C'D',,,) 
the content of the simplicissimum with vertices at P, -B', C... 

„_!* r_ "_ TTn-I 
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(1) 



(2) 



and the pedal simplicissimum A'B'G\.. 

(Comp. Art. XXVI.) 

Let ^zA' = /i=ii' = !1Z2L = 

Oj 6| C| 

(ai + tj + Cj... =0), 

a^ 0, c^ 

(a,4-6,+c,-h... =0), 

he the equations to the lines PA\ PB\ PC\ &c.; then (1) is at right 
angles to the linear locns 

dS ^. dS ^ d8, r. 

"'^dJ^^^^dH^'^T.'^-^^ 

through the circnmcentre (Art. XXXVI.), or, writing flf, for 
S(a^j hi, Ci ...)i to 

doi dbi dci 
and this is parallel to X = ; therefore 

dSx dSi _ 

And the equations to determine aj, &i, Ci, &c. ai^e 

O1+61+ Ci+... = 0, 

(2.1)'a,+ (2.3)'<h+ =?„ 
(3.1)'a,+(3.2)» 61+... =?„ 



and 



ai : 61 : ci 



0, 1, 1, 1 

], 0, (2.3)«, (2.4)' 

1, (3.2)', 0, (3.4)' 

1, (4.2)', (4.3)', 



• • • • • • 



1890.] Simplicisai ma in Space of n Dimensions. 



327 



1, 0, 1, 1 

(2.1)', 1, (2.3)', (2.4)' ... 

(3.1)', 1, 0, (3.4)' ... 

(4 . 1)', 1, (4 . 2)'. ... 

• •• ••• ••• ••• ••• ••• 



1. 1. 



0, 



(2.1)', 0, 1, (2.4)' ... 

(3 . 1)', (3 . 2)', 1, (3 . 4)' ... 

(4.1)', (4.2)', 1, 

••• ••• ••• ••• ••• ••• 



and taking these as the valnes of ai, 6i, ei, &c., 

a,=-(~2)-'{(n«l)!}«F:; 
and 2ai + m&i+nci+&c. 



0, 
0, 

1, 
1, 



I, 
1, 

(2 . 1)', 
(3 . 1)', 



m. 



n 

1, 1 

0, (2 . 3)' 
(3.2)', 



••• ••• ••• 



»«• ••• 



therefore 



f = 9r=^ = :. = i^.iy'^H2.syc,+ 



0, (2.1)', 0, 

0, 1, 1. 

1, (2.1)', 0, 



(2.8)', (2.4)' 

1. 1 

(2.8)', (2.4)' 



1, (8.1)', (3.2)', 0, (8.4)' .. 



• •• ••• ••• ••• ••• ••• ••• 



• • 



1, 1. 


1. 


1 


(2 . 1)', 0, 


(2 . 3)'. 


(2.4)' . 


(8.1)'. (3.2)', 


0, 


(8.4)' . 


(4.1)', (4.2)', 


(4.3)', 






and 



•• ••• ••• ••• ••• ••• ••• ••• 

^ = (1.2)'6,+(1.3)'c,+ ... 

aai 



0, 0, (1.2)*, (i.sy ... 

0, 1, 1, 1 

1, (2.1)', 0, (2.3)» ... 
1, (3.1)«, (3.2)', ... 



••• ... ... 



0, 1, 1, 1 

0, 0, (1.2)', (1.3)' ... 

1, (2.1)', 0, (2.3)' ... 
1, (3.1)', (8.2)', ... 

••• ... ... .%« »«% 
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0, 1, 1, 1 ... 

1, 0, (1 . 2)*, (1 . 3)» ... 
1,(2.1)', 0, (2.3)'... 
1, (3,1)', (3.2)', ... 

• •• ••• ••• ••• ••• ••• 






1. 1, 1. 1 

(2 . 1)», 0, (2 . 3)', (2 . 4y 

(3.1)', (3.2)», 0, (3.4)' 



> « • • •• ••• 



and 



= -(-2)-(fi!)»r-fg„ 



--(-2r(n!)'rx[-(-2)->{(n-l)!}'Fj]. 
Thus, thon, a, = -(-2r-» {(n-1)!}* Ff, 






-(-2r(nl)*F«+g,. 



Sj=-(-2f-»>P.Fj(n!)«{(n-l)!]*. 
Himilarly, 6, = -(-2)-» {(n-l)!}'F^ 



JNj 
V/6, 



= -(-2r(n!/F«+g„ 



.W, s -(-2)«^*->^ (niy {(n-l)!}« F^ FJ, 



Again. 



1. 0, 



&o., 



On C|| • • • 

••• ••• ••• 

0, 
0. 



Ac. 



X {-( -2)" (•»!)' r} 



• • » % «• 



0. 


• •• 




0, 


• •• 




fv 


%• % 


X 


f» 


• • % 




• * % 




1 



0, 1, 1, 1, ... 

1, 0, (1.2)', (l.S)',... 
1,(2.1)'. 0, (2.3)'.... 
1.(3.1)'. (3.2)', 0. ... 



V , il»« i« «*^ .v» *\#;» 



1890.] SimplicMsima in Space ofn Dimentioru. 



329 



0, 


1. 


0, 


0, 


1, 0, 


dS, 
da; 


dS, 

da; 


1, (2.1)', 


dSf 


dS, 

di; 


1, (3.1)'. 

• • • • • • 


dSf 
dc,' 

• • • 


d8, 
dc,' 




1. 9». 


9.. 


9*. 




1 dS, 

• db; 


9». 


?«. 




1> 9i> 


dSt 
J- » 


?«• 



1, 



1. 



1. 



da^ da^ 

dS^ d8^ 
dh^ dh^ 



> ••• 



9 ••• 



dS^ dS^ 



1. 


3r 


0, 


dSf 


dbt 


0, 


0, 



2v 

d8,_ 
dci 



?». 



• • • •< 



fdS^ \(dS^ \ (dS^^i \ 

= -2'*:(n!)*T'*; 



'»» 



C2, 



• • • • • • 



Od+l, (n»l). 



= /jxn 2'* (••-») (nlV^*-^^ p-sC"-!)^ 



Now 



p^'=^'. PB'=^;&o.t 



and the direction ratios of these lines are the 



Aj •0|*C|*.»*y (I3 • 0] • C] • • • I 



&c., &c., above. 



And it was shown (Art. XX.) that (PB'CU..,) 



H * ' 

n fi V ... 



F-'v/(_i)-6',&'. ...&'.„ y,y* 



« • • • • • 
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(_i)-2«(-»(«!)»{(«_i)!}» rt.rt...r' Vt.r^ 

X {(-!)• 2"'"-" (♦»!)»'"-» F»(-i)J 



{(»-l)!}'7:Fi 



with similar values for (P-^'Ciy...), (PJ.'B'iy...), &o. And hence 
the pedal simplicissimum of P 

_ n"-" F'-' V / v' (f!. Fj. F* . > 

~{(»-)i!}'f:f:f:"Iv^7^z+*°-;' 

"tr* jT^ "tr' 
which vanishes if Lj + Jli + Jli 4. _. = n. 

\ fA y 

in which case the projections of P lie on a linear locns (the Simson 
locus of Art. XXVI.). 

XL. The value of (A'B'CI/ ...) found in the last article leads to 
an interpretation of the equation 

4 + :? + 5+... = 

to an n-ic locus circumscribed to the simplicissimum of reference, and 
having n + 1 nodes at the vertices, the lines joining which lie wholly 
on the locus. 

If points A'\ B^, CTj Ac. be taken on FA\ Fff^ PCf^ Ac., respec- 
tively, such that 

PA''=f.PA\ Pff'=:g.PB', PO" = A . PCr, &o., 

then, if ^ ^ Zs _^. Zi 4. ... = 

/X gfi hy 

( i,e.j the isogonal conjugate of -7 + ~ + -^ + ... = J 
\ J g r^ ' 

be equivalent to -r-+~ + ~ + ... =0 (1) ; 

K fi, y V / » 

f' f' f' 

then, for every position of P on (1), A'\ W^ C^ Ac. lie on a linear 
locus. 
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If the point lie upon the locns 

— + — H h ... = ; — ... (X+^ + v... ) (2) 

(a locus concentric with the above, i.e., having the same poles of 
infinity), the content of the simplicissimum whose vertices are at 
A'\ W\ (T'-f ... will be constant. (The above results are in analogy 
to those given for Conies in Questions 9816, 9817, 9818, and in the 
solution of Question 8177 in the Reprint from the Educational Times^ 
Vol. XLIX.) 

The linear polar of any point (X', /i', y\ ...) with respect to (1) is 

and hence the centres, the poles of infinity, are given by the equations 



A 



(^-•)=i(^-"-)=^(^'')=- 



If the point (X', ^', /, ...) lie upon (1), this reduces to 

^A+4f*+-^«'+- = (3) 

A /I V 

(compare Salmon, Oeometry of Three Uimfinsions^ p. 416), and 
therefore (Art. XII.), if 2>i, I'j, j?t» ••• b® *^® perpendiculars from the 
vertices of the simplicissimum of reference upon (3), 

A , B . C 

X'* ' u'* ' v'^ r\ ' Pf Pi' •••» 

and if A = V\, B=V\, G^ FJ, <fcc., 

so that the locus (1) is the isogonal conjugate of infinity, this implies 
that the perpendiculars from the vertices upon the tangent locus at 
any point are inversely proportional to the squares of the perpen- 
diculars from the point of contact upon the corresponding faces of 
the simplicissimum (and hence this is true for the circumcircle of a 
triangle). 

From (3), also, it follows that, if the linear locus 

aX-|-i8fi + yF+ ... = 
touches (1), (^a)* + (5/3)*-f ((7r)*+ ... = 

(compare Salmon, Oeometry of Three Dimensions, p. 416), and the 
reciprocal equation is of order 2""'. 
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If (X\ fi, r% ...) be any point, any line tkrougii it 

(where a-h6+c+... =0) 

will meet (1) at the points where p has the Tallies giTen bj the 
eq nation 

or ^''*''''"t( V "*" ~^^ "7 ■*■•••) 

"l *•• ••• ••• ••• 

Aixv ... \ a c 'J 

and tho lino will Ho wholly on the locns if the n+1 coefficients all 
vanish. This involves that (X'ftV...) should lie on (1), and that 
tho oliminant of the other n coefficients equated to sero and of 

a + fc-fc-h ... =0 

should vanish, which it must do since the edges lie on the locns. If 
(X'/iV ...) he one of the poles of infinity, the coefficient of ^ in the 
ahovo oqnation will vanish, and consequently the sum of the recip* 
rocals of tho intercepts made upon any line through one of them is 
xoro. This is a generalisation of the property of the centre of a couic 
oirouniHcribod to a triangle. 

From tho value of (PB'C'D'), found in the last article, it appears 

that fip ... r = M(k+fA-^v + ... -fr)* 

n^proRont^ a locus such that (JPB'G'U) is constant. The linear loci 
^ = 0, V ss 0, ... are asymptotic to this, and their intersection, the 
vortex opposite to X = 0, is tho pole of infinity. Also, any line wholly 
on tho surface must l)o parallel to a face (not X = 0) of the simpli* 
cissimum. 

Again, V -f '^ = 0, or .4/i -h Z?X = 0, 

X f* 
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is a locus, such that {TB'C'B' ...) : (P-4'C'i)'...) is a eonstant ratio; 
and 

\ /i V 

a locus of the second degree which contains the intersections of 

X = 0, ;i=Oj ^ = 0, v = 0; f = 0, X = 0, 
is the locus of a point P such that 

(PFcriy,..), (PA'criy ...), {fa'b^b'..,) 

satisfy a linear relation. 



4 + ^4-^ + ^ = 



Similarly, 
is a locus of the third order, such that, if P be any point in it, 



(P^Cir...), {FAG'B\..), {FAFU.,.), (PAE'CT,..) 

are connected by a linear relation. This locus passes through the 
intersections of any three of the linear loci 

X = 0, M = 0, ^ = 0, ip = 0, 
and the process of interpretation may be carried on indefinitely. 



. XLI. It has been shown (Art. XX.) that, if a pencil of 2n co- 
terminous lines, in space of n dimensions, be cut by any linear locus, 
the products of the contents of pairs of complementary (n— l)-ary 
simplicissima, having their vertices at the points of intersection, must 
satisfy certain identical relations, which lead to relations among the 
anharmonic ratios of the pencil. These may be obtained as follows : — 

All the (n — 1)*** minors of 



^1, hn &8> k 



i» ^r ^i> 



'2m 



(hn 



^1> *'tt ^» *" 



2» 



^1, 2>„ 6j, hi^ 

^» ^> ^» ^n 

••• ••• ••• ••• 

'u ^> ^8» ^» 
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must yanisb. And therefore, writing (p, g, r, ... ^) for 

.... h, 



Ki K ^n 
^p» Cfi ^r> 

"pi "qi ^n 



vu% w«» ^ri •■•... t| 

5^(n + l, n-l-2, ... 2n-l, 2n) + (-l)"6.^i(n+2,n + 3, ... 2n, n) 
+ 6,+2(« + 3,»+4, ...n,n + l)-|-(-l)-6^+,(n+4,n-|-5,... n+l,n+2) 
+ &C. =0, 

c„(n + l, n + 2, ... 2n-l, 2n)-|-(-l)"cH^i(n-|-2, n + 3, ... 2n, n) 
+ c„^2(n4-3, n-f 4, ...n, n + l)-|-(— l)"c«+3(n4-4,n+5,...n + l,n+2) 

-h<fcc. = 0, 

^. <Sbc. &c. 

Now, if these equations be mnltiplied respectively hy the first minors of 



'«» 



6.. 
6,. 



"nj 



'J> 



2. 



^n-I> Cw-1> ...... *n-l 

and the results added together, 

(1, 2, ... n— 1, n)(n + l, n + 2, ... 2n-l, 2n) 

+ (-l)-(l, 2, ... n-1, n + l)(n+2, n + 3, ... 2n, n) 

+ (1, 2, ... n-1, n-|-2)(n + 3, n+4, ... n, n + 1) 

+ (-1)" (1,2, ... n-l, n + 3)(n+4, n+5, ... n + l,nH-2) + &c. = 0, 

which is the general type of the identical relations required. 

If n = 2, and 1, 2, 3, 4 denote four points in a straight line, the 
formula gives 

(1, 2)(3, 4) + (l, 3X4, 2) + (l. 4)(2, 3) = 0, 
the well-known relation. 

In general, the number of relations will be eqaal to the number of 
combinations of 2ra things, n— 1 together, i.e., 

2n! 
(n + l)! (n-1)!' 
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and therefore fifteen for tridimensional space. Thus, if 1, 2,'3, 4, 6, 6 
denote any six points in a plane, and (1, 2, 3) the area of the 
triangle whose vertices are at 1, 2, and 3, taken in that order, 

(1, 2, 3)(4, 5, 6)-(l, 2, 4)(5, 6, 3) + (l, 2. 5)(6, 3, 4) 

-(l,2,6)(3,4,6) = = i., 

(1, 3, 4)(2, 5, 6)-(l, 3, 2)(5, 6, 4) + (l, 3, 5)(6, 4, 2) 

-(l,3,6)(4,2,5) = = ii., 

(1, 4, 5) (6, 2, 3)-(l, 4, 6)(2, 8, 5) + (l, 4. 2)(3, 5, 6) 

-(1, 4, 3)(5, 6, 2) = = iii., 

(1, 6, 6) (2, 3, 4)-(l, 5, 2)(3, 4, 6) + (1, 6, 3)(4. 6, 2) 

-(l,5,4)(6,2,3) = = iv., 

(1, 6. 2) (3, 4, 5)-(l, 6, 3) (4, 5, 2) + (1, 6, 4) (6. 2, 3) 

-(1,6,5)(2,3,4) = = T., 

(2, 3, 4)(6, 5, l)-(2, 3, 6)(5, 1, 4) + (2, 3. 6)(1, 4. 6) 

-(2,3,l)(4,6,5) = = vi., 

(2, 4, 5)(6, 3, l)-(2, 4, 6)(3, 1, 5) + (2, 4, 3)(1, 5, 6) 

-(2, 4, 1)(5, 6, 3) = = TIL, 

(2, 5, 6)(4, 3, l)-(2, 5, 4)(3, 1, 6) + (2, 5, 3)(1, 6, 4) 

-(2, 5, 1)(6, 4, 3) = = Tui., 

(2, 6, 1)(5, 4, 3) -(2, 6, 5) (4, 8, l) + (2, 6, 4) (3. 1, 5) 

-(2,6,3)(l,5.4) = = ix., 

(3, 4, 6)(6, 1, 2)-(3, 4, 6)(1, 2, 5) +(3, 4, 1)(2, 5, 6) 

- (8, 4, 2)(5, 6, 1) = = X., 

(3, 5, 6)(1, 2, 4) -(3, 5. 1)(2, 4, 6) + (3, 5, 2) (4, 6, 1) 

-(3,5,4)(6,l,2) = = xi., 

(3, 6, 1)(2, 4, 5)-(3, 6, 2)(4, 5, l) + (3. 6, 4)(5, 1, 2) 

-(3, 6, 5)(1, 2, 4) = = XII., 

(4, 5, 6)(3, 2, 1) -(4, 5, 3)(2, 1, 6) +{4, 6, 2)(1, 6, 3) 

- (4, 5, 1)(6, 3, 2) = = xiu.. 



336 Mr. W. J. C. Sharp on [June 12, 

(4, 6, 1)(5, 8, 2) -(4, 6, 5)(3, 2, l) + (4, 6, 3)(2, 1, 5) 

- (4, 6, 2)(1 , 5, 8) = = XIV., 

(5, 6, 1)(2, 3, 4) -(5, 6, 2) (3, 4, l) + (5, 6, 3) (4, 1, 2) 

-(5,6,4)(l,2,3) = = xv.; 

and, denoting the sinisters of these equations hj the Roman figures 
to which they are put equal, 

I. -f X. + XV. = 0, I. -f XI. + XIV. = 0, I. + XII. -f XIII. = 0, 

II. -f VII. -I- XV. = 0, ir.+ VIII. -f XIV. = 0, II. + IX. -f XIII. = 0, 

III. H- VI. 4- XV. = 0, iii.H-viii.+ xii. = 0, iii.-f IX. -f xc. = 0, 

IV. 4- VI. 4- XIV. = 0, IV. + VII. + XII. = 0, IV. 4- ix. + x. =s 0, 
V. + VI. + XIII. = 0, V. + vii. 4- XI. = 0, V. -f VIII. + x. = 0. 

It is easy, by the help of these identities, to show that all the rela- 
tions may be derived from five, but I have not succeeded in deriving 
them from four, as the theory (Art. XIX.) seems to require. This is 
probably due to my having overlooked some relation (probably not 
linear) between i., ii., &c. 

The above relations hold for any six points in a plane. If two 
points, say 5 and 6, coincide, those of the fifteen relations which do 
not become identically true, reduce to 

(1, 2, 5)(3, 4, 5)-(l, 3, 5)(2, 4, 5) + (l, 4, 5)(2, 3, 5) = 0. 

Hence, if 1, 2, 3, 4, 5 be any five points in a plane, the following re- 
lations hold among the triangles whose vertices are at these points : — 

(1, 2, 6)(3, 4, 5)-(l, 3. 6)(2, 4, 5) + (l, 4, 5)(2, 3, 6) = 0, 

(1, 2, 4)(3, 5, 4)-(l, 3. 4)(2, 5, 4) + (l, 5, 4)(2, 3, 4) = 0, 

(1, 2, 3)(4, 6, 3)-(l, 4, 3)(2, 5, 3) + (l, 5, 3)(2, 4, 3) ^ 0, 

(1, 3, 2)(4, 5, 2)-(l, 4, 2)(3, 5, 2) + (l, 5, 2)(3, 4, 2) = 0, 

(2, 3, 1)(4, 5, l)-(2, 4, 1)(3, 5, 1) + (2, 5, 1)(3, 4, 1) « 0. 

If one of the anharmonic ratios be nntty, others are so also ; e.g., if 

(1, 2, 3)(4, 5, 6) = (1, 2, 4)(5, 6, 3), 
from I.. (1, 2, 5)(6, 3, 4) = (1, 2, 6)(3, 4, 5), 

and from XT., (1, 6, 6) (2, 3, 4) = (2, 6, 6) (1, 3, 6) 
and the lines 12, 34, and 56 are concurrent. 
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If another independent ratio be nnity also, say 
(1, 3, 4)(2, 5, 6) = (1, 3, 5)(2, 4, 6), 
then (1, 3, 4)(2, 5, 6) = (1, 3, 5)(2, 4. 6) = (1, 5, 6)(2, 3, 4), 
by II., (1, 3, 2)(4, 5, 6) = (1, 3, 6)(2, 4, 5) = (1, 4, 2)(3, 5, 6), 

and by IX., 

(1, 2, 6)(3, 4, 5) = (1, 5, 4)(2, 3, 6) = (1, 2, 5)(6, 3, 4), 

and the lines 15, 36, and 24 are concnrrent, and also 13, 26, and 45 
are concurrent. 

Similarly, the typical relation when n = 4 — in other words, among 
the products of complementary tetrahedra which have their vertices 
at any eight points in the same tridimensional space (t.e.y in the same 
linear locus in space of four dimensions) — is 

(1, 2, 3, 4)(5, 6, 7. 8) + (I. 2, 3, 5)(6, 7, 8, 4) 
+ (1,2, 3, 6) (7, 8. 4, 5) + (1, 2, 3, 7) (8, 4, 5, 6) 
+ (1,2,3,8)(4,5,6,7)=0: 

these are ^G^ or 56 in number, and should be dependent (Art. XX.) 
upon 23 independent relations. 

By supposing two of the points to coincide, the following typical 
relation is obtained among the tetrahedra the vertices of which are 
sitaated at any seven points : 

(1, 2, 3, 4)(1, 5, 6, 7) + (l, 2, 3, 5) (6, 7, 4, 1) 
+ (1, 2, 3, 6)(7, 4, 1. 6) + (1, 2, 3, 7)(4, 1, 5, 6) = ; 

and, by supposing two other points to coincide, this typical relation 
among the tetrahedra the vertices of which occupy any six points 
in space 

(1, 2, 3, 4)(1, 2, 5, 6)-(l, 2, 3, 6)(1, 2, 6, 4) 

+ (1,2,3,6)(1.2,4,5)=0. 

In the geometry of space of n dimensions all the anharmonic 
systems up to the n^ have their application. Pencils of 2ti straight 
lines through a point cutting a linear locus, form a system of the 

n—I^^ class; pencils of 2n— 2 planes through a line cut linear loci repre- 
sented by two equations in a system of the n— 2 class ; and so on, 
until pencils of four linear loci through a common intersection cut fk 
line in points which form an ordinary anharmonic system, i.e., in 
accordance with the nomenclature above in one of the first olasia. 

VOL. XXI. — NO. 391. z 
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XLII. A special case, which seems to be the proper g^eneralization 
of a harmonic pencil arises, when the pencil meeting at (F, 0, 0, •••) is 
composed of the 2n straight lines 

the edges of the simplicissimnm of reference which meet at the origin 
of the pencil, and the other n lines 

fl V TT U y IT 

—a DC a — o c 

LL V TT o 

-*-- = — = — = ..., »c., 
a b — c 

(or more generally of the 2n lines 

^-=0, P=0, ... ; 3f = 0, P = 0, ... ; lf = 0, ^" = 0, ... ; Ac, 
and -AM^ BN := 0P=..., 

AM=z^BN= 0P=..,, 

AM=: BN^^GF^..., 

<&c. Ac., 

all of which meet at the point 

lf=0, ^'=0, P = 0, ...). 

In space of three dimensions the anharmonic ratios corresponding 
to such a system are given by 

(1,2,3)(4,6,6) : (1,2,4)(3,5,6) : (1, 2, 5) (3, 4, 6) : (1,2, 6) (3, 4, 5) 

(1,3,4)(2,5,6) : (1,3,5)(2,4,6) : (1,3, 6) (2, 4,5) : (1,4, 5) (2, 3,6) 

(1,4, 6) (2, 3, 5) : (1,5,6)(2,3,4) :: 2 : 1 : -1 : : -1 

0:-l : 1 :-l :0; 

and the other systems obtained by changing the signs of a, 2^, or c 
will, like the above, have their anharmonic ratios 

±2, =fc|, ±1, 0, or 00. 

The complete system, which includes all the rays of these, is com* 
posed of the first three of these rays, and fonr others, such that, if 
they cut any plane in the points 1, 2, 3 and 4, 5, 6, 7, respectively, 
then, if any three of the last four points be taken as the vertices of a 
triangle, the points 1, 2, 3 are the feet of concurrent lines from the 
vertices through the remaining point. 
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It is easily proved that, if the lines 56, 64, 45 toach a conic about 
123 at these points respectively, the six points form a system of the 
kind, the seventh being the point of concurrence of 14, 25, 36. There- 
fore, if from any point three tangent planes be drawn to a quadric 
surface, the three points of contact, and the three points where the 
intersections of the tangent planes meet the polar plane of the 
original point, form a system of the kind stated. 

Again, if two sets of points 4, 5, 6 and 4', 5', 6' are each thus con- 
jugate to the same three primary points 1, 2, 3, and if 7 and 7' be the 
additional points connected with these systems, the eight points 
4, 5, 6, 7 and 4', 5', 6', T all lie on the same conic, to which 123 is 
self -conjugate — viz., if the rays through 1, 2, 3 be the edges of the 
simplicissimum as above, and those through 4, 5, 6 the remaining 

three lines, these and that through 7, -£-=—- = — and 4', 5', & and 

a c 

1' the same with a', 6', c written for o, 6, c, on 






= 0. 



In the same way, in space of n dimensions a pencil of 2n rays of the 
kind defined at the beginning of this article cuts any transversal 
linear locus in 2n points, such that first n points are the feet of con- 
current lines from the vertices of the simplicissimum defined by thid 
second n, and the anharmonic ratios are 

±2, ±1, ±1, 0, 00. 



Any set of n points so conjugate with a given set of n points, 
involves, by changing the signs of a, &c., a system of 2'*"^ points con- 
stituting 2"~* sets of ratios. 

All the n. 2""^ points belonging to n such systems conjugate to the 

same n points, lie upon the same quadric locus in space of (n— 1) 

dimensions, to which the simplicissimum, of which the vertices are at 

the n points to which each system is conjugate, is self-reciprocal ; and 

if a, 6, c ... ; a', b' ..., &c, be the constants determining these points^ 

this locus is 

..a 



= 0. 



."» 



V, 


f*'. 


«'. 


b\ 


a", 


h", 


<*"«, 


b"*. 



t«t 



■ •• 



z 2 



•t* 
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Each sjKeca of pccKS ipcc Fsea a q^Adric is aiwlngons to » 
»jst«m of pocn^ t= =it:-! ^liiTi : ir:-* « Tvrnres of the ffimplicjusimnin 
oorreBpcRidm;; to thie feci :f tL^ i=To{:£t»?s. Each point on the 
qaadric deiermines the cchssr 2*~' pocsts cf hs STsiem. 

It mmr also be »ho«T: t^a: il^ Sr^^r srsodsts of thi< kind, detemiined 
on the faces of the tccrah.riir:c cf recVrcsre bj the same point of oon- 
corrence, lie on the sacl^ q-^jbdric sTirface; for, if this point he 
a : h : c : dn the points c-n \ ^ • J are 

those on /i = 0, 

—a : : c I d. -j : •> : — c : <f , a : : c : —J 
those on r = 0, 

— rt : 6 : « • : <i, a : — fc : : d, d : 6 : : — d : 

and on V = 0. 

— #j : b : c : 0, a : —6 : r : 0. a : 6 : —r : 
these all lie upon 

a c a f \ab ac ad I 

which has doable contact with the circamscribcd qaadric 

ah ac ad he bd cd 
which passes through the points 

( — a, ^ c, d) ; (a, — t, c, d); (a,b, —c,d); (a^h, c^—d). 

In the same way, in space of fonr dimensions, the five systems 
determined on the faces of the simplicissimnm of reference by the 
same point of concurrence, 

(a : 5 : c : d : c), 
all lie npon 

ah a^ ad ae he hd he cd ce de ' 
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and, in space of five dimensions, the systems determined by the point 

(a :h I c : d i 6 : f) 

he upon -r- + —,- + -=- + "sr + « + "S* 

^ a^ h^ (? d? e^ f 

2 ( a6 ac aeZ ae a/ fee ) 

and so on, the quadric locns being of the form 

(-+T+-)'-«(^+- + -) = 0. 

\ a o I \ab ac I 

and having contact with 

(^ + ^-^ )=o 

\ah cue I 

along its intersection with 

a 
a locus of which interpretations are given in Art. XXIII. adfinem, 

XLIII. Two quadric loci, which intersect in the linear locus at 
infinity and another linear locus, are similar and similarly situated, 
having two centres of similitude in the line of centres. 

U = Ai X«H-il«/i» + ^8,v'+ ... +2.4i,X/i-f ... = (1) 

and U-\-{B,X-{-B^-\-B^y+ ..,) (X-^-fi-^y^ ...) =^ (2) 

are two such loci. 

If ^^=^'=^ = '^:^=...= -^=__^_ = mp, 
a b c y-S(a,h,c,...) 

where (a + Z» + c + . . . = 0) (Art. XVIII.) 

be any line through (X',/i', v', „.) cutting (1) and (2) at distances 

p and p\ these are determined by the equations 

+ my(Jiia'+J^fe*-hil»c'+...-|-2iliafec-h...)=^i 



* r 









^^ ' % ^ ' ^ P^^ ^^ ^ ** dl^ ^ ^ ■•^^ 1^ 
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•IAS If^ 



V*9i*litlV1 f I 



i . -i^ -J. • «.. ^ 



J, i — ^ - —J-.-— .. 



C^ 



1^ 






.,»: /■ ?>.-i-. ▼ r.i t • : • : ^ := 



*A/S ^'^..-•i^-,.** 



C . 



r .. 






? = 



W/ u'/ V.i,' ju'f' " 



*tr#/i 



iUi'ttlota 



dpi' /iA' 



dr dx 



df;'~dr' " Jfj' dr " '" " '^ ' 



iUtrrt'ftft'f 



dir _ /;, _ dfr /;. _ ^r _ ^_» = = v 
2ir~ * r//,v+/i,/+rA/-f ...) = Ar. 

7 



Mill. Sn ('''), ^''^ *■ li^ii^i^y ... _2/y-9'F= 0; 
tinil Mm» iMjimliotiH (4) iriay }>« wnticn 

~ — r/'' //'= m Rupposo; 



W: 
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also, q (X'+zi'+v'-h ...) = qV, 

so that there are n + 3 equations from which to eliminate 

q\\ qfi\ qv ,,. and m, 

and all but one are linear. Hence the resultant is a quadratic in q^ 
each solution of which determines one position of (X', fi\ v\ ...). 

If (^"> /*"> ^'"i — ) and (X'", /i'", v"', ...) 

be the centres of (1) and (2), 

^, - dU" dU'* dU' 

therefore -^ttt = -j-77 = -j-ir = ••» 

aX dfi dv 

A dlT" p 17 dlT" p ^ dlT" p ^ 

d}r ^ ^ T^ ^^ ~dir ^ ^ *"' 

and the line joining these points is therefore 

dU_ dU dU_ dU 
dfJL d\ dv dk _ 

and by (4) the centres of similitude lie upon this. 

Other properties of similar and similarly situated quadric loci are 
given in Art. XXV. (note), Art. XXXI., and in the Addendum to 
Art. XIII., prefixed to this paper. 

XLTV. Two quadric loci in space of n dimensions have a common 
self-conjugate simplioissimum. Let 

Cr = ^,X» + il^* + i43,v*-f ...+.2^,^-1-... =0 
TF=l?„X'-|-l?»u'-f B»v«H- ... -f 2J5„Xfi-|- ... = 

be the quadrics, and let (X', ft', v'...) be a point which has the same 
linear polar with respect to each of them. 

Therefore X --- +fi 3-7 +»'-tt + ... = 

oX dfi dv 

dW dW dW 
and X ,.7 H-A* -j-r + v y,- -|- ... = 

aX dfi dv 

ai*o identical loci. 

Therefore _ : ^, .. -^- : _ .: ^-, : _ :: Ac., 

::r:l, say; 
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.!.-£'-..-. .U-B-r. -!--B-r. ..J 

" ' =0_ (1) 

.«a~^;;- -^^-^S'- ^-^' — 

<» ^ ■ ' • V^i^ »•• »•• X 

/^It isi. indeed^ thtf!r di-^crrmiziazLS cf r*— rlT = 0. and the Tmlncs of r 
arfr tiMMe for whieii thij qTzadric luk^ a doable point.) 

Racrb rott r^, r*. Ac. of Tl; 2iT« a separate sohmon for X',|f', r ',...,80 
that, when the rrMytn are all tice«:^::aL the n-^l corTeBpQading> points 

(Xxf H-u ■'i- '")i '-^T Mar »» — )• (**-ri- /■»^i9 ^•«>ijl 

are the Terticefl of a simpIici-ffimanL, and each lies upon the linear 
polar of all the others with respect to both the quadrics. 
For, if r, and r^ be two yalaes of r, 

fix. dk, dii, dfi, 

, dr; dw, dr, dir; . 

and - ; = r, -, , ' = »'»-, /> «^- ; 

tbwefore a; ''^ + „; ^^ + ,.; ^' + ... 

«A, «/i, rfr, 

(XA, a/Li( dv, 

but A, ,. ; +^. , , +y, -.T+ — 

aA, (//I, ay, 

i..dW' ,dW,, ,dw:, \ 

'^''X^'dK^^' d^^^^'-dV:-^-]^ 

and therefore, r« and r, being different, 

(lAi a^, a)/f 

ttA( a/if dKi 
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and (X,', fi[^ V,'...) lies npon the polar of (X(, /ij, v<...) with respect to 
each of the qnadrics 17 = and W = 0. 

Hence, when the roots of (1) are unequal, these two quadrics have 
a definite self -con jugate simplicissimum, the vertices of which are the 
double points of those quadrics of the system U—rW = which 
have double points. 

When two or more of the Yooia of (1) are equal, the corresponding 
vertices are no longer determinate. If two be equal, one of the 
quadrics [7— r}F= is expressible as a linear homogeneous function 
of 71— 1 squares, and has double points along a straight line ; if three 
of the roots be equal, one of the quadrics is expressible as a linear 
homogeneous function of n— 2 squares, and has double points over a 
plane ; and so on. 

For if, when referred to a common self -con jugate simplicissimum, 

U =aX«+6/i»+c>'*+d[ir'-|-cp' +... =0, 
Tr=aV + 5y-hcV-|-eZV-|-ep'-f ... =0, 

it is necessary and sufficient, in order that 

aX'X + hfin + cvv + dirir + epp + . . . = 

and a'X'X + h'^'fi + cvv + dW -|- ep'p + . . . =0 

may be identical, that all but one of the quantities X', /i', v\ ... should 
vanish, unless some of the coefficients be such that some of the ratios 
a:h :,.,:: a : h' : c... hold — i.e., unless the equation (1) has equal 
roots. When this is the case, it is only necessary that those coordi- 
nates, of which the coefficients do not satisfy the proportions 
above, should vanish. Thus, if a:h :: a' : &', all the coordinates but 
X' and fi' must vanish ; it a : b : c :: a :h' ic\ all but X', /i', v ; and 
so on. 

If, in the first case, (X,, /i^, 0, 0), (X„ /i,, 0, 0) be new positions of 
the two vertices on (1 . 2), 

and if (Xj, ^j, Vj, 0), (X„ fi^ v„ 0), (A„ /i,^ v„ 0) be new positions of the 
three vertices in the plane (1, 2, 3), 

aX,X,-h6/ii/i,-|-criV, = 0, 

oXjXj-hfc^jfij-hcyjn = ^t 
aX,X,-h6/i,/i|+cv,«', =s ; 

and similar relations hold in other cases. 

The intersections of qnadiio loci in space of n dimensions may b^ 



S46 Mr. W. J. G. Sharp on [Jane 12, 

dasaified a c c o r din g as the roota (1) are equal or nn e qnmL Tbns, in 
ordinarj space, 

(L) an the roota maj be oneqiial, 

(ii.) two roots may be equal and W = ATJ-^IjM^ 

(iiL) three roots may be equal and ^= ^r'+L% 

(It.) two pairs of roota may be equal and 

and so for space of any dimensions. 

XLY. If the transformation of Art. Y. be applied to IT = 0, tiie 
resnlt, the equation in simplicissimam content coordinates to the 
intersection of IT = with the linear locos determined by the />+! 
points 

(^» yi» ^1 — )» ('it yj> ^ — )^ — (^F*!. y#>i. *»♦!)» 

will be 

^ii^'+^a/''+ ^aV^+.-.+atT-aX^-h... = (v.), 

where IT,, stands for the valne of TJ when ar^, y„ r,, ... are written for 
x,yyZ, ... and 2 {7,, for the result of operating on this with 

d . d . d 



('«di;-^y'd^'^^d^ ""•••)• 



If />+! = n, so that the locns determined by the points is a linear 
locos in space of n dimensions, and then, if this be the tangent locos 
^^ (^> yi> ^i> •••)> * point on U= 0, 

^11 = 0, ^„ = 0, tr^ = ... , 

and the discriminant of (1) vanishes ; therefore the linear tangent 
locos at any point on a qoadric locos, in space of n dimensions, inter- 
sects the qoadric in a qoadric in space of n — I dimensions (t.e., on the 
linear locos), having a dooble point at the point of contact (comp. 
Art. XXXin.) ; and if the locos throogh the n points be a tangent, the 
discriminant of (1) vanishes ; and conversely, for if the discriminant 
of (1) vanishes, (1) has a node, and if this be taken as the first 
vertex of the simplicissimnm of n vertices 

^11= C^«= 27;,= ... =0, 
and the linear loons touches at this point. 
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Since the equation to the linear locos is 



«, y, z, ... 

'^9 Vii ^i» ••• 

^v ya» ^n ••• 

•«• •.. ••• 

*'n» yni ^n» ••• 



^ax-^py+yz-^,,. =0 



(2), 



it follows that the vanishing of the discriminant of (1) is the con- 
dition that (2) shonld touch 17=0, and therefore a, /3, y, &c., the first 
minors of the determinant in (2), must satisfy the reciprocal equation 
o- = ; and hence the discriminant of (1) can only differ by a simple 
multiplier from the value of a- when the above values are written for 
a, /3, y, Ac. (Educational Times, Questions 8940, 8970 and 9828). 

By an entirely similar proof it appears tbat, if 

S = <r„a> + <rai8'-h<r„r'+...-h2<r«a/3-f ... , 

the discriminant of S can only differ by a multiplier from A"*' 27", with 
the first minors of 

a» P> y> 

a» flu yi> 

«!» ^»> Tjj 
••• ••• 

written for x, y, z, &c. 

If 2>=1, U,,\^-h2U,^\fA-\'U„fi^=:0 

determines the points in which the line joining the two given points 
cuts' O'=:0; and, if U^^U^—Uu^ 0, this line is a tangent, and 
therefore 

is the equation to the group of linear tangents from the point 
If jp = 2, the plane through these given points outs 27'= in 

and this will touch if 



lb IT ,: 1 ^DD m -Jimt U, 



t t 

1, .. 






— ^ — * * * r- * 

—*.'... — *, ^r U- — ii • 

er m * 7 



7. ±^x A- -: =i^ 



V, Cs ,^ tyiir: jifi zstt j-m- ^tmmg a., x. ^^ y mzii < jc^ «^ j^ — .}; *Bd 



ZLVf 7» ^n^l ^2^ vTaiSni. i^i^ fmss- <3f tlie eqvatiaB to » 
^^idi^^ y^rjk ':z. fip»K- :^ % dzojtSiiauiiE. 2as -jbIt one iBTmimnt, tlie 
^i^^futsaitx CATi ivo CK*. VL^ZTJSt LftTe ir all (>^2> inTariantB — 
tkt^, two 4^tify}i:.l,:AsAt \zA % rMtr fzaesaocs mrolTiii^ tlie oocfficieiitB 
^A f^Aki- •'*,f*0a^ hkxa «Rr tttt ooeEgj e g m of tl:^ |MJwcts 1, 2, ... « of r in 
(1)^ An. XLIV Tljej v^ oombizaziSft mad are derired £iam tbe 
4im:riM$fiUtit *A f' bj operbtscg ::|#oii that fonctioii with 



i(»yUiif Utp nil valuf« from 1 to ». 

An Hi4iU*ii aU/v#% the; rootfl of (1) give the qnadrics through the 
hiUfrmnii'ttm of f/ = and W = 0, which have doable points. 

It t^nt a|„ ... aiH, dx;, he the first minors of the discriminant of [7, 
iliif tuMflUi'uttii of r in 

//„a„ + /yrta„+...+2B„a„+..., 

Hfifl UiiM vutiiNhitM if a Himph'ciHsimnm self -conjugate with respect to 
W — ii nail Im« iriNorihed in U = ; for then 

"li ■" "m " ^'m =••• ^ tJ-nd a,| = a» =... = (Art. XXX.). 

If r — liiid A' -^ ho Uio tM|nation8 to the sections of 17"= and 
ir — rtmpootivnly, hy iho linear locus 

«A f/i/i +yF + . .. + *• = 0, 

• 1* I Umuigh ihft 91 i»oiuU 
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— the discriminant of V—rX = will be an equation in r of order «, 
the first and last coefficients when reduced being the discriminants 
of V and X ; and so the sinisters of the reciprocal equations to [7 = 
and W = 0, the meaning of the others may be obtained from the 
geometry of (n—1) -dimensions. Thus the vanishing of the coefficient 
of r implies, from the general result above, that all linear loci, the 
coefficients of which make it vanish, cut [7=0, W = in sections 
such that a simplicissimum of n vertices self -con jugate with respect 
to the section of IF = is inscribed in that of 17 = 0. 

In this way I interpreted the contravariants of two quadric sur- 
faces in a paper read here in December 1883 ; and so, if U and W be 
quinary quadrics, and 

cr— rr-hr'ir— r*/+rV= 

(where a- and a are the reciprocals of U and W), the expanded form 
of the discriminant of V-^rX = 0, c, r, ir, t\ a-' are the A, 0, tf, ff ^ A' 
of the quadric surfaces V = and X = (Salmon, Geometry of Three 
DiniensionSy p. 145). 

If r = 0, as above, it is possible to inscribe in F = a tetrahedron 
self-conjugate with respect to X = 0. 

If T = 0, there is a tetrahedron self-eonjugate with respect to 
K = 0, the faces of which touch X = 0. 

If TT = 0, the edges of a tetrahedron, self-conjugate with respect to 
either F = or X = 0, touch the other. 

The condition jthat a tetrahedron may be inscribable in JSC = 0, 
which has two pairs of opposite edges on 7=0, is 

4crnr=r»-h8<r'r', 

and that it may be possible to find a tetrahedron having two 
pairs of opposite edges on one of the quadrics and its four faces 
touching the other 

4crV'ir = r'»-|-8<r''r. 

It thus appears that two (n-fl)-ary quadrics have (n-4-2) indepen- 
dent invariants, and (n + 1) independent contravariants. 

If tt = and w=z he the tangential equations to [7=0 and 
W = respectively, u—rw = will be the tangential equation to the 
system of quadrics which touch the same system of common tangent 
loci as [7=0 and 1F=0. 

The equation to u— ru; = in simplioiBsimum ooordinatea ^inLV V^ 



.iaflM«e^ 



F a 






ff- r 



r tB- 




;i'rs5- 




•1 faiii lie iula^izir - 



» V 



M. ^ Vwh. . 1 



»■-■ 



:^ 









v> 



•;•' f # **i5 ^ # 



I J 7, /vA rr, Ttrjd 4ur. 

p M'<, I. 27, /yr Q^, read <j!J. 




I /' // \\. in irnly during tho printing of this paper that I ha^ 
iMfhii.fl Ml. Ui'iU'm i|iiimtion (M'M) arjcl its wolntion in the Reprii 
Uttitt Mill Nilutiiiitmal TivirHt Vol. XLViii., p. 111. In this theeqnatioi 
nf |i itiWf liiii iiiiiiiMiiii(4Hl fur hix |K)iiits on a circle.] 
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On Modular Equations. By Mr. R Bussell. 

[Bead June I2thy 1890.] 

The theory of modular equations has since the time of Jacobi and 
Legendre excited a great deal of interest among mathematicians. 
The form in which Jacobi expressed them, viz., in terms of t* = I^k 
and V = X^\ was found to lead to inconvenientlj long expressions, 
and has to a great extent been abandoned ; and forms suggested hj 
Legendre's equation of the third order 

and GutzlafE's equation of 7th order 

i/;;x+ t/icX-1 = 0, 

have in most cases taken their place. 

I had known the results for n = 3, 5, 7, 11, 23, 31, and in 
endeavouring to obtain proofs of them wsbs led to write the paper 
which appeared in Vol. xix.. Proceedings of the Society, where will 
be found the modular equations for all the prime orders of transfor- 
mation up to n = 47, with the exceptions of 29, 41, 43. 

In this article the same notation will bo used, but in most cases a 
different method of forming the modular equations will be adopted, 
which will enable us to obtain the results for n = 13, 17, 29, 41, 43, 
47, 53, 59, 71, and others, with comparatively little labour. This 
method, involving as it does the knowledge of the equations for 2kk, 

2\/kk\ 2i/Kic\ when «=-— = v^— w, introduces the problem o£ com- 

plex multiplication. The modular equations in a few of the well- 
known cases will be presented in new forms more suitable for the 
purposes of complex multiplication than those usually employed, and 
by their assistance I shall calculate the equations for determining 
the moduli in a few new and some well-known cases. 

1. Transformation of the second order : — The transformation 

leads at once to the well-known relations 
^ = rfc' ^-iS' ''''*'" *'X = #(^),and V« = fW, 
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or, as it is sometimes written, 

v/x? = >/2 yx7. 

When expressed in terms of Hermite*B functions these become 

^' («) i//* (2w) = a/2 ^ (2«) 1^ («) ; 
whence it at once follows that 

2. If y\=^(n), y,: = *(a,); 

and if u; = 4s ± 1 — — — r , 

it is very easy to prove that 



t/4<cXic'\' = ei'^-"''' or e<»-»»i-« 

according as wc take the upper or lower sign. 

2 
From the relation « = 4^— 1 — •- — - , 

with its equivalent y4icXicX = e^^ -'^*", 

can be deduced a very important formula from which flow many 
results in the theory of complex multiplication. It really conaistB in 
obtaining a relation between 2kk and 2«:X. 

We have ^ («) = e**'-^^ *• )n^ i ' 

therefore . = e"*' ^-^4,^^^ = e-^' ^ ; 

2^»(n + l) 2v^XX' 



* Is an immediate deduction from the above, combined with the elementary 
relations connecting Hermite's functions, viz.. 



♦("7) "*•' ^{'^)^<t>M' 
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hence 2icXe«- = (V -iX) J\ , 

and e^• (2.X-H A) = (X'-»X) ^± -i (X'+iX) ^^ 



but %/2«' v^2AA' = 6^2.-1)*.. . 

therefore e**' ( 2#cA + A ^ = e^**""**' -/2 (— L= + a/^ -/2i^^ . 

If, therefore, in the modnlar equation of the nth order we pnt 



we obtain an equation for 2i:X "which will be reciprocal, and from 

which can be deduced one for - — ; ± 2ici:', corresponding to those 

2iric 

values of w given by the relation 

2 



s=4»-l- 



« + 16r , 2 
n 



or 



Prof. Greenhill, by applying this method to the case of n=19, 
obtained the equation for - — ; — 2kk\ where « = V--29 (see Proceed- 

ings, Vol. xix., p. 328). Had he taken the modular equation of the 
15th order instead, the equation would have been more easily ob- 
tained, inasmach as no extraneous factors occur. 

Taking n = 15, r = — 1, « = 1, we have 



« = 2-f \/-29; 
hence, if in the equation (P»-4Q) P-h4Je = 



we put v^2if'A' = 



i/2KX 



we obtain for ^ = I V2a:A + -—^-^ ] 

\ t/2K\ I 

VOL. m. — NO. 392. 2 a. 
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the equation i»-^^2-(3 + 2v/-l) ^/2t■^i/H = 0. 
Rationalising by sqaariDg twice, and then replacing 2icX-H — — bj its 



value in terms of \/2*:*:', we have Greenh ill's equation 

/3»-588/3«-97C/3-3136 = 0, /3 = — , --2i:k. 

This method (practically the same as Hermite's) labours under the 
disadvantage that the simplest equation we can obtain by it is ex- 
pressed in terms of 2kk\ and consequently the coefficients will be very 
Lirge, whei'^as in most cases the equation we ^vish to obtain is one 

either for - , — — v2kk' or t7=^ + ^2kk\ Under the head of com- 

i^2lCK i/2KK' 

plex multiplication, I shall give some theorems for calculating these 
equations in terms of the quantities just mentioned. 

3. For convenience of reference, I give at once some formnlss which 
will be found useful in determining coefficients in the modular 
equations 

^,c= v/2 3Kl-5 + 2^-3g'+V-6e*+9/...), 

* 

^ = ji; (l + % + 205«-r»27* + 2169*...), 

if'=l-8// + :32r/-96^»-h2.*6g'-62V+14089»..., 
V 2*.*: v^ 1/" 
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Also, from tlie transformations of the second order we have 



These functions can therefore he expanded very quickly in powers of 
^, since they are all functions of 2« or 4«, that is, of g* or 5*. Their 
Viilut 8 are, as far as we shall require them, — 

77*'-.. = ,f^(l-83' + 202*-629'+216a»...). 

— ;— = 23' (l-3'+3*-23»+4g»-)- 

4. The modular equations for •prime order of transformation may be 

w + 1 
divivicd into four classes, according as ■ , when reduced to its sim- 
ple sb value, assumes the form 2^), 1>> "t-> or -^j and are homogeneous 
Rvnnnetric functions 

of t'KA, y^X, -hi, of degree 2/? when ^±i = 2^, (Class L), 

of VkX, ^kV, —1, of degree p when -I^=jp (odd), (Class II.), 

of ya, v^Tx', -1, of degree f when '^^^ = ^ (odd), (Class III.), 

of rX, ifX, —1, of degree |) when -~- = -2" (odd), (Class 17.). 
(See Proceedingsi, Vol. xix., pp. 93-95.) 

The modular equation for n = 29 is therefore of the 15th degree 

2a2 
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in cA, c^A'. —1, ad eontains 19 nnknovn eoefficieats. At Terj great 
labour I had decermincd all bat ooe of these, bat the calcalmtioiis 
n^cetf^rj to obtain the llnh coefficient were so lepnlsiTe that I 
decided to adopt another method, and thoA re^vgniaed the following 
rerjr important theorem : — 

If n-^ I he divvnbU by 3, them the cr/rregpomding wuxlular equatiom 
alwayi red/u€e$ to the ft/rm 

and thereftyre to [7+ F-f IT = 0. 

The proof of the theorem is tctt easr — for the modular eqnation 
may really be considered as a relation between z + y and j^, where 
X and y are v^cX, v^r'A' ; \/cX, y/tX' ; cX, kX\ according to the class 
io which it belongs. Now, i»ince 

we sec that, when n + 1 = (mod 3), the relation becomes one between 

x-k-y and l/xy^ which, when rationalised, mnst rednce to the old 
form, — in other words, the eqnation rednces to 

jjt^ r»+ W^-WVW = 0, 

or l7-fF+ir=0. 

5. Mndnhir FJqunfiomt of fhe 17 fh nrd^T. — The eqnation of the 17th 
onhir, whicih 1 ho^l already calculated in the form 

2^' . .r/^,«H-2'V^ (78O0P»-2« . 117PQ) 

-f 2^/.^ (-2877^ + 2* . 261P*Q-2" . 15P»Q» + 2''Q») +P* = 0, 

mny ihoreforii, in tho lij^ht of the theorem just proved, be written 

:t«4/? + .vjrr4/?)'+r2"Q-2or=)(4i?)*+p* = 0; 

and when \\v put X = k\ X' = *:, r = (2a:c')*, we pet 

WIhmi /* f I - o (mod. 3), tho mod niar equations are rodncihle to this 
HiniplilifMl form, in whatrvor notation they may be expressed. I find 
hv iliuM't iiHf» of tlio *'f/ formnlR\" that tho equation of the 17th order 

mny also ho wriitou 

( t^X^'- ^'''xVr-l- 1(>/» ( VkK^ t/xV)H4-v/2 t {t*-\) = 0, 

(/tiv'WXx"), 
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from which we may at once deduce Sohnke's equation. For, if we 
assume w = «y+l, then = 17«y + 17; therefore 

\p (<r) ^ (17(r) « u 



^^"^ = ^(^)^ 



and therefore the above equation assames the form 



or 



This is the result we should get if Sohnke's equation were reduced 
to the form 

and the factor U+ F-f TT abstracted ; or, in other words, if we 
rationalise the equation just obtained, we shall have Sohuke's 
result. 

6. Modular Equation of the 71»< order, — Similarly, Fiedler's equation 
of the 71st order, 

1^-45 [(P'-4Q)*-f 9P« (P*-4Q)»-|-21P* (P*-4Q)4-12I*] 
-16B«P [6 (P*-4Q) + 7P*]-64B» = 0, 
was obtained by me in the form 

-422 + 2 (4E)iP+4 (4i2)* (Q-JP») 4-1* = 0,* 
and maybe verified very easily. 

The modular equations for n = 41, 47, 53, 59, 83,89, 113, 181, 137, 
143, &c. ... follow the same law. 

Complex Multiplication Moduli, 

7. I. If in any modular equation included in Glasses I., II., we pot 

t/\ = it/K and yA' = t/'f, 
we obtain an equation for 

y/l^kK or VIQkk' 

corresponding to those values of w given by the relation 

w = 8p-|- v^— (^— 64p*) ; 



* I have since discovered that Weber gives the oaiae form toi n » IV V^m^ A<&V(k 
Mathematica, Vol. xi.). 









vi^rsH^vw 



'vr * = r« — ■• — I — -TT.- 






I 
A< ^/^r/^f ♦' O = iT ■«. ~ •\ ^/ 

^, * « ^ l''*r 1 



or «# = 4p-^ ^^— 1»— I'/*/, f- = «#— 2r. 

IIL If the modolar equation belong to CU£« I\% we <>btain Tallies 
of 2r/ ry>rrc;f) [Kin ding to 

V = 2p+ v^— .»— 4|/*;. 

ih <?r«f oro *» = 2//+ %/ — (w— 4/'-;, j& = wj?— r. 

In nil ibcHC CfiHvn, when any oxtrane«'ii> lartors appear iu the pcsnlt 
of jMitiing y/\ =z 1/k\ ^/A' = vV. tliey a!*»a\- appear sqiiai-ed. 
TliuH, for example, in the case of w = 17, ihe c^iiaiion for 

z = ^2^k' 
in (;5-l)(.«_3^-l/(;:«-:.:»^4?--rc-rl) = 0, 

in whioh Mie factor (r'— 3;:— 1)' corrrspf)n<ls to 

«= 2+ v/-l:]. 
Hy thi»«o theoronm 1 \va« led toroco^minc that the t(]naiioiiS for 

*» = %/— 71 and iu=y~79 
(Rrii (iiTonhilli Pnyceedings^ Vol. xix., p. t323) oaght to contaiD the 
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factors (-2 + 1)' and (2*— «— I)' corresponding to 

« = 8-1- \/— 7 and w = 8+ \/ — 15 respectively. 
The equation of the 71sb order (new form) reduces therefore to 
(z + iy (s7 4.^_;b8_^4_^^^^2z-1) = 0, 

and the equation of 79th order to 

(y»-;s-.l)«(/-4j.*4.45»-5;55-^1.2,-.l) = 0, 



Z = yi^KK • 



From the quintic factor corresponding to m s V — 79, there is no 
difficulty in deducing 

r-i*4-4?-2r + 3f-l = 0, 

8, The thef)T*ems I., II., III., just proved, being of great importance 
in the formation of the modular equation.s, I thought it worth while 
to ^vo separate proofs of them. They are, however, particular oases 
of the following : — 

If in any modular equation we put 
we obtain values of z corresponding to 



w = ns—Sr'\- V — [n— (n*— 8r)*l» 

and s and r can always he chosen so that n*— 8r may be equal to any 
integer. 

The proof is exactly the same as before : 

y\ = «*(--) y/ 

gives ^(Q) = e*^*">^ ("~) "^ ♦ (^""^)' 

therefore O = = 2« ; 

n 01 



and therefore w = n«~8r+ v— [n— (»w— 8r)*]. 

For example, from the modular equation of the 47th order 

P*-4Q-(4B)*P-2(4E)i = 



<;tv. 



£: 2. 



m ii, 



'a^ji-tv- \i^ 0*.ni£Siit3aL u** ^\». 



) 












— ;;^. # = 4 



a: * munx. im 



IT i^i 



% / 



4 • ir # = 



: i.- ; I'^'^CU i4*» ^y. Lis' .1 ¥ ::bVt'T*? jL . IPt IlLVf !:■ ac- i* *LC' 



i 



vboL 
-<' .'-'; '.'.♦ fc,v,iit ".*?-,■•*'••. 4t;tk-t hi '.ci!* "I: ejLAXi&zift iir ftii raises of 



4* - v/ ;i/^ i/-7r, -/-Tr^ v^-;0. ^-03, ^-^—54^ 

V-.U, ^-:{i!;, s/^lb; 

111 '/I I 111 fir i'<|ijafjofi for m = 71 prlvuH the moduli for 



M 



- v^ 71. i/-70. -/-07*, v^-(>2, a/-55, v^-46. 



y-:<:s v/~.2"j, v/-7; 

nunlulnr iu|iiii(inh fur n = 47 k»vc«h the modali for 



li> - s 



IV. v' hi. s^-^.u\, v^-TjS, v/-3i, y-22, ^^-^11; 

Hiui (uiiu tlui luiiiluliir miuntiou of the \iSn\ order, which is of ilie 
Imui 
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we cao determine the modnli for 



w= y-143, y-142, y-139, a/- 134, 'v/-127, \/-118, 

y^no7, y^=^, y^^79, -v/^^, y^ia, a/^^, 

in which it will be noticed that the four nnmbers 143, 139, 127, and 
107 appear, and therefore the moduli for these valaes of A which are 
yet unknown will at once result from the calculation of the modular 
equation. 

9. Modular Equation of the 2dth order. — The theorems we have been 
discussing enable us without much difficulty to determine completely 
the modular equation for n = 29. Its form is 

JiiJ* -H -BE» P -H E ( OP* + DQ) + EJ (-E?P» + FPQ) 

and if in this we put X = k\ \' = c, we must get an equation for 
z = V^KK corresponding to 



w = 2p+ 'v/-(29-4/), 

or a» = -v/329, 2+ -/-25, 4+ v^^^TS ; 

but the equations in z corresponding to 

w=2-h'/-25, 4+A/^^n^ 

are 2'+7xf+l, «' + 3z— 1; 

and therefore the result of replacing 

P, Q, Bi bj .f-l, ^, --^^ 
is 
(2-hl)(2*4-7a-M)'(2'+32-l)'(«*+a2*+62*+c^-6««+a«-l) = 0, 

where the sextic factor corresponds to lu = v — 29. 

Now to find the sextic factor it will be necessary to determine 
the coefficients Gy if, I, which may be readily done by the '^g formnlflB/' 
as follows : — 

As far as these coefficients are concerned, we may replace P, Q, & by 

*.'—!, — K, — VkVA ; for the terms omitted involve powers of q higher 
tlian those required for the determination of Q, H, I: the first four 
terms may therefore be written 

(K'-l)'^--J^A[(7(«c'-l)*-if.'(«'-l/ + /«''] =0, 
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and, dividing by (/— 1)*, we have 

in which we may take JA = ?/4gV ; and therefore the coefiBcients 
of — T, -T-, and absolute term in 

must vanish. 

This at once gives 

I = -2»V4, Jff=2«.3«V4, G = -96y4, 
and leads immediately to the sextic factor above. 

When P, Q, R^ are replaced by 

the modular equation becomes 

xr'H3"c^*+... unknown terms +52»-h94B'— 1 = 0, 
which must he identical with 

equating coefficients of r, r» i:' wo have immediately 

a = 9, fe = 5, c = — 2, 
and therefore 

x:'' -h 9r"^ + r>2*- 2^» - o:^ -h *jr - 1 = 0, w = v/^^. 

The identification of the result of the above substitution in the 
modular equation with the product of factors enables us to write the 
equation as follows : — 

-2M6- (4fi)* + 2* . 471P (4jB)*h-2» (4i?-)(2M5Q- 7451^) 

-h 2'(4jB)HS05P»-2M3PQ) H- (4B)K - 94P* + 2«. 3*P*Q-2"G«) + P»=0 .• 

The sextic factor was, I believe, first discovered by Professor A. O. 
Greenhill, by combining the equations of the 2nd and 19th orders, and 
was given by him in the form 

z"+588z^-979z"+19G0s»-r9792« + 588iB»-l = 0. 



* See Art. 28 for simplified form of this equation. 
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10. Modular Equation of the S7th order, — This is of the 19th degree in 
k\ k\\ and is not redncible to a simplified form. I have consequently 
made no attempt to form it. It would be much simpler to form the 

equation in terms of the quantities vXx\ v A/, or in terms of Jacobus 
u and V, 

11. The Modular Equation for n = 41 can be written 

-f E» O'P'+ZP'Q+mPQ'') + iei (nP»+j>P*Q-f rP*Q»+J?e») H-P' = ; 

and when we put X = k\ X' = r, and z = ^/'2kk\ we get for z the 
equation 

(z-l)(z»-J8-l)»(;8»-7i5+l)'(z»-122-l)* 

[(;s* 4- 7iS»+145'+7z+l)«-« (5z»+12^^ 4-12^+5)*] =0, 

in which the factors which appear correspond to w = 64-v— 5, 

4-fv — 25, 24-v/--37, and \/— 41, respectively. The last factor is 

due to Weber, and is given by Greenhill in the article already referred 

to (p. 363). I have not calculafed the coefficients of this equation, 

but if required at any future time they may be obtained by identifying 

»/ — « 2°— 4^^ 
the result of replacing P, Q, v4iE by z% — "r~~"' "" ^^® seven eo- 

efficients j, l, m, n, p, r, s are very readily indeed obtained by the 
method adopted in the case of n = 29. 

12. The only other equation of this class which I shall attempt to form 
is that for n = 53, and my object in doing so is to obtain the sextic 

equation for ^/2kk' corresponding to w = v^ — 53. It is comparatively 
easy, as I shall afterwards explain, to obtain the equation for c'= 2»w'.' ; 
but considerable difficulty is experienced in throwing that result into 
the form 17' -f 1^+ W^—ZUVW=^0, and thus obtaining an equation 

for ^2^. 

The modular equation in this case may be written 

P'4-(4iiJ)l (^G*+PQ»P»4- WP*4-l>aP*+^P') + ... = 0; 
and, as in the case of n = 29, we may for the determination of ^, By. 
0, D, E replace P, Q, l^itB by /— 1, — c', — \/4icic'X ; and therefore^ 
on dividing by («'— 1)^ we obtain 

1 1-k' FA 1 B 1 I ^ ^ 

VA y4(cic' "^ 14* f" (2« + 1) 4» ^-* (201 + 1) 4? ^" 12«4- 1) 
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But 

1=^ = 24/4gi (l+3»+3j«+43»+73»+102»+...) 

g* and g"* being absent, 

yX=»/4gV; 

henoe we have, in 
q % q 

4. [l-83'+202'...? 

+^, 
to find the coefficients so that all the terms from -r- to the absolute 

term may vanish, and it will be easily seen that the ooefficients of 
Aj B, OfD have only to be expanded as far as g\ ^, q\ q\ respec- 
tively. 

It seems unnecessary to actaally write down the numerical work, as 
it is neither difficult nor laborious. I shall content myself with 
giving the values of -4, ^, 0, D, E. They are : — 

u4 = -2«.V4, 5 = 2».17V4, = ~2".359V4, 
D = 2« . 579 V4, E = -798 y4; 

and the modular equation for n = 53 becomes 

P*+2 y4]e(-2"Q*+2« . 170»P*-2". 359Q*P*+2'. 579Q1*— 399i*)» 

+ ... =0. 

On making the usual substitutions for deteimining ^/2kk\ we obtain 
z^-\- unknown terms -f ... + 798^?' — 1 = 0, 
where it is important to notice that s^ is absent. 



* 6ee Art. 2if for the complete equation. 
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Identifying the coefficients of a, s?^ «" in this with 

(2" + a/ + ti5* 4- c^*- 62;* + a»- 1), 
wh«re the several factors correspond to 



*a 



= 2+^/^^, 4+^^^, 6+%/-17, \/^^^, 

we easily find a = 23, 6 = 12. c = 75 ; and the equation for V'Ikk^z^ 
corresponding to lu = \/— 60, is 

i8«4-23/+122*+75is»-122»+23«-l =0. 

As in the case of n = 29, Prof. Greenhill had communicated to me 
the equation for £*, bat the coefficients were so large that I chose 

to obtain the equation for y/^KK directly from the modular equation 
rather than endeavour to reduce his result to the form 

[7«+ 7*4. ^- StTTTT = 0. 

Prof. Greenhill has also sent me the equation for sf = 2kk where 
w = \^— (51, viz., 

a^»H-26604s^*-37587z"-6552«»+37687««+26604«-l = 0, 

obtained by combining the equations of the 2nd and Slst order ; and 
has succeeded in obtaining from it the equation 

2'+30/-f6«*+482»-6j5*+302f-l = 0. 

The direct determination of the equation for z witbout having to 
pass from the equation for ;^ forms a very beautiful example in the 
theory of the Complex Multiplication Moduli, which we shall after- 
wards solve by means of a new form for the equation of the 7th 
order. 

13. The next equation I shall endeavour to obtain is that for n = 43. 

It belongs to class III., and is of the 11th degree in v^icA, Vk\\ —1. 
It may therefore be written 

and we shall obtain the coefficients A, B, C, D, J^ by a process 
similar to that in n = 29. For the determination of these terms, 

P, Q, 7^ may be replaced by \/«' — 1 , ^^ v^k', — y/KxK, and the modular 
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equation may be written ., 

B„t 1^^=,(2.),(4-) and ^^1^.= ^-1 

= 25»(l-5'+3*-22«+V-.) = 1-V+V+V . 

Hence we easily find, on the substitution of these expressions^ that 
^=-4^ ^ = 4M9, 0=-4M25, I> = 4*.330, 

^= -4«.286, 

and the modular equation becomes 
P"-hE(-4»«Q*+4M9e>P»-4M25Q'P*+4*.380QP«-4*.286J*) 

The result of putting 

s/\ = -/«', yx' = -v/c, « = 2a/i^', 
or, in other words, 

4 4 

is [(2»+32*4-15z + l)(;:+l)]« (cubic inz), 

in which the factors correspond to 



•# = 4+-/— 27 and \/-43, 

respectively; and, as in class IV., the irrelevant factors always 
appear squared. On comparing this equation with the modular 
ecjuatiou, the cubic in z is at once seen to be 

^+62«+43;5-l = 0,* 

which may be written 

2f + 2»/4z«+»/16;5*-l=0, 

or «»+y4iP*-l =0. 



* It has been already mentioned that thin factor can be immediately 
from n » 47. 
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The remaining coefficients can at once be fonnd by equating the 
coefficients of powers of z in the modular equation, and 

14. Minlular Equation of the hdih order. — This is the last modular 
equation which I shall attempt to calculate. Here the equation takes 
a form similar to that of n = 29, and may therefore be written 

+ jB* (6?P*+JErPQ + IG*)+P» = 0, 

where 

P= v/i^+v/,?A'-l, Q = -v/ifAk'X'- v^- ^/7x^, E = - -/icAicX. 

As in previous cases, the values of 0, H, 7, Ej F are very readily 
d» termined by the " q formulsa." Such a process, however, is not 
necessary ; for, as I shall afterwards prove, the equation for 

( = V 4icic', when oi = v^— 59, is 



and, therefore, the equation for z = y/4ncK' is 

;:«-2y4;:'' + 2y2/+z«+2t/2;^+75*-2y4«»+4y2j5-l =0. 

j^— 42* ^ 
Now, when P, Q, B are replaced by ar— 1, — - — , — -7T7, the fao- 

tors correspond to w = ^^ — 69, 4+ -v/ — 43, and the result, therefore, 
is (2* — 2y4 2'-|-2v^22;H-l)* (factor in z just obtained). If we equate 
coefficients, we without much difficulty determine -4, P, 0, ... L The 
result is 

-8(16P)*-4P(16P)*-16E(42P' + 96Q) + (16P)^P(19P«-16Q) 

- (16P)* (14P*- 144P«Q + 256G*) + P* = 0. 

15. Relation between Jacohian and nX, k'X' Modular Equations, — It 
may not be without interest to show the connexion between the 
equations in jcX, k'K.' and the Jacobian Modular Equations. 

It is easily proved that 

P ^ kXic'X' 0* (2ui) y' (2mj) ^^ (2ai) i^ (2nii>) 

P»~ (kX + .X-1)» 2[^\2c-)-9*(2»a»]« 

Q k\ k'\' — <cX — ic'X' 



_ 8^'(2ai) 9'(2nu>) [</>*(2«.>)-f »V2w6>)] +i^»(2itf) i^(2nii) 
" 4[^*(2w)-^*(2»w)J* ' 



'368 Mr. B. Rassell on Modular Equationn. [Jane 12, 

hence, if we denote (2ii»), ^ (2nii») by t«, v, we have 

pT = (ti«- 1;»)' ; - V Q = 8tt«r« (u*+i;*) + (u'O* ; 

p (272)* = (uvttV)' (uV)» ; 

and, if F (u, v) be the Jaeobian modular equation, the repalt of ihe 
above sabstitution is, therefore, the product 

F(u, v),F(u, -v) =0. 

In Ruch cases as n = 37, 61, it is therefore easier to find the Jaeobian 
equation than that of the class principally dealt with in this paper. 

Complex Multiplication Moduli. 

16. I shall now explain some methods for obtaining the valaes of the 
moduli for which w = \/— ?*, where n is any integer. The function 
of the moduli which we determine is 



vltW, when n belongs to class I. or 11. ; 



^/4lci7, when n belongs to class III. ; 

2icic\ when n belongs to class IV. ; 

and we have seen that, when n+1 is divisible by 3, the equation 
reduces to one for determining \/l6*cie', y/4iKKf v2kk% according to 
the class to which n belongs. It can be readily seen, however, Uiat 
whatever be the value of n, unless it be divisible by 3, the equation 
for detei*mining the moduli can always be reduced to one for 

^/l6fc.K', in classes I. and II. ; 

\/4Kie', in class III. ; 

i/^KK^y in class IV. ; 
and, in the last case, the equation is always reciprocal. 

The reason of this is very simple. We saw that from any modular 
equation of order n can be determined the moduli corresponding to 

«= V— (n— 4p*); 

hence, if n belongs to cla.ss I., II., or III., we find some value of p for 
which n + 4p' belongs to class I. or II., is prime, and such that 
n + 4/;' -1-1 is divisible by 3 ; and therefore the modular equation of 
order n-f-4/>' reducible to form 
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This being possible, we can always obtain equations to determine 

-y 16k-*:' in the first three classes. 
If n belongs to class IV., so also does n-f 4p^, and in this case we 

can therefore reduce onr equations so as to determine v 2kV. 

A few examples will make the theory more clear. The results for 



w 



= y-43, y-5y, ^-67, v/-79, a/--95 



can be deduced from the modular equation for orders 47, 383, 71, 
143, 239, respectively, each of which belongs either to class I. or II., 
and n-fl is divisible by 3. Again, the results for 



a; 



= v/~13, v/-25, \/-37, y-61 



can be obtained from the modular equations of the 17th, 29tb, 41st 
and 257th orders, respectively, and therefore in each of these cases we 

may expect equations for v^2kV. 

17. Having explained the nature of the simplest funch'on of kk in 
terms of which the complex multiplication equations can be expressed^ 
I proceed at once to show how in practice they are to be determined. 

If the modular equations of the mP^ and n^'* orders be written 

i^n(Oi, «) = 0, f; (0,120=0, 

., ^ w-l-16r -^ 0, 4 1G» 
then 12i =x , 12 a= -^ . 

And if we assume O = 1-2/, then we have 

01 



01 = wm^ — 8r— &»w+ V — [mn — (m7t^— 8r — 8m«)'j ; 

and thereforey from the modular equations of the m^^ mid n^^ orders^ it is 
possihl.H to deduce the values of the m>oduli for all those values of o> given 

by the equation 

« = p + V — (mn—p^). 

A very beautiful set of examples is the deduction of the equations 
for \/2t:K ov y2icK', where w = •s/^ — Jl^ \/— 73, -/— 61, \/— 41, and 
\/--13, from the modular equations of the lltli and 7th orders. 

Modular Equation of 1th Order, 
18. The usual form in which this equation is written is due to 



Gutzlaff, and is Vk\^ VkK' -1 = 0. 

VOL. XXI. — NO. 393. 2 B 



370 Mr. R. Russell on Modular Equntvms. [June 12, 

I recently found that it could bo written in the form 

,eX' + /X = V'l V^k'KkA: (^2i^'+ i/2)JC), 

which can be at once verified by means of the " q formulflB.** 
It is more convenient, however, to deduce it directly from 

yvA+yK-X= 1. 
Squaring twice, we get 

irX + ifX = 1-2 v/2i» + /" if t = v^iJUX, 

and (kX' + h'X)' = 4 v/2^»-10^*'+ J,v/2(»; 

therefore 

(2«'-+ 2U7 = i* (2 ^/2-i>^^-2 a/2^«)(2 v^2-8^*+2 v/2/«/. 

Putting (2cil')* + (2 vX')* = G. 

and v/'2v/2-5^'»-|-2%/ 2/ = *, 

we have 

and therefore 9 = /**, 

or v/2 t ( v^27/ -h y 2XV) = a' + .:'X. 

19. Moduli corrcRpondiag to 

If we take m = ll,n = 7in the general theory, then, in order that 
mut—SrSms = 2, we nmst Iiave f = 2, and with t = 2 we have 

vm t — >^r — Sins = 2 or — 6, 
and therefore w = 2 -f v — 73, - 6 + v —41. 

Since < = 2, the movliibir equations must bo written 

ya-H vVA'-f2y4~a'^X = I (I), 

('*- yTx + ya' = 1 (2), 

and, if we put v/4*:A«.'A' = r^*", we have from the former 

and K-X' + *:'A= /- 2 (2r + 3r»-h2r*) (3), 

and from the latter 

k'\-^k\' = 1 -f 2 v/2 rM- r*^ 

and k\ YkX' = v/irrv/4>/-Jr» + 10r* + 4V'2~T^ (4). 
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Proceeding as in the previous paragraph, we deduce 



-y2«:ic'+ y2A\' = - v^-lr* y/2 v^2-h5r»-|.2 v^2r« 

= - -i;-(l + 4r« + 4r* + r«) (5). 

Now, from (3) and (4) we have for r the equation 



l+2^/2r»^-r«-^/-2(2^ + 3^»+2/) =0, 

which, on putting r-i = -^, becomes 

r V 2 



[p-(l+3v^-l)] [p'+(l-v^-l)p-2(l-v/=T)] =0, 
the factors of which correspond respectively to 



= 2+-/- 73, -6+^/-4^ 



Taking p = 1 -|- 3 \/— 1, we have 



y2icic'+ y2XX' =-;;:~^a + 4r«+4T*+r«), 



and, since r* = v^ici/xX^ 

— + >i==--J-(l4-4r« + 4r*+r«); 
2kk-' y2XA' rV2^ ^ ^ ^ ^' 



V^2<k-' y2XA 
therefore 



= -45, 

Therefore — -. h i/2Kic' is a root of the quadratic 

v^2<" 

In this result we must recollect that 



yK' = (2+ y-73; = e**' ^ ( v/^73; ; 

2 B 2 
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hence, if « = \/2^* (\/-73) >//*(v^-73), 

then i = — To'+^Y 

and therefore we have, for »H = f , the eqaatioii 

(i«_2)«-45 (^•-2) + 50 2= 0, 
or C*-49r+144 = 0, 

which breaks np into the factors 

(r-5f-12)(f*+5f~12) = 0, 

1 5-1-^73* 



giving ^2kk + 



•^ -ICIf 



where ylf=^^/— 73. 

(See Greenhill, Proceedings, Vol. xix., p. 863.) 

The factor 

p^^p (i« v^ZT) -2 (1- y^) = 0, 

corresponding to 

w ^ V — 41, 

may be similarly dealt with. We have 



V2kK'{- V2\\' = - ^7^ (H-4r« + 4r* + 7«) ; 



* This example might have been more easily solved by taking into account that 



\/2ick' + v^2AX' = - ^^^^t2 / 2 v/2(t3+ ~-\ +6, 

where the part inside the radical is (3 — 6 \/— 1)-. We could thus get directly the 

equation for \^2kk' + . I may also notice that 

v2kk' 

gives for t the quartic t* — ^2 -r* + Tt^— v/2 t + 1 = ; 

and, if we find the equation whose roots are T2T3 + T1T4, T3T1 + T2T4, tiTj + t^t^, we 

obtain (C-2) (f2»5f_i2) = 0, 

the quadratic factor giving the values of 

1 



V2kk' 



+ V2ifK' for «« v^-73. 
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therefore 

r* V V 2AA' ^ V 2rK' / 

= r^+y -2- [2 v/2rr«+ -^)+&]. 
Expressing 

and T*+ -1 -2- [2 ^2 (r»+ i-) +&] 

in terms of p, and redacing bj means of the equation 



p'+P (1- ■/-l)-2 (1- v'-l) = 0, 
we easily obtain 



T^ + ^2<.' and ^^^ + y2AX' 
as roots of 

(*-( [f (7 +-3 v/^)-3- y^] 
Solving for p in terms of (, and substituting in 



p' + (l-v^-l)0.-2)=0, 
we obt9'in 



2 [r + (3+ V^^)f-10-3^/-l]* 

X [(7 + 3 V"^) f-13-9 v^^] (1- -/^) = 0. 
\i^ is remarkable that the imaginary qnai^tities disap^wc It^nsi^^lc^^ 
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and leave for v^2ici:' + ,y- — ; the equation 



where yic = (-6-f \/-41). 

If, however, 

y le = y-41, 

1 



then for a? = V2*:«f'+ ,.- — ,, 

v2kk 

we have the equation 

^*-.ll;5»-47;s'-21;5 + 46 = 0, 
or (2««-ll2! + 15)«-41(3;5-l)*=0; 

hence, if ar = y/2i:K + -/-—-,, 

we have for x the equation 

2a5*-(194-3 -v/il) aj' + 45 + 7 v^41 = 0, 

or (2a:' + 7+ y4l)'-(r,6-f lOv/il)*', 

or 2»«~(5+ /4i)aj4-7+ v/fl = 0* 

20. Moduli corresponding to 



w = v — t)l. 

This is the most beautifal example of all, and can be solved verj 
shortly as follows : — 

Since in this case 

mw^— 8r— Sww = 4, 

we mnst take ^ = 4, 

and therefore O = 8 — . 



01 



We have, therefore, to solve between 



^/KX + >/k\' + 2 V^kXkX = 1, 
— \/k\ -\- \/k\' = 1. 



• This result ib due to \ViA)ur. l^^viVi ^xvi^tAiUl., rroceedings, Vol. xix., p. 363,) 
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Putting v^4icXi:V = r, wo have, by squaring, 

icV + k'X = =t V'2 (2r-3r»+2r*),» 
KX' + if'X = l+2v'2r»-hr«; 
henco r«-2v'2r* + 5 v/2r»-2 V'^r + l = 0; 

or, denoting r-|- — bj ^, 

we have 0*-2 v/2«^ -3^+9 v/2 = 0. 

In this case, the modular equation of the 7th order may be written 

v/A. + v/2AA = - ^^ 7i;;wr'= - ^72 — ' 

therefore 

1_ 1 _ _ l-4r'-h t r*-r<* 

v/2^' V2Xa' r*^/2 

and therefore 

1 



= - ^'2kk + ^-==- - ^2AA' 



If we denote the three values of 77==7- v^'Ii^by z., z., z., and the 
three corresponding values of d by 0„ ^„ Oj, this last relation becomes 

with similar expresbions for z^-^z^ and i?i+«j; from which we easily 
obtain jjj -|- jz?, 4- «, = 30, 

and therefore 

«i=30+ -^(20e,-9tfJ + ^). 



* The upper sign corresponds to « = v^ — 61. The lower sign being taken, the 
scxtic for r breaks into factors 

which rorrespond, respectively, to » = \/ — la and v^— 77. The quadratic factor 
leads at once to the equation 

z^-z (23 + 8 v/lT) + 4=0, where » s -i-:^ - VwT 

\/2it<c' 
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Bat, inasmuch as the most general rational fanetdon of one xx>ot of 
a cubic can be reduced to the form ^, we easily find 

Substituting this value for 6 in 6'-2v/2«*-3e> + 9v/2 = 0, we 

have, for z = — ; 4^21!:*:' 

y2*:ic' 

the eqniirion 2*— 30z' + 9'— 18 = 0, 

— a rasuU already obtained by Professor Groenhill from Hormite's 
Method, und coramunipatod to me dui-ing the month of April. 

21. Moduli correspoiuUng to 



w=v/-l61, v/-i57» -vZ-li^, a/- 125, -/-97, %/— 61, v^-17. 

If we deal with the modular equations of the 7th and 23rd orders 
in a manner similar to that in which we treated the 7th and ilth, we 
shall deiive results corresponding to 



«='/-lGl, y-157, v/-14o, y-125, v/-y7, ^-61, %/— 17. 
Reasoning in the same manner as before, we see that when 



/ = 0, w =s v^-ltil, 8+ -/-97 ; 



f=2, 6» = 2+'/-157, 6-fv/-125, lO+y-cT; 



^ = 4, « = 4-1-%/- 145, 12-h>/-17. 
With ^ =^ 0, the modular equations become 



VkK-^ t/* V-h v/2 74:kXj:'X = 1, • 



4/ \/ 



A'-|-tVA = l. 



Denoting \/4k-Ajc'\' by r, Professor Greenhill }^as determined 
{Proceedings, Vol. xix., p. 349) the equation for 

r+-l=y2y, 

r 

viz., 4/-32/H-l(X>/-1602/'-hll3?/'-24t/-h9 = 0, 

which he informs me breaks up into factors 

(2/-6y+9)(2y*-10(/»+lly'-2y + l)=O, 

corresponding to w = 8-f v/ — 97, %/ — 161, respectively. 
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The first factor reduces to 

r*-3v/2r»+llr*-3v^2r + l = 0, 



and, on finding (as in the case qf w = v^— 73) the eqaation whose 
roots are Tj r, + r, r^, r^r^ + t^ r^, r, rj + r, r^, we obtain 

(£-2)(?-95-4) = 0, 

where £ = -r— -- + y/2Kt:' ; 

, ., . 1 , 6/^—7 9H-v/97 
and therefore ttt^-- "t v xici: = . 

t/'lKK' 2 

The second factor is treated bj the same method as that adopted 
in the case w = y/ — 41. 

22. Moduli corresponding to 



w 



= 2+v/-157, -6+V^-125, 10+v^-<51. 



In this case ^ = 2, and therefore the modular equations are to be 
written 

ya+ y*:X+ y/2 V4Kk/x: = i, 

e*-y?X-hy;^ = l; 
and denoting, as before, \/4kXkK' by r, we have, for r, the equation 
(l-4^/2^-fl2^«-.10^/2r* + 12r*-4^/2^» + r•)* 

+ (1-2 v/2e»''r»-r«)« = 1 +r", 



and ( v^2<ic'-f y2AA') V2t = -(icA + i:X) 

= -(l-4v/2r-fl2r»-10v'2r»4-12r*-4>/2T*-hr«). 
This equation of the 12th degree contains factors corresponding to 



01 



= 2+a/-157, -6-hv/-125, and lO+v^-bl. 



23. Moduli corresponding to 

w = s/~^T, y-59, a/^^ y^Hu 

If in the modular equation of the 17th order, viz., 
(,,_n)'^~10 ^2(v^uy (yuvuy(vuy-4:^4>(vuvuy{vuy 

-8 •/2C«tttjVV>iV ^^, 



I 
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where tt=^(ii»), i; = ^(0), and O = ^^^^^^ , 



we sappose w = 2r— 

we easily find that 



n 
1 



12 + 1' 



2 
Taking « = — 1, r = 1, n = 17, we have 

Of = and li +1 = — 



w-2' 



hence ^'^ $;[§] = *(-)' f^=^-*>(-)' 

or v = e* - -, t; = — . 

u u 

If now we assume — = ^, we have immediately 

u 

v! = e-**'tt'^, V = — , uv = e**' wf* ; 

u 

whence, suhstitating in the modular equation, we obtain the equation 

(1-.^)«4.10 y2 (l-^)«i»V^*"^-4 l/4^^V^^')+8 ^2 Pe*(*-') = 0. 

Let us examine what t really represents. 

<• = ii = et--^ = «»•' : ^, ;- where ,, = v^^Iso": 

.b.„,„„ . = ..- -1^ 

( modular equation of second order is \ , ; = — r:r ^ v *^/ ^ 
or i^Tzz ^ 



^2 (^ (<r) i/' (<r) ^W 

We have, therefore, for r = ^ — ^ , the equation 

V 4*:ic' 

(l-r'/+ 10 v/2 (l-r«)»r^'-4 y.irr'7-h8 </2r" = 0, 
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which breaks up into the factors 

and r»-2^4r«-t-2y27^-r«+y4r'*-2 >/2r*+r>- -/4r' + 2 y2r-l, 
corresponding, respectively, to 



w= y-19, y-43, y-67, V^-59. 
(See Greenhill, Proceedings, Vol. xix., p. 311.) 

The Equation of Srd and oth Orders, 
24. The equation of the 3rd order is 

yicX+ -v/la' = 1, 
whence it immediately follows that 

icX+ic'X'=y4icX*:'V, 



or (i:y-^K\y = 1 +4icXicX-.(l- -/SXiTV)' = 2 y4icXie'X', 
awi therefore the equation of the Srd order may he written 



KX' + ic'X= v/2 y4KXic'X'. 

The equation of the 5th order (n + 1 ^0, mod. 3) is remarkably 
simple when expressed in terms of icX', k'X. The asaal form in which 

it is written is 

cX+ic'X' + 2 y^ick/y = 1 ; 

therefore («fX' + k'X)« = ^"-4^+4^*, t = v^iixTV, 

= (2^«-0*; 



hence kX'-^k^X. = 2t^^2 ^/kXk'X' ; 

and therefore equation of the 5th order is 

^'kK' + v^i?X = a/2 !y4icXjc'X'. 

If we combine the equations of 3rd and 47th orders according to 
the general theory, then, in order that 

mn^ — 8r— 8m« = 2, m = 47, n = 3, 

we must have ^ = 2, and then 

mnt — Sr—^ms =2,-6, or 10; 

and therefore «= 2-f -Z^^?, — C-|-v/-105, 10+^-41, 

and O = 4 ; 

III 
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therefore the modalar equations are to be written 

P«-.4Q-(4E)*P-2(4E)»=:0 (1), 



Xic+XV= >/2e»- y4cXcX (2). 

nationalising (1) and replacing Xr-hW by v'2c*^^, where 

t = !y4cXic'X', 

wo have an equation in t of 12th degree corresponding to the yalnes 
of w given above. 

25. The discussion of the equations of the 3rd and 23rd orders leads 
to the valacs of moduli corresponding to 



«=y-69, -vZ-GS, y-SS, ^-33, V'^. 

If ^ = 2, tbei^ taking m = 23, n = 3, we have 

mn^-8r—8w«= 138- 8r— 184 = 2 or —6; 



hence we may expect 2+ >/— 65 and — 6+ -v^— 33L t^ make their 
appearance simultaneously. 

The modular equations are to be written 

v^kX+ v^'+ y/2 ^4i^x7r = 1, 

icX-hicX = ^2 e*" -yi^^TV or - Vi^X^- v^«^' = 1. 
Squaring the first twice, we have 

ifX+ic'X' = l-4v'2^ + 12i'-10v^2<''H-12**-4v^2^ + ^;. 

hence the equation for t is 

^--4^/2^-fl2<'-10v/2^-hl2^♦-4>/2^+^=^v^^^ 

Putting ^+7=^' 

this equation reduces to 



of which the factors correspond to — 6+ v^ — 33 and 2+ '>/ — 65, rQ^ 
spectively. 



From the equation — v^ic'X -f- vkX.' = 1 
wo dcduoe, by squaring, c'X-4-«X' = 1 + tf 
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and icA + kX = \/^<»; 

theref oi^e 2ick + 2AA' = -/^ ^ ( 1 -f ^), 

and 1 + 1 =y3-2l-Hr 



2kk 2AA' 



9 ' 



therefore &.'+ £, +2AA'+ ^. = ^-2 (*'+ ^ ) (^+ 1) $ 

and therefore, exactly as in the case of v^— 41, We shall get an e(\tisL- 
tion of the 4th degree for -— r 4-2i:«:'.* 

2lCK 



The case of «=y-33 

need not be separat'Cly discussed, as the results arc well known (see 
Prof. Greenhill's paper). 



26. Moduli corresponding to « = v^— 53. 

Taking / = 4, we have, since 

0=±8- — , 
(II 



yicA-h yicx-h -^2 iy4icx/x' = i, 



kX + ic'X' = v/2 y4icXic'X', or v^ie'X+ -v/icX' = 1 ; 

hence, as in the last case, 

l-4^/2^^-12^-10>/2/»+12<*-4>/2^^-^ = -^/2^^ 

therefore ^•-.4'/2^ + 12^*-9N/2^»+12i'-4A/2 ^ + 1 = 0; 

1 \l 

or, putting ^+ — = -— , 

we have ^— 8i/r' + 18\f/— 4 = 0, 

also 2kk' + 2XX' = — >/2 i» (1 - ^*), 

and -1- + -^_ = - v/2 ^~- ; 

2i:jc'^2XX' t^ ' 

* The result for » =» ^/— 66 may be written ^^ -. - *v^2kJc' = v^S + V^CS, 

ami may be obtained by combining the modular equations for « = 6 and « » 13. 
(See GroenhiU, Froceediiigsy Vol. xix., p. 332.) 
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therefo„i-2„'+A..-2U-=y2.[^+i-(<-+^)] 

and, employing the same process as in the case of 

we obtain a cubic equation for - — : —2ick\ 

As explained already, these equations arc not tho compIet'O solu- 
tions, as we know that, in the case of 



cii = \/ — G5, 
we obtain an equation for .^ — v^^*:^'; and in the case of 



w = V — 53, 
I have already given the equation for ^ — v^2«:ic'. 

[27. In Art. 15, it is shown that the Jacobian Modular Equations 
for n = 4p-|-l may be derived from those expressed in terms of P, Q, 
B, by putting 

pP = (ti* - vy ; - V Q = 8t*V (tt* -I- V*) + (uVy ; 
p»(2i2) = (uvuVyiuv'Y; 



or 






1-.'« \ 4 



\ UV / 

where (^)'+ (M'r+ (-)Q+E = 0, 

2 
or — = 1, — fcX, — k'A', 

P 

and it is there remarked tliat, if F (m, r) = be the Jacobian Eqaation, 
the result of the above substitution is 

Fin. r)- '''('^ -v) = 0. 
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Now, since F (u, v) . F (uy — v) = (n*— 1?')""^*-|- ... ^it is easy to see thai 
F {Uy v) = takes either of the forms 

(w2-t;')*^"^'^-H... = or (tt-t;)"^»-h... = 0, 
and these respectivehj correspond to 

n = 4(2/? + l) + l and n = 4(2p) + l. 
For in the former case (?t— r)"** is obvionsly not rational in q. 

28. In the transition from the P, Q, R to the Jacobian equatioDS, it 
is important to notice that P and It iire perfect squares ; and, iu 
particular, that P is the square of li*— v*. 

We may, therefore^ when n = 8p-|-5, expect to find that the P, Q, It 
modular equations can be expressed as rational algebraic functions of 
-v/P, Q, \/^, and when 8p + 5 = 0, mod. 3. in terms of the quantities 
v/P, Q, v^-K. In other words, the equations for n = 13 and n = 29, 
which we have already determined, oaght to reduce to the difference 
of two squares. 

Such is the fact. We thus obtain, 

for n = 13, 

P» (P« + 256i?) = (32E)* (IIP*- 64(2) = 0, 

and for n = 29, 

P* [F + 17P (32R)*-9(32E)«] 

- (32E)*[9P«-64Q-13P (32i2)*-|-15 (32E)'] = 0. 

The existence of the cubic for p in the previous article arises from 
the fact tliat the Jacobian modular equations may be obtained from 
those iu kA, k\' by any one of the three substitutions 

... 1 -u* , 2u^ . 1 -V* .. 2t;* 2 

(3)K = -l=l^--,.'=l±-r*; X = -l^^,V=l±f*;p = 2; 
^ ^ 2v/-l..^ 2i*« ' 2v/-l/ 2t;» 

and, if the substitution iu (3) be adopted, we may accurately 
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express P, Q, B in terms of n, v, as follows : — 

ygp = "^^ or ^2 (7m^2J-2 = ("—?)*, 
uv uv 

{^uv) \ uv / 

\ uv I 

and hence we infer that, if in the modular eqnation of the n*^ order 
(w = 8p-|-l) we eliminate Q by means of the identical relation 

P+Q + i2 + l = 0, 

the resulting equation will break into two factors, each of which will 
be a rational algebraic function of ^liy v/P-|-2, and, when 



8;? + l = (mod. 3), of J//?, v^Z^ + 2. 

There will be no difficulty in verifying that the equation of the 17th 
order (see Art. 5) may be written 



4(32i2) -12(32S)*+12P+32dbv/:i(P+2)[2(32B)»-2P— 16]=0. 

29. Modular Equation for n = 53. The ^ye coefficients which we 
have already determined in Art. 12, enable us to write the eqnation 
in the form 

P* [P*+ (32B)* (413P»- 2''PQ) + ... ] 

-(32!2)*[35P*-2«.17(2P*-h2"Q' + (322e)*(aP» + 5PQ) + ... ] = 0; 

and if in this we put 

yx = e*" y/, -v/X' = v/ic, 
or, in other words, 

P = -l, Q=-7i, 

we obtain factors in (32 B)^ corresponding to 



w = l-h-/--52, -3+>/-44, 5-f'/-28, -7+%/ -4. 
Now, in these several cases, what does (32P)^ actually represent? 
In the first case 



(327?.)i= V:i'2 (^(H-v/-52)v;/(l+v/-52)}i 

= -y^y32(J^)^ 



snppose. 
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In the other three cases, identically similar results are obtained. 
The equations in jc, corresponding to the four values of w, are, 



for 01 = 1-f v/-52, x*-l6x''-\-9J-2x-l = 0; 



for a> = -3+v/-44, a^-12ar'^-|-8^*~14B»-fl2aj'— 4«-2 = 0; 



for «.i=5+v/-28, x^-6x + 2 = 0] 



for 1.1 = — 7-H>/--4, a;— 1 = 0; 

hence tlie product* of these four factors must be equal to the result 



of putting y/r = v/-l, Q= -B and y32ii= - ^!^—^ in the 

modular equation. Equating these results, we obtain the remaining 
coefficients, and arrive at the formidable result for n = 53, viz. : 

P^ [P*-h(32jK)* (413i*-2^^PQ) + (32iiJ)^ (3823i^-2«. lOlQ) 

+ 2". 703^7^ + 2280 (32ft)»] 
= (32E)^ [35P*-2r 17P*Q + 2"QH (32E)S (1941P»-.2«. 75PQ) 
-h(32JO^ (5077P'-2«.47y)-h4648 .32EP4-480(32E)*]. 

30. Modular Equaturn for n = 9. The equation in this case is 

P«+32E (64ai^-14P»)-3 (3210' = 0, 
which breaks up into the factors 

where the first factor corresponds to the Jacobian modular equation, 
and may be written 

lOttV (tt^-f v — uv) 

In genei-al, when n = 8p-hl, the Jacobian equation is the easier one 
to obtain directly. 

31. Modular Equatiou for n = 35. In this example, n being of the 
form 8/;» + 3, the modular equation will. belong to Class III., and one- 
fourth tlic sum of the divisors of 35 will be its degree. We may 

* The product is 

a;i3_3.5j;i2 + 413J-"- 194 l:c«'-f. 3823ir9-5077x«+ 6624x'- 4614^" 

+ 2248a^-330x*-202a;3-f-94*3-f- .—4. 
VOL. XXI. — NO. 394. 2 C 
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therefore assume the eqaation to be of the form 

In this putting 
we obtain an equation for 



corresponding to w = \/^— 35, 4+ v^— 19. 

In fact, we obtain 

which at once leads to the required result 

P*-h(2B)l (-10P»-h32PQ)+8 (25)5P'-16EP-16 (25)* = 0. 

The coefficients might have been more readily obtained by patting 

>v/X = - y/K\ V\' = Vk, 
Wo then derive an equation for 



This enables us to determine all the coefficients except one, and that 
one can be immediately found from the " q " formulaa or otherwise. 

32. The Modular Equation for n = 95 belongs to Class I., and its 
degree is one-eighth of the sum of the divisors of 95. We may there- 
fore write it 

(P»-4G)*P+(4B)* (aP*+6GP'+cQ«) + ... = 0, 
and if in this wo put 



we obtain a quintic in z for 

(.i = 4-J-\/-79 

(see Art. 7), which enables us to determine 5 of the coefficients. 
Again, if we put yx = y*c', i/X' = \/k, we obtain, for » = v^l6«f', 

(i5»-h;5 + l)» (««+... -l) = Oi 

dorrespoilding tb 

« = 8+v^-31, '•-95. 
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By comparing this product with the result of substitation in the 
modular equation, we derive the equation corresponding to 



w = y-95, 
viz., /-/+ . +^~25*-2J»4-aB'4-2«-l = 0»; 

and the modular equation then becomes 

(P«-4Q)«P-h (4E)*(16GP*-5P*) 

-h4PQ (4E)*-4B (P*+4Q)-5P (4E)^-2(4E)* = 0. 

It would, perhaps, bo easier to find a few coefficients by means of 
the ** q " formulse. 

33. The last modular equation which we shall consider is that for 
n = 119. Precisely as in the case for n = 95, we recognise that its 
degree is 18, and therefore may be written 

P«+(4R)i(aP^-h6P»G+cPG0 + (4iB)U<^^+«-P'Q+/0') 

-h 4E (^P» + APQ) + (4B)* (iP« -hiQ) + (4E)* ZP + m (4E)« = 0. 

Dividing by (45)* P*, and replacing 

?^i *'y i* (l+3'+2*+2'+22'+23"'+33"+.-.), 
(4iC}' q 

:^ by A- (l_32'+35*-23»+2»+23'«-43"+...). 

we easily find 
c = -16, 6 = 28, a = -7, e = 8, d = — 1, ^ = -8, g - I. 
Again, if we put 

>/X = — Vk\ \/X' = \/ic, 

we obtain for = — v^IGick' 

* Greenhill obtains 



y 2 a/6 - 1 - 1 -v/6 + 1 



2 
as the positive root of this equation. 



. '^±J(-i + 4v/v'6 + (v'6-l)v^2^/6-l) 



2c2 
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an equation corresponding to 



This equation is known to be of the 5th degree, and is of the form 
flaking the substitution, we see at once that 

and thei'efore 

j = 4, m=2, Z = ~3; 

t alone remaining unknown. We, however, obtain for the quintic 
(•orT-osponding to 

01 = v^- 103, 

where z = v 16kV, 

which we know must reduce to the difference of two squares with 
integral coefficients. I leave the solution of this problem as an 
interesting example on indeterminate equations. The result is that 
i = — 9, and we have, consequently, for 

/-h2c* + .V-h3z»H-z-l = 0, 
and the modular equation becomes 

/^-f(4/0U-7/'*+28i^''(»>-16iV)4-(4Ze)*P(P'-8Q)(4B*— P) 

-h (470^ (4gi-9P)-3P (4ie)* + 2 (4JR)* = 0. 

The following is a list of the modular equations with -which we 
have been dealing : — 

Class I. 
n = 15, mod. 16. 

r = t/K\-^ tvv-f 1, Q = ya?\'+ t/a;+ V7\\ n = j/a^. 

w = 15, P(P»-4ti) + 4/^ = 0. 
a = 31, (F-4yy-4i'i2 = 0. 
u = 47, P^-4Q-P (42e)i-2 (4E)^ = 0. 
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n = 95, (P'-4g)*P+(4E)i (leyF-SP*) 

-h4P(2 (4E)J-4B (P'+4Q)-5P (4B)«-2 (4ie)* = 0. 
n = 143, (P'-4(2)» P+ ... = 0. 



Class II. 
?i= 7, mod. 16. 



n = 7, P = 0, or ( y2i^-h y2XV) %*:ic'XV = icV+ic'A. 
n = 23, P- (472) * = 0, y cM- y n'V + ^/2 S^iTA^ = 1 . 

n = 71, P»-h4 (4i?)*(Q-P»)+2P(4i?)«-(4i?) = 0. 

n = 119, P»+(4E)*(-7P*+28P»Q-16PQ*) 

+ (4B)«P (P«-8Q)(4fi*-P) 

+ (4B)*(4Q-9P«)-3P(4E)*-h2(4E)* = 0. 



Class III. 
n = 3, mod. 8. 



P = v/rX+ -/i?X'- 1, e = v/kXic'X'- ^/icX- V^icX, JB =s - v^icXrV. 
n = 3, P = 0. 



n=ll, P~(16B)* = 0, V^+y'^' + 2y4icXicX=:l. 
n = 19, P*-112P»B+256QE = 0. 

n = 35, P*-f (16E)*(16PQ-5P»)+2P>(16E)»-16EP-(16E)* =^0. 
n = 43, P" + 16B (-4«Q*+4« . 19Q»P«-4* . 125Q»P* 

-|-4».330QP-286P«) + ... 
w = 59, P*-(16B)*(14P*-144P«Q+256Q*) + (16E)»P(19P»~16Q) 

-16-B (42P«-h96Q)+4P (16B)*-8 (16B)K 
n = 83, F+... , 
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•3 -* 
1^1. -nod. Il c 1 = L IBM. ^ 1 r « = 1« 



IT 



:p 4 w- t 7r - • I V MT- ^^y-^ V^f (<•— 1)=0. 



7 ^ « icuc A. 



^ 9 ' * • * * 



_p^»=o. 



* = 13. P* ' P ^ 2S^:£ " == (:52B;' (ILP-^Kj) = 0. 
n = >>, P 'P^17P(;?±£/-9 (3!iB)*^ 

n = ,S:5, P» r P* -r (32^ j» (413P'-2* PQ) 

* r32B>» r?,^2:3F-2» . lOlQ) -2» 703 RP+ 2280(3210*] 

ifrjZB;* r-^^P*-2«. 17PQ+2"-<? 

^ r32B/ nC^lP*-2* . 7o(;i) + (32E)« (5077P«-2« . 47Q) 

-^ 4*^r48 . 32BP ^- 460 (325)^ ] = 0. 

Complear Multiplication Moduli. 

'»M, f concinrU; the prr-sent contribution with a sbort diacnssioii on 
lh<7 cUjiermi nation of the modali corresponding to 

whon; n = 3, mod. 8. 



1890.] Mr. R BusboU on Modular Equationa. 391 

We have seen that the quantity in terms of which these equations 
are expressed is \/4c#c', unless n be divisible by 3, in which case it is 
V4!KK. If, after Oreenhill, we denote by # the quantity 




4 

we shall find that the required equations have integral coeflScients. 
The six simplest equations are as follows : — 

2«»-l = 0, « = ^/I^3; 

2«»-2«»+2«-l = 0, ftirsyilir; 
2/+2«»-l=0, « = ^/^^i9; 



2^+2»-l = 0, « = '/-43; 



2«»-V+6«-l=0, « = y-163; 

and if for each we determine Hermite's " a " function, where 

(l-256^)« „ (l-16ic'ic^)» 
" 256«** "■ 16«»ic'» ' 

we shall in these several oases obtain 

^ = 0, 2», 2«.8, 2».3.6, 2*.3.6.11, 2».3.5 .23.29; 
or, in other words, the cubic equations in a reduce to simple equations 

We shall similarly find in more difficult cases that the degree of 
the equation in a is one-third of the degree of the corresponding 
equation in s. For example, 

8fi»-16fi^+8/-4s»+8/-4?*+25»-.4«»+45-l = 0, 

« = yi:59, 

gives (f ) -392 (|.)'+ 1072 (I) -1408=0; 

8fi»~8«^.45»+8«*-20«*+22«»-148«+6«-l =0, 
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gives (j)-1740(-|)V200o(-|y- 16000 = 0; 

8/f»+lGs^+32/-h36/»«4-32K^-h2V+18/+8it»-l = ,• 

w = a/— 'ib7, 

gives (~)-79.S0 ("y~69. 800 (-^V-l?. 8000= 0. 

From these resulia it seems clear thai, if 

2«»-ar + /55-l =0, 
when rationalized, produces an equatimi of the form 

256s**+J?«*-l = 0, 

then it is a proper modular function. Rationalizing, we obtain 

25r)^-^*- [ { (/5»-2ri)'-2 (a' -4/3) ] 

-2{(a*-4y3)^-8{/3*-2tt)]]i^-l=0, 
with the necessary cniulition 

{(a*-4/3)«-8(i«*-2n)j* = 82(03»-2a)*-2(a^-4y8)}. 

35. If in this equation of condition we suppose ft known, we get 
eight values of n. As an oxamplis let ns fake /3 = 2. 

The equation of the 8th degree now ohviously contains as factors 
a— 2, a, a-f 2, correspondinpr to w = V— 11, \/— 43, \/— 67, respec- 
tively, and we are left with a quintic factor which breaks into the 
two («*-!- 0-3) (6»-6--3f^-f 4), where a = 20. 

The first is equivalent to 

2if'+(l-hv^i3~)5«-h25-l =0, 
and corresponds to a*= \/— 91. 

The cubic factor with tlisfriminant —83 coiTesponds to <tf= v^ — 83. 

The modulus equation, therefore, for w= >/— 83 is 

08-^_3«^4 = 0, where = 2-^±%zJ:. 



* This result was obtained by treating the equation of the 29th order (see Art. 28) 
in the manner adopted in Art. 23. The factors for 



w = v/-llo, \/-91, \/-()7, V'-aSi 
divided out, and tho ec^uation given above alone ^emainod. 
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Professor Greenliill (Proceedings, Vol. xix,, p. 312), by employing 
Hermite's method to the modular equation of the 23rd order, obtained 
an equation of the 24th degree in «, which contains the factors 

corresponding to ui = v — 91> v— 83, v — 67, v— 4i^, v — 11. 

Recognising that the equations for w = \/— 11, v^— 43, \/ — 67, 

\/--91 were expressible in the form 

l--2£--2«*-2s»_ . 
2f^ " "" ' ' 

for different well-known values of /3 he assumed that the modulus 
equation for 

«=V^-83 

was a cubic function of the same quantity. The solution is a very 
biilliant one, especially when we consider that it is absolutely the 
only case in which such a series of coincidences arises when a modular 
equation is treated by Hermite*s method. 

The roots of all equations such as the equation of the 9th degree for 



«=-/-83 

can be expressed in radicals, and " Greenhiirs auxiliary functions " . 
supply us with the very simplest method for attaining that end. 
It was the consideration of the idea embodied in the above solution 
which led me to the present point of view. 

36. As another example, let us take a = /3. Here we have an 
equation of the 8th degree in /3, which obviously contains as factors 
/3, (/3— 2), {/3 — (1 ± Vh) ] , corresponding respectively to 



w = >/-3, v/-ll, y-35, and \/-4-» 

leaving a quartic factor which breaks into two quadratics, giving 

i3 =:3±v/5. 



corresponding to ci»=v — 115 and W ; 

and i3 = 3 ± ^/I7, 



corresponding to « = v^^l87 and \/ — r. 
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In this caso we observe that " Greenliill'B anxiliary 



37. Again, taking 



for tbo aaxi1iaT7 f nnotion, wa have for /3 an equation of the 8tlt d 
whiob brcak§ into tho factors 

oorrospoTuliag, roapectivelj, to 

w = -Z^, ■/^^, ■/^2ii, -/-ass. 

bo ohoeon oa aaxiliary faootion, we obtain 

oorroBponding to w = v'— H- 

(diaoriminant — 331), oorresponding to 

In a simtlar manner, wo eoe tbat 

2^ +2^ + (7 ±'</6i) 8-1=0 
is tbo moduluH equation for 

. = •=«? or ^If, 

and /3'-29/!'+85/3-66 = 0, 

„ H-V-2H 



where 



2a 



in the niodalnB equation for w ^ ^/ — 907. 

It may also be oanily proved that the equation for u = 
34) may be written 



2s»+: 



1-/3 
and the eqn&tion for u 



.■+2/3.-1 = 0, wiere ^-^-1 = 



l!."+2^.'+2/Ji 



•-107, 

1=0, wkenj /3"-/3-4=0. 



• DiaoriHUBWil* oHJw»* «ftao»i«o — 1\\ »nii — "ft*. 
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38. The moduluB equation for 

a,=y375=:5yi:3 

is very readily obtained by gubstituting for XX' in the modular equa- 
tion of the 5th order the value |. The resulting equation is 

4s«-|-4y2/-2»/2«+l =0, 

which breaks into the quadratics 

2s»+ «'V2 (1 =fc V5)+5 ?/4-l = 0. 
It is remarkable that the solution of these cubics gives 

Vl6A^= (2± ^5) [± 1±|J^ V5-4y2], 

corresponding to «* = 6^— 3 and — —, 

1— 5 5/4— 2«* 
The modulus equation in this case suggests js/q ^ auxiliary 

function, but I have made no attempt to examine what consequences 
follow from such an assumption. J 



On ths Function which denotes the excess of the Number of Divisors 
of a Number which = 1, m^d, 3, over the number which = 2, 
mod. 3. By J. W. L. Glaishbb, ScD., P.R.S. 

lEeadMaySth, 1890.] 

1. In a paper " On the Square of Euler's Series,"* use was made 
of the function H (n) which expresses the excess of the number of 
divisors of n which ^ 1, mod. 3, over the number of divisors which 
= 2, mod. 3. In the present paper I propose to consider the properties 
of this function more fully than was possible in a paper in which it 
occupied only a subordinate place. It will be seen that the function 



* Proe, Lond. Math. Soc.y Vol. xxi., pp. 182-215. See especially pp. 198-201, 
209-212. 
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// (n) \h veiy Kimilar, a8 regards its properties, to the faoction E («) 
whir'h f*xpre8Hefl the excels of tbe number of diTisors d n which = 1, 
nupti. 4, over the namber of divisors which = 3, mod. 4 (Yoh Xf^ 
pp. 104-122). 

2. It is evident that, if n = 3^r, where r is not ^O, mod. 3, then 

JT(«) = ff(r); 

ftnd that, if n = 2, mod. 3, then 

JT(n)=0; 

for Ut tivtiry divisor = 1, mod. 3, there must correspond a conjugate 
divisor — 2, mod. 3. 

Also, if ?* = li^uVf where all the prime factors of u are = 1, mod. 3, 
and all the prime factors of v are = 2, mod. 3, then 

// (n) = 0, 
unless t; is a square number, in which case 

H(n) = y(,u), 
wher<5 y (u) denotes the number of divisors of u. 
if a be a prime = 1, mod. 3, then 

and if r Ix) a prime =2, mod. 3, then 

H(r^) = 1 or 0, 
according as p is even or uneven. 

In general, if 7t = S'a'fc^c' ... r'tfT..., 

where a, 6, c, ... are primes which = 1, mod. 3, 

r, *, /, ... „ „ = 2, mod. 3 ; 

then H{n) is zero, unless p, c, r, ... are all even, and, if thej are all 
even, then 

if(n) = (« + l)(/3 + l)(y + l).... 

Also, if n = n]**i'H •••! where n^, «„ «,»••• *>* *'*y relatively prime 
numbers, then ' 

J5r(n) = H(«,)|r(t4)ff(tg...; 
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These theorems were stated in § 29, p. 199, of the paper on the sqnare 
of Euler*8 Series, and two methods of proof were there indicated. 
The corresponding properties of the function E (n) were proved in 
the first two sections of the paper in Vol. xv., which has been already 
referred to. 



3. From Jacobi's theorem 

nr (1-9") X sin a;Iir (1-29* cos 2x'^^) 

= 2? (-l)''g*"(''*^>8in (2n-|.l)aJ, 

we find, by logarithmic differentiation, 

, 4^ sin 23? , 4y*8in2a; 4^' sin 2a; , 

l-2qco82x-\-q* l-2q^cos2x + q* l-29»cos 2a5 + 5« * 

cos x—Sq COS Sx -h 5^* cos 5x — 7q^ cos 7x -t- dq^*^ co s 9x — Ac. 

sin x—q sin Sx+q^ain hx-^tf sin 7aj-|-g^® sin 9ar— &c. 

Patting X = Jt, this equation gives 

^ l-f6g-h5g»-7 ^*'- -18g^"-lV+13g"-h&c. 

The left-hand member 

= l+6Z^;+6^+62!=^+4c. 
1—2* 1— 3* l—q 

= l + 6H(l)q+6H(2)q*+6H(,3)^+6H(i)q*+&c., 
whence Sf if (»)<?" = i±^S^p::^-X+^f + ^'r+^-. 

Mnltiplying np hj the denominator, and observing that H (n) = 0, 
if w = 2, mod. 3, we find 

= (l-q»-^ + q'»+q«-&o.) 

X {H(l)g+lf(3)9'+If(4)g*+fl(6)g«+JI(7) 2'+&c.{, 



]!>«? Dtl J. ^. L. f^lsJiBr am 'i [Xij ?, 



iit^ ir»Atf3 ID -xxro lie 









— — -^ -^ X *■ 

1 — / — r ^t^'f — Ac- 



^•.Ij-Z"^ r-^"'> i'-^'-fc;i*^ 



^ :-r-V-V ^3r=- 



k Bj ci.^i^iiiz^ va>t^i';r-.a. we obcaun the foOowizig recamng 

(L) If •* = L rj.:.L o. then 
If » i»; -H (^—i) -H < •*-•?; -hfl'^ji- 15> +ir(»— 21)— Ac. 

= or (— l/t2r— 1;. according as » is not of the form 

i (>^r^l)('4r-'l), or ia tniUjJ to ^ (;>r-r l)(3r-r2). 

(ii.^ For all values of /i, 

ir(n)-ir(n-i;— ir(»-2)+ir(ii-o)+ir(»-7)— Ac. 

= 0, if » is not of the form ir (3r ± 1), 
= (-lr'n if n=^r(ar-l), 

= (-l)''r, if n = -ir(3r+l). 

The iinm^jcrg }-(3r+l)(3r+2) which oocnr in the fiiBt foimnla 
un; the iriaDf^nlar numbers which are not divisible by 3. 

Tho numlicrM ^r ('^zhl) which occur in the second fommla are the 
pentagonal numbers, i.e., the thii-ds of the triangnlar niunbera 
which aro divisible by 3. 
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5. The final results in § 3 bear a close analogy to the following 
formnlaB relating to the function E (n), which were given in §§ 7 and 
9 of the paper in Vol. xv. (pp. 109, 110) : 

E(l)q+E (2) ^+E (3) ^+E (4) q*+&c. = IZ'^Z^+^^l^^; 

6. The last formula may be written 

1-4^(1) ,+4^(2) ^-4^(3) ,.+40. = l^^t^^^±^^, 

SO that we have 

l-3g+5g*-7gH&c. = (l + g+3»+3«+g'"+4c.) 

x{l-4^(l)g+4^(2)(^-4i^(3)g»+&c.}, 
l_3^+53«-7g"-l-&c. = (i-23+2g*-V+4c.) 

x{^(l)+^(5) 3+^(9) 3«+^(13)(^+&c.}, 

l-3^+5g»-7g« + &C. = (l-g~5«-|.g» + g»-4c.) 

X {H(l)+H(4)(? + H(7)(^+H(10)g»+<fec.}. 

Expressing the left-hand members of these equations as products, 
we have also 

l-4^(l),+4^(2V-4^(3)^4. Ac. = { fi7^;<;;^><l;^]- } ', 

i?(l)+l?(5)2+JS?(9) 3»+B(13)9»+&c.= {(l+3Kl+g«)(l+3»)...}« 

x{(l-3)(l-3')(l-^)...}«, 
H(l)+H(4)3+H(7)g'+ff(10)8»+4o. 

^ {(l-g')(l-g«)(l-g')...}. 

(i-3)(i-a*)(i-2*)... 

7. It was shown in the paper on the square of Eoler's Series (Vol. 
XXI., p. 198) that 

S? H (4tt+l) 2*"+' = S: 3"' X S!. g"'*, 
Sr iff (4»+ 3) g*-» = r . ?^' X S? J*"', 



•# * 



^'' « * — 



J . . 



. . - » • r 



>CiI iLJ^ X 









*. ' '. 

I 



• 1- -«,■■ 



• : .-. •-*:■ 7^ -.".it '^iH? .'n.'n — T'i*2 luzn.! 



?• TE r— 



trrar^ 3ire xi^£ 



-.jrl. ^ LiUl ^ Llil^XrtU. » 71 !,*«' ^ 



.-■«. 



/• .■ 



.•-V ; J4'. 



iii :»ri:i;:Ji:nc »c 



• B.t 



• - - - . ' - &'. 






/; - 



/•*^' 
-* • fc 



:--.-::.:'-i.-'-Jfc. », 



// 






•lira— ■-!r-*^2»'* — Ac- I 



I; / 't,u.*,.t.it.'/, ♦,/.' v f'*Tf/.'ii;#: »i*Jr. ^.'>v: in tht Ubzt, w»: find 

/.I, X\y""-' X 2', //*•■■ - i2' JfT^-Mn-H) •*> (r (24i*-»- 1 )} 

^H,;i\v-'' /2\//-'* . i2*{//r24«Tl3) + <?(24ii + 13)}f»^*M, 

'" / *',y'" * ^2\v*-' i2; {//^24«-.-l> -/V(24ii + l)} y"***. 

'I Im •' forridilii kKow that th'r ri>irri>f<r of rcprofMintationfl of h nnmber r as the sa 

(i ; fhr iH'iiiiirf. of M rHjrii>H:r 1 OF 11, mod. 12, and 12 times an oneTcn aqoa 

Hi ; Wit K«|iiitff t,\ 11 fiijm)H:r 1 or 11, m^id. 12, and 12 times an eren ■qnnre 

/iM ; Uii «i|ii.iri of »i MiirrilHT 'j or 7, niofl. 12, and 12 timesan nnorenaqnan 

Hv ; Oii> M|iiiiiii of fi iiiiimIht w <i or 7, mod. 12, and 12 times an ev« sqiuov, 

hi ' |//Oi} fi(*t)\ in (i.) .iriil (iv.), and *l {H {n) -^ G {h)\ in (ii.) and (ij 
Only iiiiihImih lli, riintl. 12, ( all 1m) rxprcMWod by the forms (i.) and (iiiOt 
Miiiy ihiiiiImin 1. iriiiil 12, hy th« formft (ii.) and (iv.). These results are e 
iiil'iif ill thii MiiMiitifii Kivi'ii in Vol. xxi., p. 212 (} 60). 



-1 



1890.] Function connected with the Divisors of a Number, 401 
H (I) -\-H (25) q-^H (4:9) q* + &c, 

H (13) + H (37) (? + JB" (61) ^' + &c. 

= 2(l+2+g' + ^+&c.)(H-(Z*+(?" + 3" + &c.). 
Since 

l + (7 + ?' + 9' + 9' + *c- 

= (1^5)(l+2«)(l-3«)(H-5*)(H-5»)(l-g») ..., 

= (l+2)(l + 5«)(l + ^»)...(l-g«)(l-5*)(l-3«)... 
= (l + g)(l-hg«)(l-5*)(l+3*)(H-9')(l-9«)..., 
1 -h 25 + 2g* + 22* + 25»« + &c. 

^ (l +(y)(l-(y')(l-f<7')(l-(y^)... 
(l-5)(H.g»)(l-5»)(H-g*)... 

= (l + 3)«(l-3«)(l+5»)«(l-9*)(l+5»)«(l-g«)..., 

wo may at once express the above five ^-series as products of 
binomial factors. 

9. The series in which the coefficient of the general term is H(m)y 
m denoting any nneven nnmber, may be expressed in terms of elliptic 
functions by the formnlsB 

^cdiE: = A;psn}E: =2^S.X S(m)^, 

kpcniK=: hk'psdiK= 2v/3 . Sr (-1)*^-" Jgr(m)2*- ; 

and the series in which the coefficient of the general term is n(n) 
may be expressed in terms of Zeta functions by the formula 

-pzciK=pzsiK= -L {l+6XS{n)^}, 

where zcac = jTzr^-^-zn (x-\-K-\'tK') = zna; , 

2 A en a; 

tV , / , .xr^ , cn X dn x 
zsx = ~—-^zn (x-^iK) = znaj+ , 

2K snas 

zna; being the same as Jacobi's Zeta function Z (x). 
VOL. XXI. — NO. 395. 2 1) 
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Table of Complex Multiplication Moduli. By A. 6. Geeenhill. 

[Head May 8M, 1890.] 

A complete catalogne of all the nnmerical rcRults in the solution of 
the modular equations for Complex Multiplication, when the square of 
the ratio of the periods is an integer, or a rational fraction, is of course 
impossihle ; hut a list of those cases which have been solved up till 
now will be found useful as a verification of the form and coefficients 
of the modular equations, and also in some cases will serve for the 
determination of the coefficients when the form of the modular equa- 
tion can be inferred from independent considerations. 

It is proposed, then, to give here a list of these numerical results, 
as far as is known at present, embodying the values obtained by 
Abel, Jacobi, Kronecker, Hermite, Joubert, and Weber, and more 
recently of R. Russell and Mathews. 

The numerical results are also presented in more than one shape, 
for verification in case of a misprint. 

Denoting the ratio of the periods of the elliptic functions, K'/K, by 
\/A, and taking A as integral, it is convenient to draw up the list in 
four classes, according to the form of A {Proc. Lond, Math, Soc, 
Vol. XIX., p. 301) ; thus, in 

Glass A, A = 3, mod. 8 ; 

Glass B, A = 7, mod. 8 ; 

Glass G, A = 1, mod. 4; 

Glass D, A = 2, mod. 4 ; 

the class for A = 0, mod. 4, not requiring much separate considera- 
tion. 

Glass A : A ^ 3, mod. 8. 

Here the simplest numerical result to tabulate is Klein's absolute 
invariant J (Math. Ann,, Vol. xiv., p. Ill), or Hermite' s a (Equations 
tnodulaires), connected with / by the relation 

•^="27"' 
2d2 



41^ Wsi 3^ t: reyniniT tm. 



i SHiiOiii: « auLf 



-!i 



r: » 'wrvmmaxi ^itati 'ii -usmi^ ^ « 15 



Aml^f: Ji=z^l^. 7i = ^. 71,=^ r^. 7,-1:= 3^. 

7, = — 2fx*X J^. 

7,-^1 = I (^^^^;\ r;-7, + l = i^63+26^o)», 

A = 43; / = -2"x5». 7, = ^, 7, = 21 •«, 

y,-hl =3*, y,-7, + l =3xrx43. 

A = 51 ; / = - 64 (5 + s/\iy ( v/f7+4)', 

y, = 7 y/'6 (128 -h 31 i/i7) -^ 3' (Kiepert). 

A s r;9 ; a, and therc?fore J, given by a cabic equation. 
Mr. H. HuHMcll finds that the equation for z = 5J^(4«c'J is 

«»-.2»/2«*+y4;r'-/ + 2y2;^-y42*-|-2*-2y2««+2i/4«— 1 = 0; 
and ihnruu3 thai iho cubic equation for 

JN «-.'m2 »/2 a> + 1072 ?/4a-2816 = 

and Uion'foro 27./ +7050J« + 12864/* + 281 G = 0. 
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A = 67; J=-2»x5«xll», y, = 2»x6xll, y, = 217y67, 
yj+lrsS'xT', o^-y,-|-l=3x7«x31'x67. 

A = 75; J = -64y5(31v/6 + 69), y, = 4x6« (69+31^5), 

y, = ^^3 (4352^/6+9729). 
Or, (Russell) with « = V(4xk), 

;5»^. 3/4 26-2 y2i5 -1-1 = 0. 

A = 83 ; a given by a cubic equation (Russell), 

a-1740y2 a»+2000?/4 a*-32000 = 0. 

A = 91 = 7 X 13 ; y, = 908 + 252^13, 
y,= 11^/7 (2yi3 + 7)(5yl3 + 18), y,+l = 9(2^13+7)*, 
y;-y,+ l=3x7xll«{n^i3-h3)}». 

A = 99 = 3«xll; 

a = 2» (4691804316 + 799330632 ^/33) (Weber) 
= (-/33+l)(66+ v^33)«(23+4v^33)«. 

A = 107, a prime ; Mr. Russell obtains a cubic for a, 

a-79x80y2a»-69x800y4a*-17xl6000=0. 

A = 115 = 6x23; 

/=-2«x6^6(167v/6+361)», y,+ l = 3'(6y6 + 13)*, 
y, = (6 ^6 + 13) (378 + 169 v/5) v^. 

A = 123 = 3 X 41 ; not yet solved. 

A = 131, and A = 139, both primes; and requiring, according to 
Russell, quintic and cubic equations for a, respectively. 

A = 147 = 3 X 7*. Then (Russell), with g = !y(4icc'), 

«»-2/+7«*-45-hl = 0. 

A = 155 = 5 X 31 ; not yet solved. 

A = 163 ; a = 2»» . 3» . 5» . 23» . 29* (Hermite), 

/=-yJ, y, = 53360, y, = 185801 -/I63, 

y,-fl = 3'x7»xlP, yj-y,-hl = 3xl9'xl27«xl63. 
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Also, 


2i"-l^+6.-l = 


gi"« 


<=?'(}«•)• 



i = 171 = 3* X 19 ; not yet solved. 
A = 179 ; not yet solved. 
A = 187 = 11 X 17 ; /3 = 3 + ^Yl, 

]-2*' 



and 



V2 . = 'i'(fa') (En«BeIl). 
^-3/3'+/3-2 = 0, 



'2.+ai' 



(Bnssell). 



4 = 283; /3*-4^-l = (Rnasell). 

A = 331; /3'-7^'+9(3-4, (J = 1±?£=^ (Bnssell). 

4 = 427 = 7x61; 

2^+2^+ (7+^61) 1-1 = (Biunll). 
_l + l^-2^ ,„ 



i = 907; /J"-29/J'+85/J-66 = 0, j3 = 



2i 



Claea B. 4 = 7, mod. 8. 

Hera the aimplest function to t«bal&te seems to be vc', or 
v^l6hV, and sometimeB •/\(kk\ when 4 is not a multiple of 3. 

4 = 7; V^ = \, v^ie^' = 1, ;yiB^=l. 

4 = 15 = 3x5; y«' = sinl8°,or.in51° = J(V5±l); , 

ylS;- = i (-/Sil), (Ifcr.')-'- (16"')' = 1. 

4 = 23; « = iXliW, given by the cnbic equation a^+a? — 1 

4 = 31 ; » = v^ldKir', given by the cubic equation ^+x — 1 
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A = 39 ; a; = V\Qkk\ given by the equation 

«*+ 2aj»+4a;*+3aj— 1 = 0, 
or 2aj=-l+{i(v^i3-l)}* 

(Joubert, Comptes BenduSf t. 60), 



A = 47 ; y = yi6K*f' is given by the qaintic equation 

y» + 3y'-f2y-l=0; 
and X = v^ie*:*:' by a^-2ajH2a*-iB» + l = 0. 

This qaintic is soluble by radicals ; the real root, according to Prof. 
Paxton Young, being Wi + t*,-ftt,-f tt4, where, as simplified by Cay ley 
(American Jownal of Maths., Vol. xiii., p. 53), 

10*wi = 2600 (15-f 7v/5)+40 (79 + 33 v/6) -/[^ (6+ ^6)} ^47, 
10*1*, = 2600 (15-7>/5)-40 (79 -33^5) ^{^ (5- y/5)} v/47, 
lO^w, = 2600 (15-7y5)+40 (79-33^5) -/{i (5- y/b)] ^/47, 
10*M, = 2600 (15 + 7^5)-.40 (79+33^/5) y{i (5+ v^5)} ^47. 

A = 55 = 5 X 11 ; then, for 

K'/K = ^/55, A'/A = y(ll -^ 5), 



^/kic'+-v/AX' = 



8 



obtained by the combination of the modular equations of the 5th and 
11th orders {Froc. Lond, Math, Sac, Vol. xix., p. 322), and then 



Vi6icK' = { ^(6^/5-2) -(5- yS) j -4-4, 
t/l6Xv= {V(6y5-2) + (5-v/5)j-^4; 
and then (Russell) 

!J^]W= {y(6y5-2)-v^5 + l}H-4, 



v^l6AA'= {^(6x/5-2)-f ^5-l}-r4; 



so that v^likK and — v^l6AA' are the real roots of the biquadratic 
equation 



2V2»+22-l=0. 



9M Kr J^ 'TT, ^rr*sxm2 a 


















% a' 









A = 71>, Tb(^ (tfizxiion f >r z = i 16<x' i«, from Fiedler's modular 

th^ quifitic e^patioT* bein^ »«J vabk by radicals. This is deriTcd from 
V'uAWrh mo'ialar equation for » = 71>. 

Th#;rj, fU'AiffniiTut to Ka«i«elU the qaintic factor reduces to 



if r = -c» = v^lGiuc'. 

A ^ H7 = ;} X 20 ; not jet .solved. 
A := a*) = r, X 111, (G. H. Mathews.) With y'- = 256 cXcX, 
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and then, according to Russell, the equation for 

is (2a;*-a;»-|-a!H4aj-hl)' = 5 (aj'-f »' + !)'. 

Then (2^'^-^^;r+l)'=(2y5-l)(^^aj-iy, 

L ^ -^ 4 J 16 

whence x = VU5ick or !yi6AA', 

for K7K=y95, A7A = y(19-=-5). 

A = 103; 111=3x37; 119 = 7x17; 127; 136 = 5x27; 
143 = 11 X 13 ; ... not yet solved. 

Class C : A = 1, mod. 4. 

Q— 4<c*jc'*y 
*^...w ^^^.^.vw w ^— — ^; 

so that, if /3 = J ya, /3 = (2kk) -> - 2cc' ; 

and y = v/(/3« + 4) = (2kic') "> + 2icic', v^(y + 2) = (2*0 "* + (2i:ic')* ; 

also denoting (2*:/)"*— (2«:ic')* hj t, 

<»+3^ = /5. 

A = l; /5 = 0, 2icie' = l, /=1, r, = 0. 

A = 5; /3 = 4, (2»cO* = Hv^S--l)» ^ = 1- 

A = 9; /3=8v/3, y = 14, v^(y-h2)=4, 

(2ki:') ■* + (2KKy = 4, (2i^jc')"*-(2'fO* = v^2. 
A = 13; /3 = 36, ^ = 3, (2jcO* = i (v/i3-3). 
A =17; 7=10(717 + 4), y(y + 2) = 5+ 717 ; 

(2ifO - * + (2icicO* = i ( v/l7 + 1) (Weber), 
but immediately derivable from Mr. Russell's modular equation. 
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A =21; /3 = 3(^3 + 1)*, 7 = 32^7 + 18^21; 

2«'=(^^l=v^)*(3rV^)', for K7K=^(21); 

2X\'= (^^^^^y (^^)'' *°'' A'/A =y(7+3). 

The sards in the brackets are written so that the reciprocal is the 
complementary surd. 

A = 25 = 5»; i8 = 2*x3'xy5, y = 322 = 2x7x23, 
y(y-h2) = 18, 5y2;^ = Hv/5-l); 
so that (2KKy^- (SicO^^ = 1, (2jcic')-^ + (2kk)^ = x/5. 

A = 29. Here /3 is given by the cnbic equation 

iS'-SSS/J'- 976/3-3136 = 0, 
and t by the cubic equation 



so that X s= y/2KK is given by the reciprocal sextic 

»«+9aj*+5a:*+2aj»-6jB»+9«-l = (Weber), 

or by 2aj»+9aj» + 8a;+5 = y(29)(ar+l)*. 

This is immediately derivable from Rassell's modular equation 
for n = 29 {Proc, Lond, Math. SoCy Vol. xxi., a paper not yet pub- 
lished), 

2*4- (4E)* (-94P*+ 2« . 3«PQ-2"Q') 

+ (4B)« (2« . 505P»-2». 13PQ) 

+ 4B ( - 2» . 745P« -f. 2^« . 15PQ) + (4E)* P - (4B)* =s ; 

or P» [P«+ 34P (4B)»-36 (4E)«} 

± y2 (4E)* {9P*-64G-26P (4E)* + 60 (4B)«} = ; 

where P = ifX+< V— 1, Q = «:Ak'X'— kX — *:'A,', 

22 = — kA, kX' ; 

on putting «' = A, « = A', and a; = ^"Zkk, 
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A = 33; a=2*x3(75-|-lSA/33)*, 

7 = 10(62 + 1^33), -/(r +2) =3(^/33 + 5), 

A = 37; a = 2«x3*x7*, /5 = 2'x3*x7«, 

7=2x5x29x^37, 

2jck = ( y37-6)» (Kronecker), 
(2jcic')- - (2ic*:0» = 12. 

A = 41. Weber's equation (Acta Math,^ xi., p. 388) for 

aj = (2jc/)"* + (2cic')*, 
is aj«-i (y4r-|-5)«+| (7+ ^41) = o, 

or aj*-5«*+3a?-h3«+2 = 0. 

A = 45 = 3^x5. Here 

a = 2«(17 + 10y3)*, /3 = 2« (17 + 10y3)«, 
7=2^/5 (527+304^/3); 

2..'=(^^)*(v£5^y^ K7K = y(45); 

2XX'= (^^)' ( ^y^ )'> A'/A =y(9-5). 

A = 49 = 7». Here 

a = 2»x3*(3+v/7)V7, 

7=2 (3*x 23+2«x 11 v^7), ^^(7+2) = 4 (v/7+2)« ; 

so that (2ic«) A + (2KV) "^ = ^^^^^ . 

v2 
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A = 53. According to Rassell and Mathews, the equation for t is 



or for X = v^2rc is the reciprocal sextic 

«"+23aj*+12aj*+75jr»-12aj» + 2ac-l = 0. 

A = 57 = 3 X 19. Here 

A = 61. According to Mathews* result (^Proc, Lotid, Math. Soc, 
Dec., 1889, Vol. xxi.), the equation for 

« = (2icO"*-(2icO*, 

is ^»-30^« + 9i-108 = 0, 

or m'-27m'-5m— 1 =0, 

for a = 2«.3*.m*. 



For X = >/2kk\ the equation 

«» + 30x» + 6»*+48aj»-6a?+30a:-l = 0. 

A = 65 = 5 X 13. (Proc. Lond. Math. Soc, Vol. xix., p. .332). On 
combining the modular equations of the 5th and 13th orders, and 
putting 

4k\ kX = x\ 

then aj-» + aj=i(^65-f5), aj-*-ha^ = i (\/l3+ ^5), 

and KK-\-XX = «» (2a;-*-5 + 2«'), 

and then (2kk)-^^(2ick)^ = (2XX')"A + (2XX')'^ 

= l/( ^65 + 8) (Russell), 

for K7K = v/(65), A'/A = v/(13-^5). 

A = 69 = 3 X 23 ; proceeding in a similar manner with 

4/fX kX = x'\ 



1890.] Complex Multiplication Moduli. 413 

wefiDd aj-»+aj=i (3^2+^/6), cc' + A\' = a/2«» (1-a^) 

(Proc, Land, Math. SoCy Vol. xix., p. 332) ; and then (Bossell) the 
equation for 

/3 = (2icic')""-2icic; 

when K'/K =^69, or ^/(23-^S) ; is 

/3«-12y3(2+-v/3)(374+216y3)/3+144(31 + 18V3)' = 0. 

A = 73. We find, by approximate numerical calculation {Proc. 
Lend. Math. Sac., Vol. xix., p. 363), 

(2kO-* + (2kO* = i (v^73 + 5), 

so that y = 4930^73+42120, y(y+2) = 17^/73 + 145, 

A=77 = 7xll; (Proc. Lond. Math. Soc.^ Vol. xix., p. 334) with 

4cA cX = »", 
we find «-> +a5 = y = i (a/22+ -/2) ; 

and icic'+XX' = ^/2aj(l-4aj*+4aj*-aj«)(2«-3a»+2a*). 

Then (RusseU) «*- (23 + 8 ^/U) « + 4 = 

gives z = (2i:ic')"* — (2ici:')*, 

for K7K = y(77) or ^/(ll-^7). 

A = 81 = 3* ; not yet solved. 
A = 85 = 5 X 17. Here 



2kk' 



a/5-i\" /-v/sS-gx" 



2XX- (^)" (^^)', A7A = v^(17.5); 

so that (2icic')"*-(2fO* = i (21+5^17), 

(2U')-*-(2U')*= I (21-5^17). 

A = 89. Here p = 6 (Gkiuss) ; a 12-ic in \/2kk must be expected 
(KuHsell) ; not yet calculated. 
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A = 93 = 3x31; 

A = 97. By approximate calculation (Froe. Land, Math. Soe^ 
Vol. xn., p. 364), 

(2«)"*+(2rc')* = i (^97+9) ; 

^/(y+2) = (2*:0"* + (2rO* = 41 ^/97+405. 

A = 101 ; a prime. Since Ganss^s |> = 7, no simple result can be 
expected. 

A = 105 = 3x5x7; (Kronecker and Weber ; also Proc. Lond. 
Math, Soc, Vol. xix., p. 338), 



K'/K = -/lOS ; 



A'/A = a/(35 -=- 8) ; 
K'/K = y (21 H- 5) ; 

A'/A = y(15 -r- 7). 

A = 109, 113, 117, not yet solved. But 113 should have a result 
of same form as 41. 

A = 121 ; Russell puts \=\' = ^^2, 
in the modular equation of the 11th order, and obtains for 

a; = (2icr)-^'*-(2icO^' 
ar»-2^/2i2-aj-v/2 = 0. 
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A = 129 ; not yet solved. 

A = 133 = 7 X 19. According to Weber (Math. Ann,^ Vol. xixiii., 
p. 402), _ 

2c/=:(^)^(^v^^-/-'^^)V K'/K=v/i33, 
2XX=(^)'(^^7^^^/i9y^ A'/A = v/i9:i:y. 

A = 137, 141, 145, 149, 163, 167, not yet solved. 

A = 161 = 7 X 23. Patting 4icX/X' = a?", and «"'+« = y/2 y, then 
(Proc. Land. Math. Sac., Vol. xix., p. 379), the equation for y is found, 
by combination of the mod alar equations of the 7 th and 23rd orders, 
to be 

4y«_32y«+100/-160i^»+113y«-24y+9 = 0, 

or (2y«-6y + 9) {(26y'-y + l)'-23y*} = 0, 

or (2y'-6y+9) {(2/-6y + 6)'-23 (y-1)'} = 0. 

A = 166 = 3x5x11; according to Weber (Math. Ann.j xxxiii.), 

K'/K = y (166) = -/(3 X 6 X 11) ; 

e 

2XX' = (^y ( >^y3^'(3 ^5-2 yU)' (^+^^)', 

A'/A = y(65 -f- 3) ; 

K'/K = y(33 -=- 6) ; 

2xx'= (^)'(y5W3y(3^5,gyn)'(-^--^)', 

A'/A = y(15 -=-11). 

A = 169 = 13'. According to Russell, when A = n', and n is not 
a multiple of 3, then we obtain an equation for z = \/2kic' by putting 
X = X' = ^ y/2 in the modular equation of the nth degree ; in this 
case he obtains 

a:»-4aj'-ha;-12 = 0, 

for X = (2kk) ~ *'« - (2icKy\ 
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A = 173 ; not yet solved. 

A = 177 = 3 X 59. According to Weber (Math. Ann.y xxxiii.), 

2U-=(=^)"(^^^-2?)*, A7A = ^(69 -=- 3). 

A = 193; (2if|c')-* + (2ific')* = ^193 + 13 (Proc, Lond. Math. Soc, 
Vol. XIX., p. 363). Obtained by approximate calculation. 



A = 253 = 11 X 23 ; (Weber, Math. Ann., xxxiii., p. 402), 

5_y2^\« /9v^-13%/n\» 

v^2 

'5 - y23\« /9 ^23 4-13 y/uy 



2./=(^Z^y( ^v^^^3-13^11 ^'^ K7K=y253; 



2U 



' = ir^y ('^^''V'^^^)> A7A = y(23 ^ 11). 

A = 273 = 3x 7 X 13 ; (Weber), 

o . / v^-3 W y3-l W y7~v/3 ,V 15v/7-llv^ V 

K'/K = y(273). 
A = 385 = 5 X 7 X 11 ; (Weber), 

K'/K = v/385 ; 

^•= (^')" (^')' (^^')" (^%^)'- 

A'/A = v/(77 -h 5) ; 
K'K/ = y(55 -5- 7) ; 

-•= {-i=^)" (=^f^)" (^^')* (^f^r- 

A/A = y(35 -- 11). 
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A = 345 = 3 X 5 X 23. (Weber.) 

o,.,/^/ v/5~l \" f^-ziy / 3y3-y23 \' /7j/23-^16V5V 

K'/K = ^"(345). 
A = 357 = 3 X 7 X 17. (Weber.) 



o ._ / y7-y3 \'* / 3-v/7 \" /< y21--v/17 \<> / ll-v/119 \* 

'^''' - V 2 / v-T""; I 2 ; I 72 / ' 

K'/K = y(357). 
A = 1305 = 3x5x7x13. (Weber, Math, Ann., xxxiii., p. 402.) 

-• = {^' )■ c-^r (^H* {^^r {^-""r 

x(v/i3-.2,/3)»(^%^)' ( -^''J^' y. 

K'/K = y l365 ; 

the other values of 2kk for K'/K = v/(1365) -4- f», where m is a factor 
of 1365, being obtained by an appropriate change of sign between 
the surds of the factors ; so also for A = 273, 345, 357, <^. 

Glass D; A = 2, mod. 4. 
Here Hermite's invariant a is given by 

1 »4 > 
K k'* 

and we put »f'X' = 2^(kX), equivalent to the modular equation for 
n = 2 ; and then introduce numbers /5 and y, given by 

4/(-a) = /^ = (kX)-«-(icX)*, y = ^/(/? + 4) = (icX)-*+(icX)». 
Also, if /3 = 2 cosh 2^ ; then 

2 8inh2^ = y2[{i('^-'-0]*+{U'^-'-0}-*]; 
ic + X = 2 yi^ cosh 2^ ; ic*"-f X*" = 2 (ifX)'^ cosh w0 ; 

-«: + A = 2 ^/i^ sinh 2^ ; -fc^^ + X^" = 2 (icX)** siuh n^ ; 
and then e** = X/ic = v*/u\ 

y = v/2 [ [H<-'-«)}'+ {H<-'-0-»}]. 

in Jacobi's notation. 
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• = L • =0- C=\=:^^— L 






= •. «: 






/^ 

* -^ 



'*?. 



^ ^ 
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fcr A"A= ^ 2^S>. 
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A = 



10, fl = *:•- o»h 2* = 3, siiJi • = !.«: 
c=r rv'2-l/r>T7-3A for El 
X=rv2-^l/(v i^-5;, for A' A 






A = 14 ; then 

«=-2*^^y2 + ll/, 7 = 4^2^4, ^'(7+2) =2+^-^; 

c= (2^2 + 2-^(8^2 + 11;) {^/r8y2-rll)-v/(3^/2+10)], 

K' K = yii. 

X= f2y2 + 2-y (8 v/2 + lljj(y(8v^2+ll)+ •(8^/2 + 10)]. 

a:a= y(2-.7). 

A =18; a=:-2*x7*, 

c;r>iih2f = 7, mnh 2^ = 4^3, C08hf = 2, 8i]ihf=v^; 

c=ry2-iy(^^)*, K7K=v^ = 3v^, 

X = (y2.1)»(^^)\ A7A = y(2^9) = J^/2. 

A = 22; a = -/3* = -2*x3*xll«, /3 = 6yil, 7 = 20; 
ocmh 2^ = 3 yiT, Hinh 2^ = 7%/2, cosh 4^ = 197, null 4f = 42 V^; 

. = (3 yi i -7 v/2) ( -^^" )', K'/K = .^ ; 

X = f3 y 1 1 + 7 v/2) ( "^ ~~- )', A'/A = v^(2 ~ 11). 



e** 
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A = 26. Here y = sinh ^ is given by the enbic equation 

y»+3t/' + 22/H-2 = or (t/ + l)»-y + l = 0. 

A = 30; 
/J = 2^3 (4^2 + 6), 7 = 20 + 12^2, ^^(7+2) = 3^2 + 2, 

cosh 2^ = y3 (4 ^2+5), sinh 2^ = v^lO (3 + 2 ^2), 

'= (^)'(^3-y2)'(y6-y6) (^^)'. 

K'/K = v^SO ; 

A'/A = v^ClO -i- 3) ; 

K'/K = -/(6 -^ 6) ; 

A'/A = y(2 -i- 15). 
A = 34; co8h2^ = 8(vi7+4), 

oo8h^ = i(yi7+3)= ('^«)'+(^*)-*. 

A = 38. Here /3 is giyen by the cubic equation 

j3»~5 -v/2 /3*-2/3-22 V'2 = 0. 

A = 42. Taking Weber's value of /i (^Math. Ann.^ xxxin., p. 402), 
which gives 

i (c-»-K) = i/|»= ( -^2iV3y (2 ^2+ v'?)', 

we find 

j3 = 42 + 16^6, y=16y7+6-/4a, 

cosh 20 = 21 +8 v^e, cosh ^ = 2 -/2+ -/3, sinh ^ = ->/6+2, 

K'/K = >/42 ; 
2b2 









L 



fr — y/, 54, jb-x /« »w»*i 

t, ^ ii: , il ic i'A, yssK y^ (Henahe). Kb i^ = 1. 

» = ry2+i/ri3*'i%-&&), a',a= v'(2-i-29 

4-OZi 7 = 4y2+W+8y(*)y2+113). 

•^, + 2; .♦•2+«+(2 + v'2)v'(*y2+l). 

4 - 70i ' '-«= (y2 + l)'(5^)°, 

r=31«78y2+20160y5 (Weber). 
A (« 74 1 not jfft Nolrtxi. 
4-7H| T-20(13 + »v/2), Ar + 2) =9^2 + 10, 

li if V. y.1 (7rj + r>2y2), imh 2^ = yiS (36+25 y/S 
r'*= (*^13 + 2^/3)'(3y3+v^), 
. ' -. /yi3 + 



(^26+5)'. 

)■ ■. aw+ IRO, a+8.'(1422y2 + 2011). 
,'1, (a).l!v'2 + S+,'(S4/2+ll!'). 
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A = 98 ; not yet solved. 
A =102; lc-^-lc = 2(^/2+l)•(3^/2+^/^7)* (Weber). 

A = 106, 110, ... ; not yet solved. 

A = 130; ,c-'~ic=: 2 ( v^lj" ^ >/l3-h3 y (Weber, p. 413). 

A = 134, 138 ; not yet solved. 

A = 142 ; solved by means of Russell's modular equation of the 
order 71 {Froc. Lond, Math. Sac, Vol. xxi.). Putting 

cX = aj*, «-*-« = v = t^2t; 
then ^-(4^2-1-3) ^+(7+4^2) <-9-6v/2 = 0, 

which has the real root ^ = 3 v/2 -f 3, 
80 that V(y + 2)=v'2^«+2 = 27-v/2+38, 7 = 2900+2052^/2; 

The following cases have also been worked out by Weber (Math. 
Ann,y Vol. xxxin.) : — 

A = 190 ; '^ = (^^y Wio+sy. 

A = 210 ; 
A = 330 ; 

51^ = (^1)" (76+ y6)« (^^5I±^)* (v^+ yio)' 

A = 462 ; 
!C^ = (^^I|^)*( 77+ 76)« (^t±^)' (22 ^22+39^7)'. 



;-«■.-= x..-......^ -! x,£-r. 









Ifii*. kll th* v.I'jti'/Q« f '^r ^ = In •»» he deduced imiHediatc 
Uin vA'iti',u» t'/r A = II, t>v iat«:it M the qcadric timoaforaiat 



whflii iA'/A = K'/K = ar'/r = v'»- 

I A VKiy r<>tfi|ili:b) liHt of HimJlnr numurical resnlta in C 

Miill<|il»'iv wjII Ih^ roiiixl lit tho L-nd of Prof. H. Weber's r 

].iil>lm)i.i>l l-:ili,,li.^l,r FuHftiomn. IKIH. 

IV..t. Wi.l>..r |.i,i.iU out (p. 4'24) thnt A = 235, 267, 403 . 
miiIvkiI ill lltK ■iiiiiK iimnniT an A = itfi, 51, ... 

Mr. ItiiHMiill liiut uIhu t'uuiid Himplu Kulntiuna for A = £) 
HtuI l;tii I 
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Rotatory Polarization, illustrated by the Vibrations of a GyrO' 

statically loaded Chain, By J. Labmob. 

IReadJtme 12M, 1890.] 

The existence of rotation of the plane of polarization of light by 
quartz and certain organic bodies, led in Fresoers hands to the con- 
clnsion that in these substances the waves that are propagated 
witboat change of type are circularly polarized, and that their velocity 
is different according as the direction in which the vibrating particles 
revolve round their circles is that of a right-handed or a left-handed 
screw. 

The analytical modification of the ordinary dynamical equations of 
wave-propagation that would account for this peculiarity was first 
explicitly given by Airy. 

Of strictly dynamical systems possessing the rotatory property, 
perhaps the only ones that have been actually realized are those 
founded on Sir W. Thomson's conception of gyrostatic domination. 
This idea is based on the principle that a fly-wheel, mounted without 
friction on an axis rigidly attached to a solid body, and initially set 
into rotation, modifies the dynamical properties of the solid in a 
peculiar and permanent manner — permanent because the fly-wheel 
conserves for ever the angular momentum with which it was originally 
endowed. A distribution of these gyrostats, scattered throughout an 
elastic medium, will clearly have the eflect of giving rotatory pro- 
perties to waves propagated in the medium. 

In particular, Sir W. Thomson has considered (Proc. Lond. Math. 
S"c., Vol. VI.) the propagation of waves of transverse displacement on a 
stretched chain consisting of straight links, each of which has a fly- 
wheel rotating on it as axis with a certain constant angular 
m(»raentum. 

The object here proposed is to work out in some detail the more 
general case in which the axes of the fly-wheels are not perpendicular 
to the length of the chain. We can, in this case, specify the angular 
momentum attached to each link by its components with reference to 
three axes at right angles, of which one is parallel to the chain. And 
it will conduce much to simplicity to proceed at once to the limit 
when the number of links is indefinitely great ; we thus gain the 
idea of a uniform chain, of mass p per unit length, stretched with 
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tension r, possessed of angalar momentum whose components per 
unit length along the chain, and in two fixed directions at right 
angles to it, are N^ L, 3f. 

It may be remarked that the examination of the properties of » 
system like this may be more than a matter of mere analytical 
interest. For, thoagh the general kinematic features of light-pro- 
pagation in qnai*tz and sngar-solntions, as well as in magnetized 
media, are well understood, yet the nature of the dynamical 
mechanism by which they are prodaced is not known ; the examina- 
tion of real mechanisms possessing similar properties may thearefore 
be useful in evolving general relations common to all such systems, 
and in furnishing correction to ideas that may be entertained on 
general grounds without a sufficient dynamical basis. 

The gyrostatic systems are, of conrsse, the analogue to the action on 
polarized light of magnetized media, but ai'e not related to the rota- 
tion of a molecular character exhibited by quartz and certain organic 
substances. 

Gyrostatic Chain. 

To begin with, a change d in the direction of the axis of a fly- 
wheel carrying a constant angular momentum Q involves a change 
of the direction of this momentum, and therefore the imparting of 
new angular momentum GO to the system round an axis parallel to 
the third side of a triangle whose other sides represent in magnitude 
and direction the initial and final momenta. Hence, when the change 
is continuous, and m is its angular velocity, the system reacts with a 
couple (tcii, of which the axis bisects the obtuse angle between con- 
secutive positions of the axis of the fly-wheel. 

If a solid possesses gyrostatic angular momentum whose components 
with respect to a right-handed rectangular system of axes are L^ Jf, 
A'', and it is made to move Avith angular velocity whose components 
are a;,, tu..^ w^^ this motion is resisted by a gyrostatic couple whose 
components with respect to the axes are 

Consider now a gyrostatically dominated stretched chain referred 
to an axis of z measured along its length, and axes of x and y perpen- 
dicular to its length. Let its gyrostatic angular momentum per unit 
length have components N, L, M with i*espect to these axes. Let p 
be the linear density ; and let A:,, k^^ A', be its effective radii of gyration 
per unit length, i.e., suppose each link of length ^8 and mass pis to 
have the axes of coordinates for principal axes of inertia, and the 
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effective principal moments of inertia with respect to the centre of 

mass of the link to be pki^s, pk^^s, pk^^s. Let the forces at the joints 
between this link and the two consecutive ones have for components 
X, y, Z, and X-\'CX, F-f-^Y, Z-t^Z ; the only conples at the joints 
are those due to the torsion, which mnst be specified directly by means 
of it. The six equations of motion of the link are 

'^§ - '^^ £{' s) '- 

in which ^ denotes the augle of twist of the chain, and /ti its modal as 
of torsion. 

When we pass to the limit, differentials are replaced by differential 
coefficients, and these equations become 

d^x _mcPx dX 
^ d^ d^^ ds' 

^t^^ila.dY 
^ dl' (i^ ^ c/s ' 

dr as dt dsdt 

The diffeitjntial equations of the motion of the whole chain are now 



426 Mr. J. liarmor on Botatory Polarization. [June 12^ 

obtained by eliminating X, F, Z, and are 

^d^^*"ded^ ^d^^dA dt ^ dsdtj' 

The simplest case will be when the breadth of the chain is very small 
throughout, in which case the terms involving A4, A:,, which introduce 
the rotatory inertia of the chain, wonld be neglected, and we may 
wnte K for A:, in the torsional equation.* 

The solution of these equations will naturally represent waves 
travelling along the chain. To allow them to remain of permanent 
type, we will take L, 3f, Ny fi constant. To obtain the circumstances 
of such wave motion, we may substitute 

(«, y, z) = (a?o, yo» ^0) exp. «c (s—at), 
the wave-length being 2ir/c, and the velocity of propagation a. Thus 

a \a J a 

\a /a o 



Lx,-^ ^yo+(^ -p^l(i) *o = 0- 



Hence we have for a the equation 



a 

^ J_ z^ J 

a" 

L, 



T 29 

a 



M 



a 



= 0; 



3f, 



.2 s 



lA^pk^d 



or 



($-,«){ (5 .^:.-,)(5 ...;.-,)-$».} 






• Cy. Mathematical Tripos, Part 11., 1890 (Camb. Ejcmn, Papers^ 1890, p. 685). 
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This is an equation of the third degree in l/a', bo that there are 
three types of motion. 

When there is no gyrostatic element, there are two transverse 
waves, and one torsional wave. If the reciprocals of their velocities 
are Mi, w,, «j, we have 

p \ \ J ^ p \ K J ^ p ** 

If u denote 1/a, the general velocity equation is therefore 
/iT*(n«-ttJ)(u«-tt»)(w«~an-L'rt*«(t*'~tif) 

* * • 4 

This equation determines the character of the motions. We notice 
by the signs of the left-hand side that its three roots are real and 
positive, one lower than the least of u^^ u^, u„ one higher than the 
greatest, and one intermediate between them. Thus, T being posi- 
tive, a disturbance usually starts three waves, which are propagated 
along the chain both ways. 

It may even happen that when T is negative the roots are all 
positive, provided the gyrostatic terms are great enough. A finite 
piece of the perfectly flexible chain may then be subjected to end- 
thrust, and yet will not collapse unless the thrust exceeds a certain 
limit — a noteworthy example of gyrostatically conferred rigidity. 

In the general case, the ratios fl^o * ^o * ^o ^^^^ usually be complex 
quantities ; heuce, in any of the three types of undulation, the links of 
the chain will describe similar ellip<ies transverse to its length, and 
the wave will be elliptically polarized. 

In the case which corresponds to the rotation of polarized light, 
the effect of the gyrostatic influence will be to modify only slightly 
the circumstances of the waves produced by tension and elasticity. 
The nature of the change can, if necessary, be examined by an 
obvious method of approximation. 

We proceed to review some simple cases of the general result, 
(i.) L = 0, If = 0. Here the torsional wave is unaffected; and 
the velocities of the other two ai'e given by 

or u*-(uJ + tiJ+c'2^VT») tt' + iijuj = 0. 

The roots are both real and positive, even when T is negative. The 
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chain will therefore remain straight nnder any end-throBt, However 
great, provided it is applied exactly along the chain ; a result we are 
prepared for by the behaviour of an ordinary top. 

The value of Xq : y^ shows that the transverse vibrations are 
elliptically polarized. The polarization will, of course, become circular 
when A^ = A:, ; but the velocity of propagation will be different 
according as the rotation is right-handed or left-handed. 

(ii.) ^ = 0, L = Jlf , k-i = Af„ so that u^ = t*,. Here 

u = tlj, 

or fiT (w» - u]) (tt» - tiO - iV = 0, 

that is, w*-(t*J + t** + LVA*r) n«+w?t** = 0. 

The roots of this latter are real and positive, even when T is negative, 
provided (^1 — ^5)' numerically exceed L^I^T^ that is, if T exceeds 
L^lfi (uj— Uj)'. So far as these vibrations are concerned, the chain 
could resist thrusts beyond a certain value, but would collapse nnder 
smaller ones ; this anomaly will not however occur, for the vibrations 
of the type corresponding to u = u^ give instability for all throsts. 

The root u = t^j corresponds to a plane-polarized flexnral vibration 
unaccompanied by torsion. The other roots correspond each to a 
plane-polarized flexural vibration accompanied by a torsional one of 
the same phase. 

(iii.) If = 0, JV = 0. Here 

or {xT (tt2-.t*p(u'-wp-LV = 0, 

which may be discussed as in case (ii.). 

The root tt = w, corresponds to a plane-polarized vibration in the 
plane containing the gyrostats. The other roots correspond each to 
a plane-polarizod vibration perpendicular to the plane of the gyrostats, 
accompanied by a torsional vibration of the same phase. 

Bpjlexion of Circularly Polarized Waves, 

The circumstances of the passage of light through a piece of mag- 
netized heavy-glass may be illustrated by the passage of a circularly 
polarized wave through a piece of gyrostatic chain of length I inserted 
in a chain free from gyrostatic influence. The equations of vibration 
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for this part are those of case (i.) above, viz., 

— = a 1- c — '^^ . 

dt* ds" ds'dt' 

d^y _ jd|^ __ d^x 
d^^^ds" ^ds^dt' 

If we introduce the complex variable 

to = aj+*y, 
these equations are both included in the form 

d^w s d^w d^w 



dt'--^ d^ ^'^d^dt' 

An incident right-handed circularly polarized series of waves is 

represented by 

IT = -4i exp i (jU—ex), 

Let us trace its progress : we have in the successively traversed 
parts of the chain 

Wi = -4i exp I (nt^ex) + Bj exp c (n^+eaf), 

w, = ^'exp c {nf^e'x) +^ exp c {nt-k-ex)^ 

w, = -4, exp I (n<— ea?) ; 

for in the parts (1) and (2) there is a reflected wave travelling back- 
ward, as well as the direct one. 

Substitution in the equation of motion g^ves 

(or say n/a, if the a were not the same for both parts) 

e' = n/(a'-|-cn)*. 
The conditions necessary for continuity 



i /v dW', dwm 

^, 7 dWq dWm 

B,t x^ L 117. = w*» — - ^ — - : 

' • * ■*' dx d»' 



giving 
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and -4, exp ( — lel) = A' exp ( — lel) + B" exp (leT), 

eA^eup (— «eO = e' (-4' exp (— «e7)— B* exp (le'O) 

Thus 2A, = ^' (1+ ^) +-5- (l- ^). 

80 that 2 4^ = i exp (-*eZ) j ( -1 + -fl +2) exp (ce'O 

= C exp (— ceiH-ck) ; 

where (7 sin 1: = f -^ + ~ J sin c7 / 

(7 cos jc = 2 cos e'l 
Hence —* = — exp («6Z— iic). 

Therefore tr, represents a right-handed circularly polarized sjBtem 
of waves, with amplitude 2A^C, and acceleration of phase eZ^r, where- 
tan ic = ir-^ "^^J **^ *'^ 

^'+i£!*_tan **^ 



Consider now an incident left-handed system of waves. Its eqnatuxi 
is x—iy = A^ exp c (n^— «c), 

80 that we most employ the independent variable uss x-^iy^ and the 

equation of motion is --r = a' — -r^ + «c ^rrr,- 

The results may therefore be derived from the case already worked out 
by changing the sign of c. 

Finally, an incident system of plane-polarized waves may be split 
np into two equal systems of right-handed and left-handed waves, 
each of which, as has been seen, will remain of the same type daring 
transmission. 

The emergent waves w^ and 1^ will be of different amplitades, and 
their accelerations of phase will be different. If they had the same 
amplitude, they would combine into a plane-polarized wave rotated 
through an angle equal to half the difference of their accelerations of 
phase. But, the am[>litudes being different, they actually combine 
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into an elliptically polarized wave with the major axes of its vibrations 
rotated through this angle. 

In this general case the emergent vibration is not plane-polarized, 
nor is the rotation proportional to the thickness of the gyrostatio 
medium. In the optical problem, however, the rotatory terms are 
very small compared with the others. And it will be found, on 
making c small, that to the second order of small quantities included, 
the results agree with the ordinary optical rule, which makes the 
emergent light plane-polarized and the rotation proportional to the 
thickness of the rotating medium and inversely as the square of the 
wave-length. 

The reason of this agreement is that the values of a have been 
taken the same in both media, so that the only difference between 
them is the slight one denoted by the rotational coefficient c. The 
intensity of the reflexion is therefore very small, and the circular waves 
may be treated as if they passed through in unchanged type without any 
reflexion, and were Anally compounded by the kinematic rule. This is 
the mode of explanation usually employed to illustrate or account for 
the optical phenomena. But strictly the velocities of propagation are 
very different — for example, in glass and air ; and if we write e = n/o 
instead of n/a in the above analysis, we are led to a different result. 
In fact, the successive reflexions backward and forward at the ends of 
the optical plate have now a material influence, and in an exact 
investigation must be taken into account, either by a method 
analogous to the above, or by the mode of calculation usually adopted 
in the exact theory of interferences by reflexions at the surfaces of a 
thin plate. 

In experimental investigations with thick plates, the influence of 
the reflected light on the result is usually avoided by a slight inclina*' 
tion of the rays, which separates the reflected from the direct part.* 

The influence of the reflected light, when it is not thus eliminated^ 
is, in fact, that we would have approximately the series 

(2Kt 2ir2 , ,\ , 2 (27rt 6W . o A 
exp« ^ -T- -^yI) +€*expi ^ +Sylj 

-|-€*exp I ( f-Syn-l-... 

to represent the emergent undulation, where c' is the coefficient of 
intensity of a single reflexion. 

(2rrt 2W ^ A 
exp« ^- +ylj , 

This sums to r— = 



l-e'exp. (-^'+2yZ) 



• Cf. Lord Rityleigh, I'Ail. Trans., u., 1885, 5. ZMa. 
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or, when c* is neglected, 

expcl^^-^^(H-2c')+yZ(H-2e')|. 

Thns the coefficient of rotation would be increased in the ratio 
H-2c*tonnity. 



On certain Concomitants of Systems of Conies and Quadries, and 
on tlie Calculation of the Covariant 8 of tJie Ternary Quartic, 
By A. R. Johnson, M.A., F.R.A.S., Fellow of St. John's 
College, Cambridge. 

[Mead Jum \2thy 1890.] 

The following paper is divided into three parts. In Part L» 
several concomitants of a system of line-pairs, conies, or qoadric sur- 
faces are calculated by appropriate methods. The expressions for 
several of these are believed to be given now for the first time. The 
resalt of § 6 was given, however, in Wiskundige Opgaven^ 1888, 
Voorstel 143, but was arrived at by a different process. Part II. 
consists of two involution problems, and Part III. is concerned with 
the calculation of the covariant S of the ternary quartio. 

Part I. 

On the Calculation of certain Concomitants of a System of Three Quadries 
in terms of the Fundamental Concomitants of the System* 

1. When the fundamental invariants of a system of quantics of the 
same degree have been found, the combinant invariants are easily 
found in some cases, where the combinant contains the different 
sets of coefficients symmetrically. For we have only to write down 
the symmetrical groups of invariants containing the coefficients in the 
required degree, to add these affected by unknown multipliers, then 
to differentiate the sum with respect to the members of one set of 
coefficients, multiplying at the same time by the corresponding 
members of another set, and lastly to add these results and to equate the 
coefficients of the differentterms of the sum to zero. We shall have then, 
in general, more than enough equations to determine the multipliers. 

2. Let three m-ary quadries be denoted by (1), (2), and (3) ; let 
their discriminants be denoted by (1"*), (2'"), (3"*), and let ,9i denote 
the result of adding the differential coefficients with respect to the 
coefficients of (1) multiplied by the corresponding coefficients of (2). 
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The fuudamental invariants of the system are 

(l'»), (2"), (3"); 
Zm invariants of the types 

(2-30 = ,i (A)- (3") = i-(.c),)' (2-), 



(3'1-) = i- (,9.)' (1-) = 1- (A)' (3-), 



(1'2') = 1 Q,y (2-) = ^ (,a.)' (1-), 

\T \8 



where r and s are to take all positive integral values subject to the 
relation r+« = m ; and 

m (»? — 1 ) ( m-^2) 

3! 
invariants of the type 

(ris'so = -^ (.9i)' (A)' (1"), 

where r, ;, and ^ are to take all positive integral values consistent 
with the relation r+*-f ^ = m. It is seen that 

except when ^ = 0, and is then zero. 

3. To express in terms of the fundamental invariants of a system of 
three line-pairs^ the invariaut that must vanish if the three are in 
involution. 

We start with the knowledge that the invariant contains the 
coefficients in the first decree, and is a combinant symmetrical iu the 
different sets of coefficients, and that it is impossible to express any 
symmetrical combinant, of the first degree in the coefficients, in terms 
of the fundamental invariants. Let us then find the symmetrical 
combinant involving the coefficients in the second degree. This must 
be of the form 

A (V) (2«) (3») + l?[(P) (23)^4- (20 (31)> + (30(12)«} 

+ (7(23) (31) (12) (1). 

Operating ,9, on this, we h»ve 
A (V) (2') (13)+J?{2 (1') (12) (23) +4 (2») (1») (13) + (13) (12)«j 

+ 0>(12)' (31) + 2 (1=) (-23) (12)]. 

-_ VOL. XXI. — NO. 3*.»7. 2 F 
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£qaatiDg the coefficients of the different terms in ibis result to 
zero, we find 

^ = 4, B = -l, (7=1. 

The result of substituting these values in (1) is the only sym- 
metrical combinant containing the coefficients in the second degree. 
It is, therefore, the square of the combinant we are seeking. Let the 
combinant be denoted by C ; then 

C = 4(1«)(2«)(3«)-{(I«) (23)*+(2«)(31)«+(3«) (12)«} 

+ (23) (31) (12). 

The full working has been given in this instance, in order to 
illustrate the method. In arriving at the following resnlts, the 
same method has been employed, but the working is omitted. 

4. Expressloriy in terms of the fundamental invariants of a system of 
three solid qtuidrics, of the invariant that must vanish if the system of 
quadrics have a common harmonic pentahedron. 

Let C denote the symmetrical combinant in question. It is found 
that 

0^= 144(1*) (2*) (3»)-36{(l*) (2»3)(23')} 

+ 12 {(1*)(2»3V} +9[(1»2) (12«8) (23>)} 
-6 {1*2) (123«) (2'3*)} +9{(l»2) (13»)(2*3)] 

+ 4 [(P2>) (1».3>) (2'3')} +2{(1*23)«(2»3«)} 
-(1«23)(12'3) (123); 

where each term within parentheses stands for the sum of all the 
different terms obtained from it by intei-changing the symbols 1, 2, 
and 3, in all possible ways. 

5. Expression^ in terms of the fundamental invariants of a system of 
three conies^ of the condition that they should meet in a point. 

Let U be the resultant of the system. Then 
B = (12:^)»-8(123r [(12-) (13-j] -72(12:0 (1») (2») (3*) 

+ 24 (128) ! (1^) (2:V-) (.S2^)> + 10 (123) J(1'2) (2*3) (3^] 
+ 48 {(2») (3') (P2) (VS)] -48 {(r)(12-) (23Vj 
+ 16 [(120' (130'] -16 [(1-2) (P3) (2*3) (230}; 
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where each term within parentheses stands for the sum of all 
terms obtained from it by interchanging the symbols 1, 2, and 3 in all 
possible ways. 

6. To express^ in terms of the fundamental covariants and invariants 
of a system of three conicsj the covariant which equated to zero gives the 
locus of points J the talents from which to the three conies form a system, in 
involution. 

Let the point equations to the conies, as formed in the nsoal way 
from their line equations, be 

«ii = 0| «fj = 0, «M = 0; 
and let «a = 0, tf,i = 0, *i, = 0, 

be the equations to the director conies, as found in an analogous 
manner. Then, with regard to the points in which the tangent pairs 
to the conies from any point cut any line 2 == 0, we have, in terms of 
the coordinates of the point, 

(!•)=. P«n, (2')=P*«. (8') = P.«, 
(23) = P^, (31) = ?«„, (12) =P,,^ 
Substituting in the result of § 3, and dividing by 2*, we have 

J = being the equation to the locus of points, the tangents from 
which to the three conies form a system in involution* 

' 7. To find the equation to the scroll generated by the lines touching 
each of three quadrics. 

If a point be on the scroll whose equation we are seeking, the three 
tangent-cones from the point to the three quadrics have a common 
generator, and the section of the cones by any plane have, therefore, 
a common point. 

Let the equations to the quadrics be 

«i = 0, Wj = 0, Mj = 0, 

and let iS^ denote 

(6iC,(£,H-2/,tWini— <&c.)(a2a; + ^jy + gr,z+Z,tt;)'+4;c., 

employing the usual notation, so that ^8^ = is the equation of the 
polar reciprocal of (1) with regard to (2). 

2 f2 
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Now, with regard to the seotioDs of the tangent-cones by any plane 
2? = 0, we have 

(l'2)=p'{(l»2)«,-,S.}t«„ 

(123) =1^ [Vs {(2'3') «:+(3'l«) «; + (l'2') u\] 

-i{(l'23)«,«,+ (12'3)«,tt. + (123')M,«,} 

+J{t*,(A«s,+i3,.5f,)+tt,(A«Si+,3iiS.) 

+€*.(.3si^i+.3iiS,)}]. 

The equation to the scroll will therefore be found by substituting 
in R these ezpressions, after suppressing the irrelevant factor p', and 
equating the result to zero. 

Part II. 

Two Involution Problems. 

1. To find the equation to tJie envelope of lines cut in involution by 
three conies. 

The condition that three pencils, whose equations written sym- 
bolically are 

should be in involution is 

(ajoj'— a20i')W<*i"-fl^a'<h)(^i^—^<^') = ^ (1)* 

Let the three conies have for their equations 

(tti aj, + «f «i + af «8)' = 0, 

{a\ aJi + oJar,+aJ a;,)* = 0, 

(araH + aJ'iCi+ai'a;,)' = 0, 

and let yxy^y^^ ^i^s^s* be two points on the line whose coordinates are 
i^i^l^. Let the line joining the two points be cut by a conic in the 
ratio ffj : k^. Then the ratios for the three conies are determined from 
the equations 

{fi(«i !/!+«! yj+«8 2/8) + s(«i «! + '»? -s + «j -s)}' = <>, 
{fi («i yi + 0a'yj + <»s'ys)-f«c,(a;«i-ffliz,-fa;O}'=^> 



1890.] of a System of Conies and Quadrics, Sfci 



437 



OoiiBeqneiitlj, to find the condition songhty we must in (1) substitute 
<hyi + «jyj + flays for a^ OiZ^-k-a^z^^-a^z^ for a^ 
and so on. 

On snbstitnting, a{a2^(hai becomes 

(oi'yi + oiyi + o^ys) (oIX + <hh + ^i'^s) 

= (yj^-y»«j) Wa»'— oiO + (ys^i— yi«s)(aJar— flioi') 

+ (yi«»-yj^i)(«i'ai'— o^ar) 

£„ ^, £, I 

// tf f* ! 

(l\ J CL-i ^ (1% \* 

The other factors of (1) may be treated similarly. Thus, the sym- 
bolical equation to the euyelope of lines cut in involution by the three 
oonicB is 



f„ £,, «• 



an 



Ol 






ft 



fi, f„ U 



«!> ^r a« 



«!, fl^j a» 



= 0. 



If the equations to the conies be written in the forms 
(abcfghJixysy = 0, {ah'c'fg'K-^xyzy = 0, (o'6V7V"A''][«y«)' = 0, 

and the coordinates of any line be represented by Z, m, n, the equation 
to the envelope sought is 

{hcf) P-f (ca^) tii'+(afc/i)n>+ {-(6c^)+2 Qifc)} ?m 

■f { -(6c/i) + 2 (/s^fe) } Z'w + { -(caZt) +2 (/gra)] w?n 

where any expression such as {^qr) denotes the determinant 

/' '/ /< 
/> > 3 » ^ 

2. To find the complex of lines cut in involufion hy three quadrics, 
Let y\y^y%y^<, ^iZ^^zZ^ be two points on the line whose coordinates 



438 Mr. A. R. Johnson on certain Concomitants [Jane 12, 

are IffiKvfC* Then, if the line joining the two points is cut by one of 
the qnadrics a\ = 0, a^* = 0, a^ = 0, in the ratio r, : Cj, we have, for 
the determination of the three pairs of ratios, the three equations 

{K^a^ +«fja,)' =0, 
(cjaj -\-K^ay = 0, 

To get the condition that the line should be cut in involution by the 
three quadrics, we must therefore substitute, in (1), a, for o^, a. for a,, 
and so on. The factor a{a!g''-a'<gai then becomes 

■f (yf^4— y4«i)(<»i<3t;'— aiai') + (y^ie*— y4^«) W«r— aX') 

The symbolical equation to the complex sought is therefore 
{{ (oJO + i? WO + iWoJO + r (alaD + n'Coiai'O+r (oiaO} 

X {{(a,a;) +i| (a,aO +^^0;) +? (ajai) +i|'(a,a;) -f T (a,a;) } = 0. 

Part III. 
Calculation of the Govariant 8 of the Ternary Quartie, 

The calculation in full of the covariant 8 of the ternary quartie 
given below, was effected in a manner that seems very appropriate 
for the calculation of co variants which are obtained by forming in- 
variants of the polars of a point. The covariant might, of course, be 
derived by simply substituting, in the expression for the invariant, the 
values of the coefficients in terms of the coordinates of the point, and 
grouping together like terms ; but this method seems less convenient 
than the one here employed. 

The quartie is written in the form 

cue*-!- V+c«*+ 4aj» (a,y -f Ojis) +4y» (6ia;+ Z>,5r) 

H-48"(cia;+c,y)-H6 (/yV+^2*«» + fcB«y«) 

-\'12xyz {lx-^viy-\'m). 

To find the coefficient of any term — a?yz say — of the covariant, 
transfer to each of the terms of the invariant iS of the cubic (Salmon, 
H, P. C, 3rd ed., p. 191), the suffixes 1, 1, 2, 3 in all possible ways. 
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and interpret the different terms so obtaioed by the aid of the 
ccompanjing table. 





a 


Oj 


a. 


h 


b 


b. 


Ci 


Cj 


c 


m 


1 


a 


flj 


«3 


h 


b, 


m 


9 


M 


^1 


h 


2 


<h 


h 
I 


I 


b 


/ 

1 


n 


/ 




m i 

i 


3 


«8 


a 


1 
1 


b. 


1 


^S 


•t 



The top i*ow of the titblo contaitis the coefilcients of the cubic, and 
the extreme left-hand column the sufTixes. 

Thus, we get from the term ahcm^ when working out the coefficient 
of afyzj 12 terms by attaching the suffixes in the ordei*s 2113, 2131, 
2311,3112, 3121, 3211, 1123, 1132, 1213, 1312, 1231, 1321; and on 
interpreting, we get 

+abiCm-\-dbc^n-\-ah^Cim-\'abc^l'\-ab^c^L 

From the term — m*, we get — (rwZZw-hwiZnZ-h&c.) , i.e., — 12Z'w/*. 

In like manner, when calculating the value of the coefficient of x*, 
we attach the suffixes 1, 1, 1, 1 to the letters in each of the terms of 
the invariant S, Thus, we get from the term +a6,r^ the term 

The proof of this principle is almost obvious. For, let the quartic 
in symbolical notation be written in any of the forms a*, 6*, c*, tZ*. 
Then, if A denote any term of the invariant of the cubic written 
symbolically, the corresponding term of the invariant of the quartio 
will be a^hgCfdjA. To get the coefficient of x\ from this, we have to 
change A into a^b^Cid^A. Now .-1 is of the form 



'" _*»" 



where 



a^a^a^ . hy 0^ o, . Cy c^ c.^ . di a.^ d, , 



The corresponding coefficient of jjJ, derived fi-om the term A^ will 
therefore be 

Oi ajWj.^i O^Oji.ci c>C3 .di dj tta , 



440 Mr. A. B. Johnson on certain Concomitants [Jane 12, 

and this can be expressed at once in terms of the coefficients of the 
qnartic. But, if 

Tit 7 -L^ 1.'' r** ^' •" f" J*"' J*"' J<"' 

O'l^t^i ^ ^f ^1 ^s ^t ^^ ^> ^1 ^s ^% ^^ ^' ^1 ^s ^f ^i'y 

we may denote a^lhj l^^hiirn by mj, Cjn by n„ (i,p by pi ; and in the 
same way a^l by Z,, a,Z by 2,, <fec. ; and then, having tabulated Zptiti, n,, 
2,, Z,, <&c., we can at once interpret terms such as Zif^nipj. So, too, 

the term in x^x^x^^ derived from A, will be A xsum of all possible 
combinations, from the groups ai6iCicZj, a^\c^d^^ a^^^c^d^^ that contain 
two letters from the first group, and one from each of the other two, 
and we shall get for the coefficient of XiXiX^ the result of attaching 
the suffixes 1, 1, 2, 3 to the terms of the product Imnp in all possible 
Ways, and then adding the results. 

With a machine derived from an obvious modification of a type- 
writer, the coefficients of any of this class of covariant could be 
rapidly calculated, and the machine could be made efPective for other 
than ternary quantics. 

The following is the expression in full of typical terms of the co- 
variant S^ calculated in the manner indicated above : — 

+ {atiCj— Ojfci^— ajCjA] l-\- {a^Cx'-aCxh-\-a^gK} m 

+ 2ghP~- [a^—ag] m*— ^a^^ah] n* + a,a,mn— 3a,^nZ— 3a,^Zm 
-|- 2a, Pm + 2a, Pn — almn 

-n 

+y* +z* 

«jVi--<^f"«(^<^i + &iCj) + a86i/— (otj -a,6,) Cj^+a,fe^'+a,c,^' 

■^(H^igh—ahjg—h^g^h+aifgh 

— {— a6C|— atiC3H-a,6iCi + (a,6+3a,63)gf-|-a,c,^+3a,/A] I 

-f [a^c, — 2a,6,-hfi«a/+2a6,gr— oCj/a] m-f [a,a56,+a,6— 2a,/ 

— (ah- 2a,6i) g + 2ahf-gV] n 
+ {2a,fcj+2a,/-|-6iflr] Z' — 2a,^m'— a,Am» — (a6j-f 2a,fc|) nl 

-(af-2gh)lm 
+ ^ Z*n -h 2a,t?i'Z -h o, Imn 

-2Z»m], 

-f^t'^ir... -fz/'j;... -V'/s... -Va'x... -^i*\j.... 
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— o,6ciC, + a, 6, c,— 03616,0 + 036^01 — 6,c, 

■f (—0,610+0,630, -a, 6c, +aj6ic,}/+(6,c + 6,c,) 6, gf + (6ci 4-61 c,)ciA 

- 6j(7«-c; A'- hcgh + 6^y + Mf-^fgh 

+ {26iO,/+6c,(7+6,ofe-c,V-^/sr} i 

+ (0,60— 0,6,0,— (6c, + 61 0,) sr— 2o,/A] w 

+ {0,6c— 0,6,0,— (6,0+6,0,) ^— 26,/5f} n 

- {6c+/«j ?- {ch-^-fg} m'- {6gf + V] w» + 4 {6,^+0,^} mn 
+ [60,— 26,0,] »Z+ {6,0— 26,0,] Zm 

+ 20, m» + 26, n* - c^mH + 6,n'Z + Aflmn 
-3mV] 
-^sfa? ,.. +a:'y'.,. . 

+»*y« 

[oj6,c-o,a,6o + aj6c,— {2a6,o, + a5o, + oj6,] / 

— {060,— 0,60, + 0,6,0,] gr— (06,0—0,6,0 + 0,6,0,] h 

+ o,o,/»-6,o,sfA+ (ao, + 2o,o,) //+ (o6, + 2o,6,)/^ + 26,^'^ + 2c,AV 
+ (060-0,6,0— 0,6,0,— 0,60,— 0,6,0,— o/'—4/gf^]Z 
+ (2a6,o, + 2o,6,o,— 2a,6,g— 0,0,^— 26,gf'+o,/gf] m 
+ (2o6,o, + 2o,6,o,— a,6,gf— 2o,o,A— 2c,^' + 03/A]n 

— (6,o, + 26,gf + 20,;*] P-2 (oo, + 2a,o,] m'— 2 (a6,+2o,6,] n* 

+ (2o/— 3^^] m«+ (50,6,— 3a,/+46,gr] nZ+ (6a,r,— 3o|/+4o,A]Zm 
+ 4/7* + 4grm'Z + 2o,m'n + ^hnH + 2o,n'm 
— VZ'mn] 
+y'xa ... +«*JJ// ... . 
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Some Properties of Go-normal Points on a Parabola. 

By B. Tucker. 

[Read June \2th, 1890.] 

1. If the coordinates of a point on a parabola, 

y^—AiOX = 0, 

be {aw}^ 2am)y then the equations to the tangent and normal at the 

point are 

flj— twy-f am' = (i.), 

and maj + y — o (m' + 2m) =0 (ii.), 

and to the chord throngh (m), (m'), is 

y (m+m')— 2a;— 2a»»w' = (iii-)- 

If we write (ii.) in the form 

am' + (2a— aj) w— y = (iv-)» 

we see that from a given point (a?, y), we cao draw three normals to 
the curve, with the condition 

Sm = 0. 

Let be the point, and P (wj), Q (wi,), B (m,) the corresponding 
points on the parabola ; then I call these latter co-normal points, and 
the circle through them a co-normal circle. 

2. Since fif, = Sm = 0, 

fif, = Sm' = — 2 (tWi?i4+...-|-...) = — 2SmiWi,, 
fif, = Sm^m^m^ = 3/lc, 

S, = S\/2 ; 

also mi— m^m, =... = ...= Wi+wij m,-fm, = Sj/2. 

3. In the case when P, Q, iJ are any three points on the curve 
the circle FQR is 

iv^-j-i/-ax [S, + Smim, + 4]+ay [^i . Smim^-/Li]/2-aViSi = 0...(i.), 
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and the tangent-circle pqr is 

a*-Hy*— oa; [l + Smim,]— ay ['Sii— fc] +a'2mim, = (ii-)* 

If the points are co-normal points, then these equations take the 
form 

x^-{-y^-ax (5,-h8)/2-ayAi/2 = (iii.), 

iB»+y' + rtaj(S,-2)/2 + ay/i-a*iS,/2 = (iv.). 

4. The coordiDates of ^ (§ 3), for co-normal points, are 

the coordinates of P', mid-point of QB, are 

[a(m*-|-mJ)/2, —am^']; 
and the coordinates of p, mid-point of gr, are 

( — ami/2, am,/2). 

6. The equation to PQ'B' (N.P. circle of PQB) is 

aj»+y»-a« (3/S,-8)/4-f ay/A/4-|-a» (6f,-4fif,)/4 = (i.), 

and top'qr (N.P. circle of pqr), is 

aj»-fy»-|-aaj(iS, + 2)/4-ay/i/2 = .*. (ii.) ; 

this circle evidently passes through the vertex. 

6. The circle through the vertex, which tonches the parabola 
at (m,), is 

af-hy^—a [3mJ+4]a5-|-amiy = (i.), 

if the parameter of the fourth point of section (Pj) be If, then, 

because 

+ 2mi-|-lf =0, 

we see that the points P„ (Q„ B^) are co-normal points. 

7. The centre of curvature at P is 

[a(3w!-f2), -2om?], 
therefore the circle of curvature at P is 

ar'-fy^-2aaj(3m,J-h2)-f4amfy-3a^?iJ = (i.),' 

and, because 3mj -{-M' = 0, 

the fourth points of section Pj, (Q^, i^t) are co-normal points. 
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The equation to circle P2Q2E2 is 

aj'-f j/'-oaj (9/S2 + 8)/2 + 27ay/i/2 = (ii.); 

the radical axis of this and FQB is 

2Saaj= 7fiy (iii). 

The tangent-circle (pjS'a^j) is 

»»+ y'+a* (9iS,-2)/2-27ay/i-9a'/Sf,/2= (iv.). 

The radical axis of this and pqr is 

iSi2»— 7/iy— aiS^i = (▼-)• 

8. The equation to P'p is 

y52+3m,aj-hawi (mi-|-2?ii2W,)/2 = 0, 
whence we see that 

P>', Qg', BY cointersect in (-aSi/U, -3a/i/2S,). 

9. From §3 (iii.)i § 5 (ii.), we see that the radical axis of PQRr 
p'qV is the tangent at the vertex, and, from § 7, that the radical 
centre of the three circles of cnrvatnre is (— a^2/4, 3a/ti/2iS,). 

10. The equation to QE is 

and the equation to gr is »— w,y -f omi = ; 

hence these cut in [a (rn]-\'2m^in^)/Sj aSi/Smi'j, i.e., in p, saj > hence 
the centroid of all such triangles as p^q^r^ lies on the tangeai at the 
vertex. 

11. The line Pp is 

yiS>a— 6m^a5 + a(6fi-HWifi>,) = ; 
hence Pp, Qg, Br cointersect in {aSJ6f —6afi/S^), 

12. The perpendicular from q on BP is 

m^x—2y = a (2r»,+fi) ; 

hence the perpendiculars from p on QB, q on BP^ r on PQ^ meet in 
(2a, — a/i/2). 

13. The orthocentre of PQE is 

[a(;^,-8)/2, -:a/x/2]; 
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the orthocentre of pqr is (— a> oft) ; 
and the orthocentre of PQr (w^) is 

[-0 (2-f m,m,), — a(2mj|+Ai)] ; 
hence Air^ is parallel to the tangent at B, 

•^""p j> >> »> -* » 

and ilw, „ „ „ Q. 

The centroid of iTpir^ir, is 

[a(S,-12)/6, --a^]. 

14. The centroid of PQR is (oiS,/3, 0), 
the centroid of p^r is (— OiSj/6, 0), 
the centroid of PQr (^,) is (a8t/6, -^arn^) ; 
hence gi, ^i, ^, are collinear, and their centroid is 

(aSje, 0). 

15. From § 1, the coordinates of are 

[a(5,+4)/2, a^l 
The isoclinal (through P) to PN with the normal is 

y— 7?»i«-f a(w*— 2m,) = (i.) ; 

hence the similar lines through Q, B meet it in 

a, [a(S,-4)/2. -«,.]. 
The equation to 00' is 

4y-.2/u»-ha^5,= (ii.). 

16. Since PO cuts the axis at 

[a(m;+2), 0], 
the perpendicular to PO, through this point, is 

t»,y-aj+a(Wj+2) =0 (i.); 

this meets the similar line for Q in r^, saj 

[a(2— mimj), aWj]. 
The circle p^q^r^ is 

a^-|-i/-air[,Sr, + G]/2-a/^2/ + a«(,Va4);2 = (ii.), 
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of which the diameter is SO, By its constrnction the triangle p^q^r^ 
has its sides parallel to the sides of pqr, and, as the radii of the circles 
are equal, therefore the triangles are equal. The circles touch at 8. 
(§ 16 furnishes an easy way of finding when P, Q, B are given.) 
8 is the centre of perspective of the triangles. Since, with the 
usual notation, 8T = 80, therefore PO cuts the circle in the mid- 
point of PO, and so for the other normals. 

17. Perpendiculars drawn to the tangents at P, Q, B, at the points 
where they meet the axis, since their equations are 

meet in n, [— OiS,/2, -^afi^. 

This point is the extremity of the diameter of pqr thraugh 8. The 
polar of IT, with respect to the parabola, is 

2aj+/iy =a8i (i.); 

hence it is perpendicular to Off, and meets that line in 

[ofif,/2, 0], 
i,e., on the axis. 

18. The circle round P (mj), P, ( — 2mi), P, (— 3w,) cuts the curve 
again (because »ti— 2wi— 3mx + 4fni= 0) in P, (4mi) ; hence P,, 
iQt» -Ri) axe co-normal points. 

The equation to PPiP| is 

aj'+y'-a»(15mJ+4)-5am*y-f24a'mJ = (i.), 

and the radical centre of it and the circles for Q, B is 

[4ai8f,/5, 4Sa,i/68,]. 

19. Through P, Q, B draw parallels to 

(i.) the tangents at Q, B, P ; 

(ii.) „ M -B,P, Q; 

and let Pq, Qr» I^p't Prj Qf> B^ be the points whore the sets (i.), (ii.) 
respectively meet the parabola ; their parameters are 

(2m,— mi, 2m,— m„ 2m,— m,), (2m8— m,, 2m,— m,, 2m,— m,); 

hence the two sets are co-normal points. 

The mid-point of P^P„ &c. is on the diameter through P„ Ac. 
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20. The circle PQP^, because 

mj+Wj-f (2w, — wi,) — 3m, = 0, 

pASses through Q, ; therefore QEQr, RPBp pass through i?,, P„ re- 
spectively. 

Similarly, PJRP„ QPQ„ RQR, pass through B^ P„ Q„ respectively. 

21. Again, because 

m^-f (2m,— mi) — 2rw,+0 = 0, 

therefore PP^A passes through Q, 

QQrA „ „ Bij 

^B,A „ „ P„ 

and PPfA passes through Pj, 

QQpA ,, „ Pi, 

PPfil „ „ Qi. 

22. The circles P^QrRf^ PrQpB^ are given by 

aj»-hy»-aaj (7S, + 8)/2-avy/2 = (i.), 

«»+y»-(Mj (7iSf,+8)/2-avV/2 = (ii.), 

where v = (2mi— m, . 2m,— m, . 2m,— m,), 

v'^ (2mi — m, . 2m, — m, . 2m,— m^), 
and V -f- / = 20/i. 

Hence (i.), (ii.), intersect on the axis, and abscissae of their centres 
are the same. 

23. AP, Qr B, + AP,. QpP, = 162/ia». 

24. PP,, QQp meet in P^ 

[a (<Sf,— 4mim,)/2, --am^^f 
i.e., on the diameter through r ; and the centroid of P^, Q^, P, is 

[a(5*SV6), 0]. 

25. The circle through mid-points of P^P^ QpQn BpB is 

^^^,f^ax (9.S',4-32)/2 f «/i2//4 + (r (ION, f:i2.Sf,) = 0. 
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26. The centroids of P^QrB^ PrQ^E^ coincide in 

[7aSJS, O]. 

Their orthocentres are [o(7jSfj— 8)/2, — aK/2] 
and [a (7iSf,-8)/2, -a//2]. 

27. The tang^ents at Qr, Ep meet in n-, , 

[a(2m,— w,)(2m|— m,), — a (2wi,— m,)], 

and at Qp, J2^ in x^, 

[a (2m|— wi2)(2ma— w,), — a (2wi,— mj)]; 
hence the centroids of ir^ir^ir^ "^p'f^qi^r coincide in 

[-7a.Sf:,/6, 0]. 

28. Let P/S, QS, RS meet the cnrve again in ^, ^j, ^j ; then, since ti 

is given by [<^/w„ — 2a/m,], 

the circle fi^2^ is 

«*+y'— a rSl/m'-|-4j x-^ayl2fJL—a^'Xll'm/fi = (i.). 

The tangents at ^, ^21 ^«9 meet in t{y ti, t^, where t{ is the point 

hence the circle t'ltitl is 

a.« + y«-aa:-ay(5f,+2)/2^ = (ii.). 

which passes through the vertex as well as the focus. 

29. In fact, if the tangents at the co-normal points P, Q, B cut the 
line given by a; = ka, and from the points of section the second set of 
tangents be drawn, touching the curve at T,, Tj, T, ; then, since T| 
is given by (^7^l)^ ^fnirn^ = ; hence, by § 3 (ii.)» the tangent-circle 
for r, Ta T, is 

a;>+y'-a«+ay (A; . 8^^-21^)12^1 = (i.). 

30. The " JS\P." circle of ^Jt^fa is 

ajHy' + ajf/2 + ay (2-3.S)/4,i-ha' (S,-S,)/2/i» = (i.). 

The ceiitix)id of the triangle is 

[0, aSJ^^\ 
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81. Tbe following method of obtaining sets of co-noimal points is of 
some interest : — 

Draw TS and prodace it to meet the curve in L; join LA and draw 
-4a, perpendicular to AL. Tlie parameter of a^ is 4m, (aud it is there- 
fore the point PiOi § 17) ; similarly, from a, we can get a,, and so on. 
Let 6„ Cj be the corresponding points for Q,, 22, ; then (a,, fc„ c,), 
(a,, &2, C]), ... are co-normal sets. A^ain, reversing the above proeeps, 
i.«., join PA^ draw ^Zr' perpendicular to AP, then join L' to S and 
prodace to meet the curve in a[, ... , and we have sets 

(a,', 6,', d'), (aij K, ci), ... , 

with parameters m,/4, wi,/16, <kc. ajaj, njaj, Ac. meet the axis where 
it is cut by the tangent at P, <&c., and the tangents at a,, a[, meet on 
the ordinate of P, and so on. 

32. The circle Pa^ai is 

1 . J />! . 357 ,\ ,425 J 21 4 ^ ,. . 

«'4-2/'- ^4+ ig-^Jj«^+^2 ^♦''Jy-":^ ^^J = ^ 0)» 

and it cuts the curve in a fourth point (— 21w?,/4) ; hence this point 
and the analogous ones form a co-normal system. 

33. The equations to a^h^c^, <hh{c[ are 

aj'-f y'-aa? (8iSf, + 4)-32a^ty = (i.), 

and aj»+y»-aa;(6f, + 128)/32-av/Li/128 = (ii.). 

34. The sum of the squares of the tangents, taken once, from 
a,, 6„ c, to pqr, PQR, are respectively 

a'(272iSf4 + 935,/2) and 2^^-. 

85. Since the parameters of P„ P^, a, are 2mj— w?,, 2w,— m„ and 
4m|, their sum = ; hence the three points form a co-nomiaLsystem,. 
as do On Qp, h, ; E„ E,, c,. (Cf. § 17.) 

36. The equation to any parabola passing through the co-normal 
system P, Q, R is 

(y-f-Xaj)' = oaj [8-|-X^S,]/2 + Xay [2;5,-f /iX]/2 + 4X/ia» (i.), 

where X is arbitrary. 

If we make the curve pass through O, we fiud X' = 2, t.c, the two 
parabolas are 

O/rb v/2 .r)' = nx (S,-f 4) + ai/ (/i± ^ 2 5,) ± 4 v/2 ,ia« (ii.). 

VOL. XXI. — NO. r.08. 2 Q 
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This latter may be written in the form 

y' + 2a5'— aaj(/Sf, + 4)- ay/i= ±^2 [ai/S, + 4^'-2aJ2/] (iii.) 

Hence we see that the ellipse through the fonr points and through 
the vertex is given by 

y* + 2a?-aaj(iS,+4)-ay/i = (iv.). 

and the rectangalar hyperbola through the four points is 

2xy = ayjSj-f 4fia' (v.) 

37. From (ii.) of § 36, we see that the mid-point of each of the 
intercepts made by the parabolas on the axis of the given parabola is 
the projection of on that axis. 

38. From § 15 and § 36 (iv.), we see that the centre of the ellipse 
is at the mid-point of AO, 

39. The centre of the hyperbola is (aSJ2, 0) ; cf. § 17. The 

tangent at is 

2y+aj^ = a/i(iS, + 8)y2, 

which shows that it coincides with the perpendicular through on 
the polar of with regard to the parabola.* 

40. The second parabola, which passes through A and the oo-normal 
points, is given by 

2si^ = ax8^-\-any. 

41. ;SfP = a(l + mj), ... , ... ; 

.-. 8P,8Q. 8R = a» [l + /S,-f ^ +/i«l = a. SO". 

42. Many results may be got by taking /i = constant ; thus (§ 9) in 
this case the locus of the radical centres of the three circles of 
curvature at P, Q, E is the rectangular hyperbola 

Sxy = — 3a'/i' 

[43. We refer to Milne and Davijf, the Parabola, pp. 37 and 56, 
for geometrical proofs of §§ I and 3 (iii.). From this last it is 
obvious that, given any two points on the curve, the co-normal 
system can be determined by finding the 4th point of section of a 
circle through them and the vertex with the curve. 



* Cf. also } 16 (u.). 
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44. A referee states that § 5, (ii.)» was set as a problem in the 
Jiinj3 1889 Examination at Cains College, Cambridge ; and I find a 
long proof of § 6, (i.), in the Nouvelles Annates des Mathimatiques, 
March, 1890, by M. Lemaire. 

45. Milne, p. 34, illustrates § 16. 

46. On §§ 19-21, a referee remarks that the result may be generalized 
thns : Let PQB be one set of co-nonnal points, and P^QfE' another 
set ; through P, Q, R, draw pai'allels to the tangents at P', Q\ R' 
meeting the curve again in L, M, A", respectively, then L, if, N are 
also co-normal points. Again, the circle PP'L me«ts the curve in P,, 
and the circle PXi4 meets the curve in Pa, Pi being ( — 2/i), PJ (— 3/i), 
-where fi is the parameter of P'. 

47. If pt, qti 'Tt are the points of contact of tangents parallel to QP, 
RP, PQ, then these are given by 

(pt) [arMj/4, —aw,], ... , ... . 
The tangent circle for jo„ 5,, r< is 

ar^ + 2/'-|-aa:[/S,-8]/8-a/i2//8-a'iS^8 = 0. 
The perpendicular from r^ on PQ is 

m,aj+2y = 2am^-\- awN^ ; 

hence the three like perpendiculars meet in 

a[2-h5^a/8], -a^/8. 
The orthocentre oiptq^tt is 

a[-4 + iS^,/8], a^/16. 

48. Since the co-normal points (P, Q, R) are on a circle through the 
vertex, the inverse points, with respect to /I, which lie upon a cissoid, 
are on a straight line. Its equation is 

where h is the modulus of inversion. 

49. If A»i =PiWii+g'i»^+»'iWi|, 

then /Uj, /!,, /i^ will be a co- normal system, provided 

2o2 
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The following presents have heen received during the recess : — 

Cabinet likenen of Mr. A. B. Baaaet, for the Society's Album. 

'* Prooeedingt of the Boyal Society/* No. 289-294. 

« Educational Times/' for July, August, September, and October, 1890. 

** Proceedings of the Boyal Society of Edinburgh," Vols. xv. and xn. 

«* Proceedings of the Royal Irish Academy," 3rd Ser., Vol. i., No. 3 ; June, 1890. 

" Scientific Proceedings of the Royal Dublin Society," Vol. ti., Parts 7, 8, 0. 

'•The Scientific Papers of James Clerk-^Iaxwell," edited by W. D. Niven, 
M.A., F.R.S., 2 Vols., 4to; Cambridge, 1890. 

" Proceedings of the Canadian Institute, Toronto," Third Series, Vol. til, Fasc. 
No. 2; 1890, April. 

*' Smithsonian Report, 1887," 8vo; Washington, 1889. 

« Memoirs of the National Academy of Sciences," Vol. iv., Part 2, 4to; 
Washington, 1890. 

** Catalogue of Stars observed at the United States Naval Observatory during the 
years 1846 to 1877," Third Edition, 4to ; Washington, 1889. 

" Report of the Superintendent of the U.S. Naval Observatory for the year ending 
June 30, 1889," 8vo; Washington, 1889. 

<< Bulletin des Sciences Math^matiques," Juin-Sept., 1890. 

'* Annales de la Faculty des Sciences de Toulouse," Tome iv., Annee 1890, 4to, 
Paris, 1890 ; 1*' fascieule. 

"Annalesde I'ficole Polytechnique de Delft," Tome v., 1890, 3»e and 4»» 
Livr., 4to ; Leide, 1890. 

** Atti della Reale Acoademia dei Lincei — Memorie," Vol. v. ; Roma, 1888. 

" Atti della Reale Accademia dei lincei — Rendiconti,*' Vol. vi., Fasc. 8-10, 13 
(l"" Semestre) ; Fasc. 1-3 (2'' Semestre). 

** American Journal of Mathematics," xii., 4. 

'• Annali di Matematica," Serie ii., Tomo xviii., Fasc. 2. 

** Journal fiir die reine und angewandte Mathematik," Band cvi.. Heft 3 n. 4 ; 
Band cvii., Heft 1. 

W. Pfefler. — (i.) *'Uber Anfnahme und Ausgabe Ungeloster Kdrper," 
(li.) "Zur Kentniss der Plasmahaut und der Vacuolen," &c., 8vo; Leipzig, 1890. 

Paul Starke. — *' Arbeitsleistung und Warme-entwickelung bei der verzdgerten 
Muskelznckang," 8vo ; Leipzig, 1890. 

** Beriohte tkber die Verhandlungen der Koniglich-Sachsischen Gesellschaft der 
Wissensohaften su Leipzig," i., 8vo ; Leipzig, 1890. 

'* Jomal de Sdenoias Mathematicas e Astronomicas." Vol. ix., No. r». 

** Sitsungsberiohte der Koniglich-Plrenssischen Akademie der Wissenschaften za 
Berlin," i.-xix. 

« Memorias de la Sooiedad Gientiflca — Antonio Alzate," Tomo m., N6mB. 9 y 10 ; 
Mexico, 1890. 

*' Beiblatter zu den Annalen der Physik und Chemie," Band xr?., Stucke 6-S. 

'* Bendioonti del Ciroolo Matematico di Palermo," Tomo it., Fasc. v. (Sett-Ott. 
1890.) 

^'Arohivei N4erlandaises des Sciences Exactes et Naturelles," Tome xxir., 
Livr. 2 aud 3. 

" Jahrbuch iiber die Fortschritte der Mathematik/' Band xix.. Heft 3 ; 
Berlin, 1890. 

'< Vierteljahnchrift der Naturforachenden Geeellschaft in Ziizich," Jahxguigy 
XKxr,, Haft 1. 
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New. 107-114 ; Index to ditto, pp. 1-80. 

« Nyt Tidsskrift for Mathematik/* A. Forste Aargang, Nos. 2, 3 ; B. Forste 
Aargang, No. 2. 

<* Calendar of the Imperial Umyersity of Japan for the yean 1889-90, 8yo; 
Tokyo, 1889. 
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The following notes, received from Mr. J. Griffiths* (December, 
1889), are of interest in connexion with the papers on " Tsosrelians " 
(Proc, Lond, Math, 8oc,, Vol. xix.), and on " Isoscelian Hexagrams" 
In this Volume (p. 4). 

I. Using the Fig. A (Proc, Vol. xix., p. 166), and calling the 
angles 

«, ♦, ^, [^-h0 + «A = 180^] (i.). 

in place of J, B, (7, he gives the trilinear coordinates of P by the 
equations 

a sin ^sin (^+^1) = /3sin^ sin (0 + JB) = y sin i/^sin (^ + 0) ... (ii.). 

These relations are unaltered when 

are written for &, ^, \l/ respectively ; hence we arrive at the same point 
with the negative 6-, ^-, i^-lines. 

(1) When d=zAoT ir-2A, = JB or w2B, »/. = (7 or w-2C, 
we arrive at the Isoscelian results (loc. cit., p. 166). 

(2) When ^= -^- A. = Z._^, ^ = -!L-i:, 
^ ^ 2 2 2 2 ^ 2 2 

the positive and negative circles coincide : the coordinates of P, in 



* Mr. Ghriffiths was a referee for the paper on **1. Hexagrams,** and has kindly 
put the following notes, amongst others, at our serrice. 
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this case, are proportiooal to 

and the common equation of the circles ib I =^ K . L*, where 

L = ^sin^, 

J = 2 cos* . a'— 22 cos* — cos* — f3y, 
and 

A = cos' -— COS* — - cos' — / 4 ( 1 + sin -- sm --- sm — - ) . 
2 2 2 / \ 2 2 2 / 

Conversely, if the point P (a, j3, y) is known, 6, ^, ip have to he 
determined from (i.), (ii.), i.e., from 

cos (2^4- -4) = cos A , ... , ... ; 

a 

then either « = 0, or 

^ 1 xj / 1 .2 cos A\ . wj sin J? sin C .v 

II. Again, if D^2^ is a triangle inscribed in the circle ABO, so that 
its sides are 6', ^-, ip- lines for A^ B, (7, with the condition (i.), 
the isogonal point of the vertex D (a, f^, y) lies on the perpendicular 
from B on EF, Such a triangle [as BEF{l.c,, p. 1G7)] Mr. Griffiths 
calls a perpendicular isogoiial triangle. 

III. If FOF^ is a diameter, then Mr. Griffiths calls BEF^ a parallel 
isogonal triangle — i.e., a triangle such that the isogonal of each vertex 
lies on a parallel to the oppomte side. 

IV. If we take such a triangle (as BEF^), then its sides, together 
with those of ABO, are six tangents to a parabola. 

V. The pedal lines with reference to ABC of the vertices of an 
in-parallel isogonal triangle (III.) cointersect on the directrix of the 
six -tan gents punibola (IV.). 

These results (IV. and V.) are particular cases of more general 
propositions in Mr. Griffiths' ** Notes on the Geometry of the Plane 
Triangle** (1887). Ho obtains the equation to the positive circle 



* ThiH is tho **Gorpronnu ** point of tho triangle ABC, and the lines are dirtci 
i»i«cuiian8. (Fcbiu*ay, IM)1.^ 
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(Vol. XIX., p. 167) in the following form : — 

If pi = sin ^ sin ($-\-A), p, = sin ^ sin (^ + 5), 

p, = sin i(^ sin (i/r + C), p = S (sin ^p^j,), 
fif = S (sin APy), L = S (sin ^a), 

where ^-h^ + i^ = J[+jB + C = ir, 

the equation is 

p^S = sin -4 sin ^ sin (7 . Zr (Xa -f /i/3+ yy), 
where 

Xsin^ = [sin0p8 4-sin(6-f--4)pj]pJsin(C— ^ + i(^), 

fifiinB = [sin^px + sin (^ + i?)p8] p|sin(^— ;// + 6), 

V sin C = Ac. 

For the equation to the negative circle, we must write in the above 
v—d—A, TT-^^^B, ir—yj^—G for 6, 0, i^. 

The following results are closely connected with the subject of 
" Isoscelians." 

If through A we draw the lines AD^ AD\ cutting BG, of the triangle 
ABC, in the points D, IX, so as to make with AB^ AC^ respectively, 
the angle 90°— -4, and so for the other angular points, we get two sets 
of lines, which we propose to call positive and negative complemental 
lines. These lines are perpendicular to the positive and negative 
oblique Isoscelian lines, hence the triangles ai/3,yj, a^^y,, which they 
form, are similar to the Isoscelian triangles. The coordinates are — 

of yi, a/cos A cos B = /3/cos 2 A cos 2B = y/— cos A cos 2JB ; 

of y^, a /cos 2 A cos 2B = j3/cos A cos B = y/ — cos 2 A cos B, 

The angles are 

a, (20-5). /3,(24-C), y,(2B-A); 

a.(2iJ-C), A (20-^), r,(2A-B); 

and the sides, /3,yj = 2p, sin {2C—B), 

— o D Ccos -4 cos B cos C+cos 2-4 cx)s 22? cos 2(7) 

Pi = 2« -: . ^3 . — *— - ^; 

sm Qj sin Pi sin y^ 

/3,y,= 2p,sin(2B-0), 



sin a, sin /3, sin y^' 
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The cqaations to the circles a^fli'/i', Oj/^jyj are 

o/3yf ...-I-...+ .^'^.•";^:' — fcos (7 cos 2B sin Qia-h... 4-... 1, 

sm Oj sin Pi sin y^^ -^ 

o/3y + ...4-... 4- o^z-t-y ^ ... — r^jjg p cos2(7sin a.o-h ... + ...1. 

sinu,sinp, Hiiiy, *- -■ 

The in-oomplemental triangles as/3,y^ ''4/^4 74 have their angles 

a,(=a,), /53(=/30, y,(=yi) on OJ, AB, BO; 
and a,(=a,), A(=/3,), 74 (=7,) on ilB, BC, Cil ; 
and the sides /3,y, = 2p, sin a„ /B^y^ = 2p4sin 04, 

where p, = 2B sin il sin B sin C /D =^ p^, 

and I> = sin 2A sin 2JB + sin 22? sin 2C-|-sin 20 sin 2 A 
= i [cos 2(B-C) + cos 2 ((7-^)4-cos 2(^-^1?) 

— (cos 2/1 -h cos 22? 4- cos 2C) ] 
= 2 [cos(J — B)cos(Z?-C)cos((7— J)+cos-4 cos 2? cos C]. 
The equations to the circles are 

D'CajSy + ... + ...) 
= (aa + ... + ...) [sin 2B sin 2(7 (sin 2(7+sin 2^) sin y,a -h ... 4 ... ], 
and I>'(a)Sy4...4...) 

= (aa4... 4...) [sin 22? sin 2C (sin 2il4sin 2B) sin l3^a + .., 4 ...]. 

Mr. Kempe sends ns the f«>llowing Note : — 

" In the Quarterly Journal of Mathanatict of Juno last, No. 96, p. 332, Mr. P. J. 
Heawood, of Durham University, in an article * On the Map*colour Theorem,' 
points out that there is a flaw in the proof given by me in the American Jourmmi^ 
Vol. II., p. 193, and Nature, Vol. xxi., p. 399, of which a short account appeared 
in these Proceedinge, Vol. x., p. 229. My proof consisted of a method by which 
any map could be coloured with four colours. Mr. Heawood gives a case in which 
the method fails, and thus shows the proof to bo erroneous. I have not succeeded 
in remedying the defect, though it can be shown that the map which Mr. Heawood 
gives can be coloured with four colours, and thus his criticism applies to my proof 
only and not to the theorem itself. It may be as well to point out that the state- 
ment made by Mr. Heawood in the last few linos of his paper, that a map can be 
coloured with but three colours if all its divisions are touched by an even number 
of others, is erroneous, unless we introduce the qualification that the map \b such 
that three divisions only meet at each point of concourse.** 
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Dr. Glaisher sends the following correction to a statement con- 
tained in a note to his paper " On the Square of Euler's Series." 

*^ In tho note on p. 204 it is stated that the formula 

/>(«-!) +2P(n-2)-6P(»-6)-7i*(«-7) + &c. « <r (») 

only holds good when n is uneven, reference being made to Vol. xii., p. 170, of the 
Messenger^ where the proof given applies only to uneven values of n. The theorem 
is, however, not restricted to uneven values, and is, in fact, two pages earlier in the 
same paper (p. 202), enunciated and proved in its general form. I can only account 
for tho Note on p. 204, by supposing that I added it subsequently when § 34 of the 
paper had passed out of my mind.*' 

Alexander John Ellis was born at Hoxton, in Middlesex, on the 
14th of June, 1814. His father's name was Sharpe, but, by royal 
licence, this was changed in 1825 to Ellis. This step is said to have 
been taken in consequence of a bequest, made by a relative, " to 
enable him to devote his life to study and research, unhampered by 
pecuniary cares ; and if this was so, he certainly carried out most 
faithfully his part of the bargain." He was sent first to Shrewsbury 
School, and was then placed at Eton, whence he proceeded to 
Cambridge, at which University, after having been elected to a 
Scholarship at Trinity College in 1835, he graduated B.A. in 1837. 

The Tripos List was headed by three Johnians, our distinguished 
second President being Second Wrangler ; then came another 
illustrious mathematician, Greorge Green, of Cains, followed by five 
Trinity men, of whom D. F. Gregory was the leader, and Ellis next, 
as Sixth Wrangler. Nor was this all : he came out first in the second 
class of the Classical Tripos, Conybeare and Howson being in the first 
class. He never proceeded to the higher degree ; but it was a source 
of gratification to himself, and to many of his friends, that at last his 
University recognised his merit by conferring on him, in June, 1890, 
the honorary degree of Doctor in Letters. Mr. Ellis entered the 
Middle Temple as a student, and remained a member thereof ; he was 
never, however, called to the Bar. He was elected a Fellow of the 
Royal Society on the 2nd June, 1864,. and served on the Council from 
1880 to 1882 ; a Fellow of the Society of Antiquaries in 1870 ; 
President of the Philological Society from 1872 to 1874, and again 
from 1880 to 1882. He was also elected F.C.P.S. (1837), and F.C.P. 
(1873), and, in addition, was a member of many other scientific and 
learned societies, and was made a life-governor of University College, 
London (1886). 

For the last few years his health had been infirm, especially since 
the loss of his wife in 188D. He died at his residence in Kensington, 
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on the evening of Taesdaj, October 28th, 1890. The immediate 
canse of his death was the bursting of a blood-vessel. 

Dr. Ellis was " a man of genial disposition, of verj extended 
knowledge, and keen critical faculty." 

Some persons have been disposed to consider him hjrperoritical and 
a man of many crotchets ; but, notwithstanding, we have never heard 
any one say that he made himself disagreeable in patting forward 
his views. He won the respect of all. " His zealous, sincere, and 
unselfish devotion to the spread of knowledge " was recognised by all 
who came into contact with him. 

His scientific interests were diversified, and included music as well 
as mathematics and philology. The chief subject of his labtmrs was 
" Phonetics," or the science of pronunciation. Not long after leaving 
Cambridge, he busied himself, in conjunction with Mr. Isaac Pitman, 
ill arranging a system of printing called by them Phonotypy, and in 
1844 he published a description of this in his ** Phonetics : a familiar 
exposition of the principles of that science.** 

In 1849 he was the proprietor, editor, and chief writer of the 
Phonetic News. In the course of his work upon this, and " Glossio*** 
and kindred matters, " he had occasion to look into the history of 
English pronunciation, and he was so fascinated by the novelty and 
extent of the subject, that he determined to devote himself to its 
study ; and it occupied him, more or less, all the remainder of his 
life.'* The first part of his resultant work, which appeared in 1869, 
was entitled — ** On Early English Pronunciation, with special 
reference to Shakspere and Chaucer, containing an investigation of 
the correspondence of writing with Speech in England, from the 
Anglo-Saxon period to the present day, &c.** Part II. appeared in 
1869 ; Part 111., 1871 ; Part IV., 1874 ; Part V., which was expected 
to appear in 1878, was not finished until 1889. The whole work con- 
tains about 2,500 pages, and was published jointly by the Philological, 
the Chaucer, and the Early English Text Societies. 

Another subject in which Mr. Ellis took great interest was the 
Scientific Theory of Music, and in connexion with this we may 
mention that his work in this direction was mainly due to a study 
of Helmholtz's *' Die Lehre von den Tonempfindungen." Of this 
treatise he had so high an opinion that in 1875 he published a 
ti'anslation of it, under the title of " The Sensations of Tone aa a 
Physiological Basis for the Theory of Music,** accompanied by an 
Appendix occnpying 180 pages out of 824 (2nd edition, 1885). 



* He published throe luctures on this uubject in 1870. 



C( 
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Other results of his studies were papers read before the Rojal Society 
(18G4, 1884), and the Society of Arts (1877, 1880). For his paper 
On the Measurement and Settlement of Musical Pitch " (1877), this 
last Society awarded him a Silver Medal. 

The first subject, however, which engaged Mr. Ellis's powers was 
that of Mathematics, and iu an interesting autobiographical sketch in 
the third Appendix (" On the History of Stigmatic Geometry ") to 
his pamphlet Algebra IdeiUijied with Oeiyineiry (1874), Mr. Ellis 
makes us acquainted with his early mathematical training : — 

*' About fifty years ago my father taught me Euclid after Playfair, and Algebra 
from the * Elements of Algebra,' by Leonard Eulor.* Although I fear I did not 
profit properly by such a book, it was something to have begun Algebra under the 
guidance of a mathematician like Euler. . . . About forty years ago I studied, as a 
freshman, Dean Peacock's Algel>ra. . . . But 1 owe most at this period to dis- 
cussion with my late friend D. F. Gregory, from whom 1 derived the germ of the 
conc^tiun of operutiofiy and not qvavtity, as the i-eul meaning ot algebraical 
expressions. About this time, also, I became acquainted with the works of Martin 
Ohm of Berlin." 

He then euumerates several of Ohm's writings, one of which he 
translated and published under the title '' The Spirit of Mathematical 
Analysis, and its Relation to a Logical System " (1843). He trans- 
lated many others (out of nearly 80 volumes) though he did not 

publish them. Ho then dropped mathematics for a time and 

** worked so hard at practical Phonology that in 1849 1 was completely prostrated, 
and remained for some three vtars incapable of headwurk. As 1 wus recovering, I 
again recurred to my mathematical researches, and especially amused myself with 
De Mt>rgan*s Trigonometry and Double Altjebra.*^ 

At last, at five o'clock on the morning of 20th March, 1853, he 

*' awoke suddenly with a conception of the application of Algebra as a measure of 
quantity, — the germ of the Algebra of proportion. Ttiis thought kept working in 
my brain for some months . . . until, (»n the 1 3th of August, 1 noted in my 
journal that I had * very satisfactorily airani?ed tho whole subject in uiy own mind.' 
. . . The next morning 1 awoke at six o*clock witli the thought clear upon me, and 
1 noted : * I havt* made a real discovery in niathemulicH, and have discoveitrd the real 
theory of Anal}'tical Geometry, showing that Dtscartes's U only its simplest case." 

Mr. Ellis then gives a detailed account of his discovery. We have 

made these extracts because Mr. Ellis looked upon "Stigmatics" as 

his chief mathematical work. Mr. Tristram Ellis informs ns that his 

father has left a large quantity of MS. on tlie subject, '* it being his 

belief that this branch of mathematics would become a very ueefnl 



ODO. 



Mr. Ellis was elected a member June 10th, 1865, and served on the 
Council during the Sessions 18()6-7, 1867-8. He occasionally acted 
as a referee. In the early days of the Society he was a very regular 
attendant at our meetings, and frequently made short communications. 



* Uowlctt's Edition, 1822. 
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The following only are recorded in onr Proceedings : — 

" On Angles and Parallels " (No. 11, p. 45). 

''From a Pair of Conjugate diametera in an Ellipse, to find the 
Foci and Axes " (Vol. ii., p. 250). 

"Algebra considered as the Calculus of similar Triangles" (April 
9th, 1874). This was a brief account of what is given at length in his 
pamphlet entitled " Algebra identified with Geometry,*' in a series of 
five Tracts : — 

(1) Euclid's Conception of Ratio and Proportion. 

(2) " Carnot's Principle" for Limits. 

(3) The Laws of Tensors, or the Algebra of Proportion. 

(4) The Laws of Clinants, or the Algebra of similar triangles lying 
upon the same plane. 

(5) Stigmatic Geometry, or the Correspondence of Points in a 
Plane. A copy of this work (84 pp. 8vo) was presented to each 
member of this Society, and of the Association for the Improvement 
of Geometrical Teaching. 

This last-named Association was formed in 1870. Mr. Ellis became 
a member, we believe, towards the close of 1872. He attended, for 
the first time, the annual meeting of January, 1873. From that date, 
until the meeting in January, 1886, he was a most regular attendant^ 
and did yeoman's service. The pamphlet above referred to in a 
measure owes its publication to work done for the Association. This 
point is plainly brought out in the Preliminary Notice. Before we 
leave the subject of " Stigmatics,*' we quote the following statement 

of the author: — 

* ' BIy ambition is to present the arsenal of mathematics with a new arm of pre- 
cision, of which the following pages contain the specification, and a sketch of its 
action, power, and range." 

Mr. Ellis also published : — 

" Self-proving Examples in Arithmetic " (1855). 

" Arithmetical Crutches for Limping Calculators and Gymnastics 
for Weak Ones" (1876). 

** How to teach Proportion without reference to Commensurability, 
with additional notes on Collateral subjects ** (1877).* 

From the Royal Society *s Catalogue we copy the following titles : 

" On a more general Theory of Analytical Geometry, including the 
Cartesians as a particular case." [Brit. Assoc.^ 1855, Part n., pp. 5—7.] 

'* On the Laws of Operation, and the Systematization of Mathe- 
matics." [Eoyal Sac. Proc, Vol. x., 1859-60, pp. 85-94.] 

* This tractate, and some others, were based on lectures delivered to the 
^lemhors of the College of Preceptors at their monthly meeting^. ^Ir. Ellia took 
^rcat interest in the work of the College. {Edtteational Ttrnts, December, 1890.) 
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" On Scalar and Clinant Algebraical and Coordinate Geometry, 
introducing a new and more general theory of Aualytical Geometry, 
including the received as a particular case, and explaining ' imaginary 
points,* 'intersections,' and Mines.'" [lioyal Soc. Froc, Vol. X., 
1859-60, pp. 415-426.] 

*' On an Application of the Theory of Scalar and Clinant Radical 
Loci.*' [Royal Soc, Proc, Vol. xi., 1860-62, pp. 141-2 ; 393-403.] 

" On a simple Formula and practical Rule for calculating Heights 
barometrically without Logarithms.** {_Boyal Soc. Proc, Vol. xii., 
18^32-3, pp. 511-517.] 

" On Stigmatics." [Brit. Assoc.^ 1864, p. 2.] 

*' On Plane Stigmatics.*' [Bmjal Soc. Proc, Vol. xiv., 1865, pp. 
176-8 ; Vol. XV., 1867, pp. 192-203.] 

*' On the Corrections for Latitude and Temperature in Barometric 
Hypsometry, with an improved form of Laplace's formula." [Eoyal 
Soc. Proc, Vol. XIV., 1865, pp. 274-288. Phil. Mag., Vol. xxx., 1865," 
pp. 144^157.] 

'* On Practical Hypsometry." [Brit. Assoc, 1866, p. 1.] 

"Contributions to Formal Logic." [Royal Soc Proc, 1872, pp. 
307-8.] 

" On the Algebraical Analogues of Logical Relations." [Royal Soc 
Proc, 1873, pp. 497-8.]* jl rp 

Sir J. Cockle furnishes the following list of Errata for insertion 

^®™ •"" ADDITIONAL ERRATA. 

VOL. XVIII. 
P. 183, Art. 18, last line. In valae of IT, for u\ w read %o', to. 
P. 190, Art. 40, line 2. After -1 read = 0. 
P. 192, Art. 51, line 3, deU the last accent. 
P. 192, Art. 51, line 6, accent the middle T. 

VOL. XIX. 
P. 266, Art. 113, last line, /or T' read T. 
P. 269, Art. 128, line 8, /or 90 read 110. 

P. 276, Art. 163, line 3. In value oi ii^yfor '-2xr read —kxr. 
P. 276, Art. 167, line 5. In value of M^,for ^2x' read -««. 

P. 276, Art. 167, line 7,/or -pL read -pL. 
P. 276, Art. 157, Une 8, /or -pN read -KN. 

ERRATA IN VOL. XX. 

P. 10, line 15, after ** experience " read ** and he says * All reasonings concerning 
matter of fact seem to be founded on the relation of uaubo and effect.* '* 
P. 10, line 21, /or ib. read Inquiry. 

• We are indebted in the above notice to an advance copy of the Royal Society's 
Obituary notice by *« W. P.*' ; to an Editorial Notice in the AcmUmy ; and to 
Mr. Tristram Ellis. 
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